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1 Introduction

Over the past two decades there have been a great number of papers written on the subject of instrumental

variables (IV) regression with instruments that are only weakly correlated with the endogenous explanatory

variables. A nonexhaustive list of important recent contributions to this growing literature include Nelson

and Startz (1990a), Dufour (1997), Hall, Rudebusch and Wilcox (1996), Kleibergen (2002,2004), Shea (1997),

Staiger and Stock (1997), Wang and Zivot (1998), Hahn and Inoue (2000), Hall and Peixe (2000), Donald and

Newey (2001), Hahn and Kuersteiner (2002), Stock, Wright and Yogo (2002), Stock and Yogo (2002,2003),

and the references contained therein.1 Much of this literature focuses on the impact that the use of weak

instruments has on interval estimation and hypothesis testing, with relatively fewer results being obtained

on the properties of point estimators under weak identification. This is in spite of the fact that applied

researchers who first noted the problem of weak instruments are clearly interested in its consequences for

both point estimation and hypothesis testing (see e.g. Nelson and Startz (1990b), Bound, Jaeger, and Baker

(1995), and Angrist and Krueger (1995)).

This paper focuses on point estimation properties. In particular, we focus on the IV estimator, and derive

explicit analytical formulae for the asymptotic bias (ABIAS) and asymptotic mean-squared error (AMSE)

of this estimator under the local-to-zero/weak-instrument framework pioneered by Staiger and Stock (1997).

The formulae that we derive correspond to the exact bias and MSE functions of the 2SLS estimator, as

derived by Richardson and Wu (1971), under the assumption of a simultaneous equations model with fixed

instruments and Gaussian error distribution; and in this sense our results can be viewed as generalizing

theirs to the more general setting with possibly non-normal errors and stochastic instruments.

We also derive approximations for the ABIAS and AMSE functions that are based on an expansion that,

loosely speaking, allows the number of instruments k21 to grow to infinity while keeping the population

analog of the F-statistic fixed and possibly small. Given the large k21 nature of our approximation, the

results we obtain are connected to the many-instrument asymptotic approximation of Morimune (1983) and

Bekker (1994). Moreover, since our approximations are extracted by expanding the asymptotic bias and

MSE functions, our results can also be interpreted as having been derived from a sequential limit procedure

whereby the sample size T is first allowed to grow to infinity, followed by the passage to infinity of the number

of instruments, k21. Interestingly, the lead term of our bias expansion (when appropriately standardized by

the ABIAS of the OLS estimator) is precisely the relative bias measure given in Staiger and Stock (1997) in

the case where there is only one endogenous regressor. In addition, the lead term of the MSE expansion is

the square of the lead term of the bias expansion, implying that the variance component of the MSE is of a

lower order vis-a-vis the bias component when there are many weak instruments.

Numerical calculations are performed to compare our approximations to bias and MSE estimates based

on the asymptotic approximation of Morimune (1983), and to the alternative MSE approximation obtained

in Donald and Newey (2001). We find our approximations to perform relatively well compared to those of

Morimune (1983) and Donald and Newey (2001), particularly when the instruments are weak and the degree

of apparent overidentification (as given by the order condition) is relatively large.2

1Other related work includes papers by Phillips (1989), Choi and Phillips (1992), and Kitamura (1994), which examines the

implications for statistical inference when the underlying simultaneous equations model is partially identified, and papers by

Forchini and Hillier (1999) and Moreira (2001, 2002) which explore conditional inference under weak identification.
2The performance of the MSE approximation of Donald and Newey (2001) is also examined in the Monte Carlo study
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A consequence of the sequential limit approach which we adopt here is that consistent estimators for

the ABIAS and AMSE can be obtained.3 This, in turn, enables us to construct bias-corrected OLS and

IV estimators, which consistently estimate the structural coefficient of the IV regression, even when the

instruments are weak, in the local-to-zero sense. This is in contrast to the standard unadjusted OLS and

IV estimators, which are inconsistent under the local-to-zero framework. Additionally, we show that in the

conventional setup where the model is fully identified, all but one of our proposed bias-corrected estimators

remains consistent. A small Monte Carlo experiment is carried out in order to assess the relative performance

of our bias adjusted estimators as compared with OLS, IV, and LIML estimators, and the bias corrected

estimators are shown to perform reasonably well in the many weak instrument setting.

The rest of this paper is organized as follows. Section 2 discusses our setup. Section 3 presents formulae

for the ABIAS and AMSE and discusses some properties of these formulae. Section 4 outlines our ABIAS

and AMSE approximations. Section 5 contains the results of various numerical calculations used to assess

the accuracy of our approximations; and Section 6 discusses the consistent estimation of ABIAS and AMSE

and suggests a number of bias-corrected OLS and IV estimators. In Section 7, a series of Monte Carlo

results are used to illustrate the performance of our bias-corrected estimators. Concluding remarks are given

in Section 8. All proofs and technical details are contained in two appendices. Before proceeding, we briefly

introduce some notation. In the sequel, the symbols “=⇒” and “≡ ” denote convergence and equivalence

in distribution, respectively. Also, PX = X(X ′X)−1X′ is the matrix which projects orthogonally onto the

range space of X and MX = I − PX .

2 Setup

Consider the simultaneous equations model (SEM):

y1 = y2β +Xγ + u, (1)

y2 = ZΠ+XΦ+ v, (2)

where y1 and y2 are T × 1 vectors of observations on the two endogenous variables, X is an T × k1 matrix

of observations on k1 exogenous variables included in the structural equation (1), Z is a T × k2 matrix of

observations on k2 exogenous variables excluded from the structural equation, and u and v are T ×1 vectors

of random disturbances4. Let ut and vt denote the tth component of the random vectors u and v, respectively;

and let Z′

t
andX ′

t
denote the tth row of the matrices Z and X, respectively. Additionally, let wt = (ut, vt)

′ (or

w = (u, v)) and let Zt = (X ′

t
, Z′

t
)′ (or Z = (X,Z)); assume that E(wt) = 0, E(wtw

′

t
) = Σ =

(
σuu σuv
σuv σvv

)
,

and EZtw
′

t
= 0 for all t, and assume that E(wtw

′

s
) = 0 for all t �= s, where t, s = 1, ..., T. Following Staiger

and Stock (1997), we make the following assumptions.

reported in Hahn, Hausman, and Kuersteiner (2002). The results they obtained on the Donald-Newey approximation are in

rough agreement with the numerical results reported in Section 5 of this paper.
3 In a recent paper, Stock and Yogo (2003) give conditions under which sequential limit results are equivalent to results

obtained by taking k21 and T jointly to infinity. They argue that the sequential asymptotic approach often provides an easier

and useful way of calculating results which would also be obtained under a joint asymptotic scheme.
4For notational simplicity we only study the case with one endogenous explanatory variable in this paper. However, we

conjecture that many of the qualitative conclusions reached here will continue to hold in more general settings.
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Assumption 1: Π = ΠT = C/
√
T , where C is a fixed k2 × 1 vector.

Assumption 2: The following limits hold jointly: (i) (u′u/T,u′v/T, v′v/T )
p→ (σuu, σuv, σvv), (ii) Z

′

Z /T
p→

Q, and (iii) (T−1/2u′X,T−1/2u′Z,T−1/2v′X,T−1/2v′Z)′ =⇒ (ψ′

Xu, ψ
′

Zu, ψ
′

Xv,ψ
′

Zv)
′, where Q = E(ZtZ

′

t)

and where ψ ≡ (ψ′Xu, ψ
′

Zu, ψ
′

Xv, ψ
′

Zv)
′ is distributed N(0, (Σ⊗Q)).

We consider IV estimation of β, where the IV estimator may not make use of all available instruments.

Define β̂IV = (y′
2
(PH − PX)y2)

−1(y′
2
(PH − PX)y1), where H = (Z1,X) is an T × (k21 + k1) matrix of

instruments, and Z1 is an T × k21 submatrix of Z formed by column selection. It will prove convenient to

partition Z as Z = (Z1,Z2), where Z2 is an T×k22 matrix of observations of the excluded exogenous variables

not used as instruments in estimation. Note that when Z1 = Z and H = [Z,X] (i.e. when all available

instruments are used), the IV estimator defined above is equivalent to the 2SLS estimator. Additionally,

partition ΠT , T
−

1

2Z ′u, T−
1

2Z′v, ψZu, and ψZv conformably with Z = (Z1,Z2) by writing ΠT = (Π′

1,T ,

Π′

2,T )
′ = (C′

1
/
√
T,C ′

2
/
√
T )′, T−

1

2Z ′u = (T−
1

2 u′Z1, T
−

1

2u′Z2)
′, T−

1

2Z ′v = (T−
1

2 v′Z1, T
−

1

2 v′Z2)
′, ψZu =

(ψ′

Z1u
, ψ′Z2u

)′, and ψZv = (ψ′

Z1v
, ψ′Z2v

)′, where from part (iii) of Assumption 2 we have that (T−
1

2u′Z1,

T−
1

2u′Z2, T
−

1

2 v′Z1, T
−

1

2 v′Z2)
′ ⇒ (ψ′Z1u, ψ

′

Z2u, ψ
′

Z1v, ψ
′

Z2v)
′. Furthermore, partition Q conformably with Z =

(X,Z1,Z2) as

Q =

⎛
⎝ QXX QXZ1

QXZ2

QZ1X QZ1Z1 QZ1Z2

QZ2X QZ2Z1 QZ2Z2

⎞
⎠ . (3)

Finally, define

Ω =

(
Ω11 Ω12

Ω′

12
Ω22

)
=

(
QZ1Z1

−QZ1XQ
−1
XXQXZ1

QZ1Z2
−QZ1XQ

−1
XXQXZ2

QZ2Z1
−QZ2XQ

−1
XXQXZ1

QZ2Z2
−QZ2XQ

−1
XXQXZ2

)
(4)

and Ω1∗ = (Ω11, Ω12). To ensure that the ABIAS and AMSE of the IV estimator are well-behaved assume

that:

Assumption 3: There exists a finite positive integer T0 such that supT≥T0 E(|UT |
2+δ) < ∞, for some

δ > 0, where UT = β̂IV,T − β0, β̂IV,T denotes the IV estimator of β for a sample of size T , and where β0

is the true value of β.

Assumption 3 is sufficient for the uniform integrability of (β̂IV,T −β0)
2 (see Billingsley (1968), pp. 32).

Under Assumption 3, lim
T→∞

E(β̂IV,T −β0) = E(U) and lim
T→∞

E(β̂IV,T −β0)
2 = E(U2), where U is the limiting

random variable of the sequence {UT }, whose explicit form is given in Lemma A1 in Appendix A. Hence, the

ABIAS and AMSE correspond to the bias and MSE implied by the limiting distribution of β̂IV,T . Note also

that for the special case where (ut, vt)
′ ∼ i.i.d. N(0,Σ), k21 ≥ 4 implies Assumption 3, since it is well-known

that the IV estimator of β under Gaussianity has finite sample moments which exist up to and including the

degree of apparent overidentification, as given by the order condition (see e.g. Sawa (1969)). Throughout

this paper, we shall assume that k21 ≥ 4 so as to ensure that our results encompass the Gaussian case. In

addition, note that Assumption 3 rules out the limited information maximum likelihood (LIML) estimator

in the Gaussian case, since no positive integer moment exists for the finite sample distribution of LIML in

this case (see e.g. Mariano and Sawa (1972), Mariano and McDonald (1979), and Phillips (1984, 1985)).
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3 Bias and MSE Formulae and Their Approximations

We begin with a proposition which gives explicit analytical formulae for the ABIAS and AMSE of the IV

estimator under weak instruments and which also characterizes some of the properties of the (asymptotic)

bias and MSE functions.

Proposition 3.1: Given the SEM described above, and under Assumptions 1, 2, and 3, the following results

hold for k21 ≥ 4 :

(Bias)

(a)

b
̂βIV

(µ′µ,k21) = σ1/2
uu σ−1/2vv ρe−

µ′µ

2
1F1

(
k21

2
− 1;

k21

2
;
µ′µ

2

)
, (5)

where b
̂βIV

(µ′µ,k21) = lim
T→∞

E(β̂IV,T − β
0
) is the asymptotic bias function of the IV estimator which we

write as a function of µ′µ = σ−1

vv C
′Ω′

1∗
Ω−1

11
Ω1∗C and k21, and where ρ = σuvσ

−
1

2

uu σ
−

1

2

vv , Γ(·) denotes the

gamma function, and 1F1(·; ·; ·) denotes the confluent hypergeometric function to be described in Remark

3.2(i) below;

(b) For k21 fixed, as µ′µ→∞, b
̂βIV

(µ′µ, k21)→ 0;

(c) For µ′µ fixed, as k21 →∞, b
̂βIV

(µ′µ, k21)→ σuv/σvv = σ
1/2
uu σ

−1/2
vv ρ;

(d) The absolute value of the asymptotic bias function (i.e. |b
̂βIV

(µ′µ,k21)|) is a monotonically decreasing

function of µ′µ for k21 fixed and σuv �= 0;

(e) The absolute value of the bias function (i.e. |b
̂βIV

(µ′µ, k21)|) is a monotonically increasing function of

k21 for µ′µ fixed and σuv �= 0;

(MSE)

(f)

m
̂βIV

(µ′µ,k21) = σuuσ
−1

vv ρ
2e−

µ′µ
2

[
1

ρ2

(
1

k21 − 2

)
1F1

(
k21
2
− 1;

k21
2

;
µ′µ

2

)

+

(
k21 − 3

k21 − 2

)
1F1

(
k21
2
− 2;

k21
2

;
µ′µ

2

)]
, (6)

where m
̂β
IV

(µ′µ, k21) = lim
T→∞

E
(
β̂IV,T − β

0

)2
is the asymptotic mean squared error function of the IV

estimator;

(g) For k21 fixed, as µ′µ→∞, m
̂βIV

(µ′µ,k21)→ 0;

(h) For µ′µ fixed, as k21 →∞, m
̂β
IV

(µ′µ,k21)→ σ2uv/σ
2

vv = σuuσ
−1

vv ρ
2;

(i) The asymptotic mean squared error function m
̂β
IV

(µ′µ, k21) is a monotonically decreasing function of

µ′µ for k21 fixed and σuv �= 0.

Remark 3.2: (i) Note that the ABIAS and AMSE formulae, given by expressions (5) and (6) above, involve

confluent hypergeometric functions denoted by the symbol 1F1(·; ·; ·). This is a well-known special function

in applied mathematics, which, in the theory of ordinary differential equations, arises as a solution of the

confluent hypergeometric differential equation (also called Kummer’s differential equation)5 . In addition, it

is well known that confluent hypergeometric functions have infinite series representations (e.g. see Slater
5See Lebedev (1972) for more detailed discussions of confluent hypergeometric functions.
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(1960), pp.2), so that 1F1 (a; b; x) =
∞∑

j=0

(a)j
(b)j

xj

j! , where (a)j denotes the Pochhammer symbol (i.e. (a)j =

Γ(a+ j)/Γ(a) for integer j ≥ 1, and (a)j = 1 for j = 0). It follows that the expressions for the bias and MSE

can be written in infinite series form:

b
̂βIV

(µ′µ,k21) = σ1/2uu σ−1/2vv ρe−
µ′µ

2

⎡
⎢⎣ ∞∑
j=0

(k21
2
− 1)j

( k21
2
)j

(
µ′µ
2

)j
j!

⎤
⎥⎦ , (7)

m
̂βIV

(µ′µ,k21) = σuuσ
−1

vv ρ
2e−

µ′µ

2

⎡
⎢⎣ 1

ρ2

(
1

k21 − 2

) ∞∑
j=0

(k21
2
− 1)j

(k21
2
)j

(
µ′µ
2

)j
j!

+

(
k21 − 3

k21 − 2

) ∞∑
j=0

(k21
2
− 2)j

(k21
2
)j

(
µ′µ
2

)j
j!

⎤
⎥⎦ . (8)

Note also that these infinite series representations provide explicit formulae for the ABIAS and AMSE of

the IV estimator under weak identification, which can be used in numerical calculations.

(ii) Part (g) of Proposition 3.1 states that the MSE function for β̂IV,T approaches zero as µ′µ→∞. Note

that the case where µ′µ→∞ corresponds roughly to the case where the available instruments are not weak,

but are instead fully relevant. Thus, in this case β̂IV,T is a (weakly) consistent estimator of β, a result which

also follows from conventional asymptotic analysis with a fully identified model. Hence, results associated

with the standard textbook case of good instruments are a limiting special case of our results.

(iii) It is also of interest to derive the asymptotic bias and MSE of the OLS estimator under the weak

instrument/local-to-zero framework, so that comparison can be made to the IV bias and MSE given in

Proposition 3.1. To proceed, let β̂OLS,T denote the OLS estimator, and define the OLS asymptotic bias and

MSE as lim
T→∞

E
(
β̂OLS,T − β

0

)
and lim

T→∞
E
(
β̂OLS,T − β

0

)2
, respectively. Then, under a condition similar

to Assumption 3 above, we can easily derive the following result.

Lemma 3.3: Suppose that Assumptions 1 and 2 hold for the SEM described by equations (1) and (2).

Suppose further that there exists a finite positive integer T∗ such that sup
T≥T∗

E[|U∗T |
2+δ] < ∞ for some δ >

0, where U∗T = β̂OLS,T − β0, and where β0 denotes the true value of β. Then, lim
T→∞

E
(
β̂OLS,T − β0

)

= σuv/σvv = σ
1/2
uu σ

−1/2
vv ρ and lim

T→∞
E
(
β̂OLS,T − β0

)2
= σuuσ

−1
vv ρ

2.

Note that the condition sup
T≥T∗

E[|U∗T |
2+δ] <∞ is not vacuous and, in fact, holds for any δ > 0, under Gaussian

error assumptions and for T sufficiently large, since it is well-known that the finite sample distribution of

the OLS estimator in this case has moments which exist up to the order T − 2 (see Sawa (1969) for a more

detailed discussion of the existence of moments of the OLS estimator).

(iv) To compare the OLS bias with the IV bias, it is useful to write the asymptotic bias function of β̂IV as

b
̂βIV

(µ′µ,k21) = σ
1

2

uuσ
−

1

2

vv ρf(µ′µ, k21), where f(µ′µ,k21) = e−
µ′µ
2

1F1

(
k21
2
− 1; k21

2
; µ

′µ
2

)
. From the proof of

part (d) of Proposition 3.1, note that 0 < f(µ′µ, k21) < 1, for µ′µ ∈ (0,∞) and for positive integer k21 large

enough such that the bias function exists. Since σ
1

2

uuσ
−

1

2

vv ρ = σuv/σvv is simply the (asymptotic) OLS bias, it
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follows that the (asymptotic) IV bias given in equation (5) has the same sign as the OLS bias. Additionally,

note that |b
̂βIV

(µ′µ,k21)| = |σ
1

2

uuσ
−

1

2

vv ρ|f(µ′µ, k21) < |σ
1

2

uuσ
−

1

2

vv ρ|, so that the ABIAS of the IV estimator under

weak instruments is less in absolute magnitude than that of the OLS estimator, so long as µ′µ �= 0. However,

Proposition 3.1(d) implies that the absolute magnitude of the IV bias increases monotonically as µ′µ ↘ 0,

and in the limiting case where µ′µ = 0 (i.e., the case of completely irrelevant instruments), the asymptotic

IV bias and the asymptotic OLS bias exactly coincide, as can be seen by setting µ′µ = 0 in equation (7). Our

results, therefore, formalize the intuitive discussions given in Bound, Jaeger, and Baker (1995) and Angrist

and Krueger (1995) which suggest that with weak instruments, the IV estimator is biased in the direction of

the OLS estimator, and the magnitude of the bias approaches that of the OLS estimator as the R2 between

the instruments and the endogenous explanatory variable approaches zero (i.e. as µ′µ ↘ 0). Our results

also generalize characterizations of the IV bias given in Nelson and Startz (1990a,b) for a simple Gaussian

model with a single fixed instrument and a single endogenous regressor to the more general case of an SEM

with an arbitrary number of possibly stochastic instruments and with possible non-normal errors.

(v) Note further that parts (c) and (h) of Proposition 3.1 show that for fixed µ′µ, the ABIAS and AMSE of

the IV estimator converge, respectively, to the ABIAS and AMSE of the OLS estimator, as k21 →∞. These

results are related to that of Buse (1992) and show that if additional instruments do not increase the value

of the concentration parameter µ′µ (i.e. they are completely irrelevant), then adding such instruments will

eventually result in asymptotic properties as bad as that of the OLS estimator.

(vi) Our results can also be compared with those obtained in the extensive literature on the finite sample

properties of IV estimators and, in particular, with the results of Richardson and Wu (1971), who obtained

the exact bias and MSE of the 2SLS estimator for a fixed instrument/Gaussian model6 . To proceed with

such a comparison, note first that the SEM given by expressions (1) and (2) can alternatively be written in

reduced form. Namely:

y1 = ZΓ1 +XΓ2 + ε1, (9)

y2 = ZΠ+XΦ+ ε2, (10)

where Γ1 = Πβ, Γ2 = Φβ + γ, ε2 = v, and ε1 = u + vβ = u + ε2β. In the finite sample literature

on IV estimators, a Gaussian assumption is often made on the disturbances of this reduced form model;

that is, it is often assumed that (ε1t, ε2t)′ ≡ i.i.d.N(0, G), where ε1t and ε2t denote the tth component

of the T × 1 random vectors ε1 and ε2, respectively, and where G can be partitioned conformably with

(ε1t, ε2t)
′ as G =

(
g11 g12
g12 g22

)
. Now, consider the case where all available instruments are used (i.e.

the case where the IV estimator defined in section 2 is simply the 2SLS estimator). Then, it follows that

µ′µ = σ−1

vv
C ′ΩC = σ−1

vv
C′(QZZ − QZXQ

−1

XX
QXZ)C. In addition, note that in terms of the elements of the

reduced form error covariance matrix, G, the elements of the structural error covariance matrix Σ given

earlier in Section 2 can be written as: σuu = g11 − 2g12β + g22β
2, σuv = g12 − g22β, and σvv = g22.

6Other papers which have studied the bias and/or MSE of the IV estimator, but for a fully identified model, include

Richardson (1968), Hillier, Kinal, and Srivastava (1984), and Buse (1992).
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Substituting these expressions into (5) and (6), we see that:

b
̂βIV

(µ′µ, k21) = −

g22β − g12

g22
e−

µ′µ
2

1F1

(
k21

2
− 1;

k21

2
;
µ′µ

2

)
, (11)

m
̂βIV

(µ′µ, k21) =
g11g22 − g2

12

g22

(
1

k21 − 2

)
(1 + β

2

)e−
µ′µ
2

1F1

(
k21

2
− 1;

k21

2
;
µ′µ

2

)

+

(
k21 − 3

k21 − 2

)
β
2

e−
µ′µ
2

1F1

(
k21

2
− 2;

k21

2
;
µ′µ

2

)
, (12)

where β = (g22β − g12)(g11g22 − g2
12
)−

1

2 . Comparing expressions (11) and (12) with equations (3.1) and

(4.1) of Richardson and Wu (1971), we see that in this case the formulae for the ABIAS and AMSE are

virtually identical to the exact bias and MSE derived under the assumption of a fixed instrument/Gaussian

model - the only minor difference being that the (population) concentration parameter µ′µ enters into the

asymptotic formulae given in expressions (11) and (12) above, whereas the expression σ−1

vv Π
′Z′MXZΠ (with

MX = IT −X (X ′X)
−1

X′) appears in the exact formulae reported in Richardson and Wu (1971). Hence,

our bias and MSE results are consistent with the point made by Staiger and Stock (1997) that the limiting

distribution of the 2SLS estimator under the local-to-zero assumption is the same as the exact distribution

of the estimator under the more restrictive assumptions of fixed instruments and Gaussian errors.

4 Approximation Results for the Bias and MSE

In this section, we construct approximations for the bias and MSE that greatly simplify the more complicated

expressions given in (7) and (8). To proceed, assume that:

Assumption 4: µ
′
µ

k21
= τ

2
+O

(
k
−2

21

)
for some constant τ 2 ∈ (0,∞), as µ′µ, k21 →∞.

The next result gives a formal statement of our approximations based on Assumption 4.

Theorem 4.1 (Approximations): Suppose that Assumption 4 holds. Write µ′µ = τ 2k21 + O
(
k−1

21

)
=

µ′µ(τ 2, k21), say, and reparameterize the bias and MSE functions given in equations (5) and (6) in terms of

τ 2 and k21 so that:

b
̂βIV

(τ2, k21) = σ1/2uu σ−1/2
vv ρe−

µ′µ(τ2,k21)
2

1F1

(
k21

2
− 1;

k21

2
;
µ′µ(τ 2, k21)

2

)
, (13)

m
̂βIV

(τ2, k21) = σuuσ
−1

vv ρ
2e−

µ′µ(τ2,k21)
2

[
1

ρ2

(
1

k21 − 2

)
1F1

(
k21

2
− 1;

k21

2
;
µ′µ(τ 2, k21)

2

)

+

(
k21 − 3

k21 − 2

)
1F1

(
k21

2
− 2;

k21

2
;
µ′µ(τ 2, k21)

2

)
. (14)

Then, as k21 →∞, the following results hold:

(i)

b
̂β
IV

(τ 2, k21) = σ1/2
uu σ

−1/2
vv ρ

{(
1

1 + τ 2

)
−

2

k21

(
1

1 + τ 2

)(
τ2

1 + τ 2

)2
}
+O(k−2

21
) (15)
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(ii)

m
̂β
IV

(τ 2, k21) = σuuσ
−1

vv ρ
2

{(
1

1 + τ 2

)2

+

(
1− ρ2

ρ2

)(
1

k21

)(
1

1 + τ 2

)
+

(
1

k21

)(
1

1 + τ 2

)
[
1− 7

(
1

1 + τ 2

)
+ 12

(
1

1 + τ 2

)2

− 6

(
1

1 + τ 2

)3
]}

+O(k−2
21

) (16)

Remark 4.2: (i) Observe that Assumption 4 imposes a condition on the ratio µ′µ
k21

which can be interpreted

as the “population analog” of the first-stage F-statistic for testing instrument relevance (i.e. see Bound,

Jaeger, and Baker (1995)). The magnitude of this ratio, or its numerator, µ′µ, has long been recognized to

be a natural measure of the strength of identification, or, alternatively, the strength of the instruments (cf.

Phillips (1983), Rothenberg (1983), Staiger and Stock (1997), and Stock and Yogo (2003)).7 Indeed, when

the model is strongly identified, we expect the first-stage F statistic to diverge asymptotically, so that the

null hypothesis of identification failure is rejected with probability approaching one, asymptotically. On the

other hand, Assumption 4 requires that µ′µ
k21

does not diverge, but instead approaches a (non-zero) constant.

Thus, roughly speaking, Assumption 4 corresponds to the case where the instruments are weaker than that

typically assumed under conventional strong-identification asymptotics.

In addition, note that Assumption 4 bears some resemblance to the situation assumed in Case (ii) of

Morimune (1983). However, a key difference between Assumption 4 and Case (ii) of Morimune (1983) is

that Morimune’s Case (ii) requires both the concentration parameter, µ′µ, and the number of instruments,

k21, to be of the same order of magnitude as the sample size, T . Thus, his assumption corresponds more

closely to the case of strong identification, since conventional asymptotics also assumes that µ′µ is of the

same order as T . On the other hand, Assumption 4 only assumes that µ′µ and k21 are of the same order of

magnitude; and thus we do not preclude situations where µ′µ and k21 may be of a lower order, relative to

T . It follows that our asymptotic setup might be expected to be more appropriate for situations where the

instruments are weak, in the sense that µ′µ is small relative to the sample size8.

(ii) Set

b̂
̂β
IV

(τ 2, k21) = σ1/2uu σ−1/2vv ρ

[(
1

1 + τ 2

)
−

2

k21

(
1

1 + τ 2

)(
τ 2

1 + τ 2

)2
]
. (17)

Recall from Remark 3.2(iii) that the ABIAS of the OLS estimator is given by b
̂β
OLS

= σ
1/2
uu σ

−1/2
vv ρ. It follows

that, by taking the ratio of the two, we obtain the relative bias measure:

b̂
̂β
IV

(τ2, k21)

b
̂β
OLS

=

(
1

1 + τ 2

)
−

2

k21

(
1

1 + τ 2

)(
τ 2

1 + τ 2

)2

. (18)

Observe that the lead term of (18) is (1+ τ 2)−1 = (1+µ′µ/k21)
−1. Note that when all available instruments

are used so that IV = 2SLS, (1+µ′µ/k21)
−1 is the relative bias measure given in Staiger and Stock (1997),

7Under Gaussian error assumptions, properties of the exact finite sample distribution of the 2SLS estimator have also been

shown to depend importantly on the magnitude of µ′µ, as has been shown in the extensive numerical calculations reported in

Anderson and Sawa (1979).
8Note further that even within a weak instrument setup, it is reasonable to think that µ′µ might increase as one uses more

instruments, so long as the added instruments are not completely uncorrelated with the endogenous regressor (i.e. so long as

we are dealing with weak, but not completely irrelevant, instruments).
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for the case where there is only a single endogenous regressor (see Staiger and Stock (1997), pp. 566 and

575). Staiger and Stock point out that this measure of relative bias is given by an approximation which

holds for large k21 and/or large µ′µ/k21. Our analysis shows that their relative bias measure can also be

obtained from an approximation that requires µ′µ/k21 to approach a finite limit as µ′µ, k21 →∞.9

(iii) Although Assumption 4 requires that τ 2 > 0, it is easy to see, by following the proof of Theorem 4.1,

that the bias and MSE expansion given by expressions (15) and (16) are valid even for τ2 = 0. However, the

condition τ 2 > 0 is assumed because, as explained in Remark 6.2.3(i) of Section 6, τ2 must not be zero if

our objective is the construction of consistent estimators of the lead term of the bias and MSE expansions,

and the subsequent construction of bias-adjusted estimators.

5 Numerical Results

In order to assess the potential usefulness of our approximations, we carried out some numerical calculations

using a canonical SEM, where we take the reduced form error covariance matrix, G, to be the identity

matrix. We report two sets of numerical results. The first set is based on a simple regression analysis which

we used in order to evaluate the accuracy of our bias and MSE approximations, and in order to compare our

approximation (referred to as the CS Approximations) with an alternative MSE approximation first derived

in Donald and Newey (2001) and further examined in Hahn, Hausman, and Kuersteiner (2002) (referred to

as the DN Approximations). The regressions that we ran are of the form:

Regression for the CS Approximation:

b
̂βIV

(µ′µ, k21) = φ
0
+ φ

1

[
−β (1 + µ′µ/k21)

−1
]
+ error, (19)

m
̂β
IV

(τ 2, k21) = π0 + π1

[
β2 (1 + µ′µ/k21)

−2
]
+ error, (20)

Regression for the DN Approximation:

m
̂β
IV

(τ 2, k21) = π∗
0
+ π∗

1

[(
1 + β2

)
/µ′µ+ k2

21
β2/(µ′µ)2

]
+ error. (21)

Note that the explanatory variables (i.e. the terms in square brackets) in regressions (19) and (20) are the

first order terms, respectively, of our bias and MSE approximations, both specialized to the canonical case

using the fact that σvv = 1, σuu = 1 + β2, and ρ = −β/
√
1 + β2 in this case. The independent variable

in (21) is the DN Approximation for the MSE, also specialized to the canonical case. The dependent

variables in regressions (19)-(21), on the other hand, are calculated using the analytical formulae (7) and

(8), again specialized to the canonical case. Values for both the dependent and the independent variables

were calculated for β = {−0.5,−1.0,−1.5, ...,−10}, µ′µ = {2, 4,6,8, 10, 12,16,20, ...,92,96,100}, and k21 =

{3,5,7,9, 11, ..., 101}, so that 50,000 observations were generated by taking all possible combinations.10 A

total of 28 regressions were run for each approximation, with each regression including 1000 observations for

a given value of µ′µ.

9The approximate bias formula presented here has also been discussed in Hahn and Hausman (2002), although, in that

paper, the bias approximation is not justified using the Laplace approximation method, as is done here.
10Note that, for our regressions analysis, we need only to consider negative values of β, since the IV bias function is perfectly

symmetrical with respect to positive and negative values of β, and the IV MSE function only depends on β2.
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The results of our regression analysis are reported in Table 1. Observe that both our bias and MSE

approximation fare very well, with R2 values very near to unity regardless of the strength of the instruments,

as measured by the magnitude of the concentration parameter, µ′µ. In fact, the R2 value for our bias

approximation never drops below 0.9977 while the R2 value for our MSE approximation never drops below

0.9980. On the other hand, the regression based on the DN Approximation has a relatively low R2 value of

0.4665 when µ′µ = 2, and R2 values remain low when instruments are weak, although they rise steadily as

the instruments become stronger; ultimately resulting in an R2 value of 0.961 for µ′µ = 100. In addition

to the R2 values, another indicator of the accuracy of our approximations is the fact that for both the bias

regression (19) and the MSE regression (20), the estimated coefficients ̂φ
1
and π̂1 are very close to unity

in all cases, as we would expect them to be if the approximations are good. In contrast, the value of the

estimated coefficient π̂∗

1
in regression (21) never exceeds 0.2753, which is its value when µ′µ = 100.

The second set of numerical calculations compares our bias and MSE approximations with the bias

and MSE estimates arising from the asymptotic approximation of Morimune (1983). Eight data generating

processes (DGPs) are considered for this comparison. The first four of these DGPs correspond to models

A-D in Section 7 of Morimune (1983). Following Morimune (1983), we set (in our notation) k1 = 4,

α = (g22β − g12) /
√
|G| = 1, and µ′µ = 25 for all four of these DGPs. In addition, we set k21 = k2 = 6, 11,

16, and 21 for these four DGPs, conforming to the number of instruments specified for the four simulation

models in Morimune (1983).11 In the remaining four DGPs, we take µ′µ = 10, and set k2 = 30,40,50,

and 100. These DGPs were not considered in Morimune’s study, and we consider them here because they

involve cases where the instruments are weaker (as measured by the magnitude of µ′µ) and where number

of instruments is greater than in those cases considered in the first four DGPs.

Table 2 summarizes the bias and MSE calculations for these eight DGPs. To facilitate comparison with

Morimune’s results, we report in Table 2 the bias and MSE for the standardized estimator
√
σvvσ

−1
uuµ′µ

(
β̂ − β

0

)
.

The first two columns of Table 2 give the exact bias and MSE values calculated using the analytical expres-

sions (7) and (8), while the next two columns contain bias and MSE values based on the Monte Carlo

simulation reported in Morimune (1983).12 Comparing the first four columns of Table 2 for the first four

DGPs, we see that the simulated bias and MSE values correspond very closely with the exact bias and MSE

based on our analytical formulae, as expected, given that the Morimune simulation values are calculated

using a large number of draws (i.e. 20, 000 draws)13 . Next, we turn our attention to the remaining columns

of Table 2 (columns 5-8), which report values of our bias and MSE approximations. Here, CS Bias1 and

CS Bias2 denote bias approximations based on our first- and second-order approximations, respectively, and
11For our numerical evaluation, we use all available instruments in constructing the IV estimator so that k21 = k2.
12Morimune (1983) actually reports variance instead of MSE. We convert values which he reports for the variance into values

for MSE in order to facilitate comparison of his results with ours.
13Note that, when comparing our numerical results with those of Morimune (1983), it is sensible to think of (7) and (8)

as giving the exact bias and MSE of the IV estimator, even though earlier we have referred to these expressions as being

the asymptotic bias and MSE under the local-to-zero/weak instrument framework. This is because the numerical calculations

reported in Morimune (1983) are carried out under the assumptions of fixed instruments and Gaussian errors; and, as we have

discussed in Remark 3.2(vi) above, the asymptotic bias and MSE under the local-to-zero framework are in fact the exact bias

and MSE under these assumptions.
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where CS MSE1 and CS MSE2 are defined similarly. Columns 9 and 10 report bias and MSE approximations

based on the asymptotic expansion of Morimune (1983) under what he refers to as Case (ii), while the last

column gives values of the MSE approximation of Donald and Newey (2001). Comparing our approximations

to those of Morimune (1983), we see that when the degree of overidentification is relatively modest, such as

the cases where k2 = 6,11, and 16, Morimune’s approximation for both the bias and the MSE outperform

ours. However, as the degree of overidentification (as given by the order condition) increases and as the

available instruments become weaker (as measured by a smaller value of µ′µ), our approximations become

just as good and, in some cases, better than the approximations of Morimune (1983). In particular, note

that for the last four DGPs, where µ′µ is smaller and the degree of overidentification is larger than that

for the first four DGPs, our CS MSE2 provides a more accurate approximation for the exact MSE than the

Morimune approximation. Thus, and as expected, our approximations appear to be most useful in the many

weak instrument cases.

6 Estimation of Bias and MSE and Bias Correction

6.1 Consistent Estimation of the Bias and MSE

In this subsection, we obtain consistent estimators for the lead terms of the bias and MSE expansions given

in Theorem 4.1. To proceed, first define Mi (i = 1, 2), such that M1 = MZ = IT − Z

(
Z

′

Z

)
−1

Z
′

and

M2 = MX = IT −X (X ′X)
−1

X ′, where Z = (Z,X). Further, let suv,i =
(y1−y2̂βIV )′Miy2

T
(for i = 1, 2) and

suu = (y1−y2̂βIV )′M2(y1−y2̂βIV )
T

. Next, define the following statistics:

σ̂vv,i =
y′2Miy2

T
, for i = 1, 2; (22)

Wk21,T =

[
y′2(PH −PX)y2

σ̂vv,1

]
k
−1
21 =

W∗

k21,T

k21
; (23)

σ̂uv,i = suv,i

(
Wk21,T

Wk21,T − 1

)
= suv,i

(
1

1− 1
Wk21,T

)
, for i = 1,2; (24)

σ̂uu,i = suu + 2
σ̂
2
uv,i

σ̂vv,i

(
1

Wk21,T

)
−

σ̂
2
uv,i

σ̂vv,i

(
1

Wk21,T

)2

, for i = 1,2. (25)

The following lemma shows that we can obtain consistent estimates of the quantities σvv, σuv, σuu, and(
1 + τ2

)
under a sequential limit approach.

Lemma 6.1.1: Suppose that Assumptions 1 and 2 hold. Let T →∞, and then let k21, µ
′µ→∞ such that

Assumption 4 holds. Then: (a) σ̂vv,i
p
→ σvv, for i = 1,2; (b) Wk21,T

p
→ 1+ τ 2; (c) σ̂uv,i

p
→ σuv, for i = 1, 2;

(d) σ̂uu,i
p
→ σuu, for i = 1, 2.

Based on these estimators, we propose four different estimators for the ABIAS and six different estimators

for the AMSE, as follows:

̂BIASi =
σ̂uv,i

σ̂vv,i

(
1

Wk21,T

)
, for i = 1, 2; (26)
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˜BIASi =
σ̂uv,i

σ̂vv,i

[(
1

Wk21,T

)
−

1

k21

(
1

Wk21,T

){
2− 4

(
1

Wk21,T

)
+2

(
1

Wk21,T

)2
}]

=
σ̂uv,i

σ̂vv,i

[(
1

Wk21,T

)
−

2

k21

(
1

Wk21,T

)(
Wk21,T − 1

Wk21,T

)2
]
, for i = 1, 2; (27)

̂MSEi =
σ̂
2

uv,i

σ̂
2

vv,i

(
1

Wk21,T

)2

, for i = 1,2; (28)

˜MSEi =
σ̂2uv,i

σ̂2vv,i

[(
1

Wk21,T

)2

+
1

k21

(
σ̂uu,iσ̂vv,i − σ̂2uv,i

σ̂2uv,i

)(
1

Wk21,T

)

+
1

k21

(
1

Wk21,T

)(
1−

7

Wk21,T

+
12

W 2

k21,T

−

6

W 3

k21,T

)]
, for i = 1,2; (29)

MSEi =
σ̂2uv,i

σ̂2vv,i

[(
1

Wk21,T

)2

+
1

k21

(
ĝ11 ĝ22 − ĝ2

12

σ̂2uv,i

)(
1

Wk21,T

)

+
1

k21

(
1

Wk21,T

)(
1−

7

Wk21,T

+
12

W 2

k21,T

−

6

W 3

k21,T

)]
, for i = 1,2, (30)

where ĝij =
y
′

iM1yj
T

, for i, j = 1,2. Note that the difference between the “hat” estimators and the “tilde”

estimators is that the “hat” estimators are constructed based only on the lead term of the expansions

given in Theorem 4.1 while the “tilde” estimators make use of both the lead term and the second order

term. In addition, the difference between˜MSEi and MSEi lies in the fact that, given the equivalence

σuuσvv − σ2uv = g11g22 − g2
12
, there are two ways we can estimate the quantity σuuσvv − σ2uv (i.e. we can

either estimate σuuσvv − σ2uv, directly leading to the pair of estimators˜MSEi (i = 1, 2) , or estimate it

indirectly as g11g22 − g2
12
, leading to the alternative pair of estimators MSEi (i = 1, 2)). The next theorem

derives the probability limits of the estimators given by expressions (26)-(30).

Theorem 6.1.2: Suppose that Assumptions 1 and 2 hold. Let T → ∞, and then let k21, µ
′µ → ∞,

such that Assumption 4 holds. Then: (a) ̂BIASi
p
→ σ

1/2
uu σ

−1/2
vv ρ

(
1

1+τ2

)
, for i = 1, 2; (b) ˜BIASi

p
→

σ
1/2
uu σ

−1/2
vv ρ

(
1

1+τ2

)
, for i = 1,2; (c)̂MSEi

p
→ σuuσ

−1
vv ρ

2

(
1

1+τ2

)2
, for i = 1, 2; (d)˜MSEi

p
→ σuuσ

−1
vv ρ

2

(
1

1+τ2

)2
,

for i = 1, 2; (e) MSEi
p
→ σuuσ

−1
vv ρ

2

(
1

1+τ2

)2
, for i = 1,2.

Remark 6.1.3: (i) The estimators defined in equations (26)-(30) are all weakly consistent, in the sense

that each bias estimator converges in probability to the lead term of the bias expansion given in (15), while

each MSE estimator converges in probability to the lead term of the MSE expansion given in (16). These

results suggest that there is information which can be exploited when a large number of weakly correlated

instruments are available, so that consistent estimation may be achieved when the number of instruments is

allowed to approach infinity.

(ii) It is also of interest to analyze the asymptotic properties of our bias and MSE estimators in the conven-

tional framework, where the instruments are not assumed to be weak in the local-to-zero sense but rather

the usual identification condition is assumed to hold, even as the sample size approaches infinity. Hence, in

place of the local-to-zero condition of Assumption 1, we make the alternative identification assumption:

12



Assumption 1*: Let Π be a fixed k2 × 1 vector such that Π �= 0.

In order to obtain the probability limits of our estimators under Assumption 1*, we first give a lemma which

summarizes limiting results for our estimators of σvv, σuv, σuu and for the first-stage Wald statistic, Wk21,T .

Lemma 6.1.4: Suppose that Assumptions 1* and 2 hold. Then, as T → ∞, the following limit results

hold: (a) σ̂vv,1
p
→ σvv; (b) σ̂vv,2

p
→ Π′ΩΠ + σvv; (c) Wk21,T = Op(T ); (d) σ̂uv,i

p
→ σuv, for i = 1, 2; (e)

σ̂uu,i
p
→ σuu, for i = 1,2.

Given (26)-(30), the next theorem follows immediately from Lemma 6.1.4 and Slutsky’s theorem:

Theorem 6.1.5: Suppose that Assumptions 1* and 2 hold. Then, as T → ∞, the following limit results

hold: (a)̂BIASi
p
→ 0, for i = 1,2; (b)˜BIASi

p
→ 0, for i = 1, 2; (c)̂MSEi

p
→ 0, for i = 1, 2; (d)˜MSEi

p
→ 0,

for i = 1, 2; (e) MSEi
p
→ 0, for i = 1, 2.

Note that, all of these bias and MSE estimators approaches zero, as T →∞ (as they should in the case of

full identification, since the IV estimator is weakly consistent in this case). These results suggest that our

estimators behave in a reasonable manner even in the conventional case where instruments are fully relevant

(i.e. when Assumption 1* holds).

6.2 Bias Correction

The results of the last subsection can be used to construct bias-adjusted OLS and IV estimators. In

particular, we propose five alternative bias-corrected estimators:

˜βOLS,i =
̂βOLS −

σ̂uv,i

σ̂vv,i
, for i = 1, 2; (31)

˜βIV = ̂βIV −̂BIAS1; and (32)

˜

˜βIV,i =
̂βIV −
˜BIASi, for i = 1, 2. (33)

The next two theorems give the probability limits of these bias-corrected estimators both for the case

where the local-to-zero/weak instrument condition (Assumption 1) is assumed and for the case where the

conventional strong-identification condition (Assumption 1*) is assumed.

Theorem 6.2.1: Suppose that Assumptions 1 and 2 hold. Let T → ∞, and then let k21, µ′µ → ∞, such

that Assumption 4 holds. Then: (a) β̃OLS,i
p
→ β0 for i = 1,2; (b) β̃IV

p
→ β0 ; (c)

˜̃
βIV,i

p
→ β0 for i = 1, 2.

Theorem 6.2.2: Suppose that Assumptions 1* and 2 hold. Then, as T → ∞, the following limit results

hold: (a) β̃OLS,1
p
→ β0 −

σuv
σvv

(
Π′ΩΠ

Π′ΩΠ+σvv

)
; (b) β̃OLS,2

p
→ β0; (c) β̃IV

p
→ β0 ; (d)

˜̃
βIV,i

p
→ β0 for i = 1, 2.

Remark 6.2.3: (i) Note that, under the local-to-zero framework with many instruments, the bias-corrected

estimators are all consistent. This is in contrast to the uncorrected OLS and IV estimators, which are not

consistent in this case. It should also be noted that if we fix k21 and only allow T to approach infinity,

then none of the estimators are consistent. In fact, in this case, both the uncorrected and the bias-corrected

IV estimators converge weakly to random variables, although the form of the random limit clearly varies

depending on the estimator. See Staiger and Stock (1997) for a precise characterization of the limiting

distribution of the (uncorrected) IV estimator in the case where k21 is held fixed.

Moreover, if τ 2 = 0, then the bias-adjusted estimators introduced above would not consistently estimate

the structural coefficient, β. This is due to the fact that the bias-adjusted estimators make use of covariance

estimators of the form: suv,i =
(y1−y2̂βIV )

′Miy2
T

, for i = 1,2; and suv,i
p
→ σuv

(
τ2

1+τ2

)
, for i = 1, 2 (as shown in
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the proof of part (c) of Lemma 6.1.1). Consequently, if τ 2 = 0, suv,i
p
→ 0 for i = 1, 2; Hence, asymptotically,

neither suv,1 nor suv,2 carries any information about the value of σuv and, thus, the traditional estimators

cannot be adjusted in order to obtain consistent estimators. Indeed, since τ 2 = 0 arises either because the

model is unidentified in the traditional sense (i.e. C = 0) or, more generally, because all but a finite number

of instruments are completely uncorrelated with the endogenous explanatory variable as the number of

instruments approaches infinity, we would not expect consistent estimation of β to be possible when τ 2 = 0.

Our results suggest that if one is faced with a situation where only a great many weak instruments are

available; then, it may still be worthwhile to make use of these poor quality instruments in constructing bias-

corrected estimators of β, so long as the instruments are not completely uncorrelated with the endogenous

explanatory variable (i.e. so long as the data are not well-modeled by assuming that τ 2 = 0).

(ii) Theorem 6.2.1 establishes the consistency of the bias-corrected estimators on the basis of a sequential

asymptotic scheme. Under stronger but more primitive conditions than those stipulated in this paper, the

bias-corrected estimators proposed here can be shown to be consistent under a pathwise asymptotic scheme,

whereby the number of instruments approaches infinity as a function of the sample size. (see e.g. Stock and

Yogo (2003), who give general conditions under which sequential limit results coincide with results obtained

by letting k21 and T approach infinity jointly).

(iii) Theorem 6.2.2 shows that in the conventional case where the instruments are fully relevant, all but one

of the bias-corrected estimators are still consistent. Indeed, only β̃OLS,1 is inconsistent under Assumption

1*. The reason for this inconsistency is that in this case it can easily be shown that β̂OLS
p
→ β0+

σuv
Π′ΩΠ+σvv

,

whereas the bias-correction factor of β̃OLS,1 is of the form −(σ̂uv,1/σ̂vv,1), which converges in probability to

−σuv/σvv. In summary, with the exception of β̃OLS,1, the bias-corrected estimators do not impose a penalty

on the user, as far as consistency is concerned, even if the available instruments turn out to be good.14

7 Monte Carlo Results

In this section, we report the results of a Monte Carlo study of the sampling behavior of the bias adjusted

estimators introduced in Section 6.2. Our experimental setup is based on a special case of the SEM given

by equations (1) and (2), with γ = 0 and Φ = 0. We can write this model in terms of the tth observation as

y1t = y2tβ + ut, (34)

y2t = Z′

t
Π+ vt, (35)

where t = 1, ..., T, and where the definitions of y1t (1× 1), y2t (1× 1), Zt (k2 ×1), ut (1×1), and vt (1×1)

follow directly, given the discussion in Section 2. Note that equation (35) is already written in its reduced

form, since Zt is presumed to be exogenous, and, from Remark 3.2(vi), note that we can also write equation

(34) in terms of its reduced form representation as:

y1t = Z′

t
Γ1 + ε1t, t = 1, ..., T. (36)

14
Note also that since the correction terms in the bias-corrected IV estimators are all of order Op(T−1) under Assumption

1* and 2, these estimators are also asymptotically normal in the usual sense under these assumptions.
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Data for our Monte Carlo experiments are generated using the canonical version of the model described

in expressions (34)-(36) above. In particular, set ε2t = vt for all t, and assume that εt = (ε1t, ε2t)
′ ≡

i.i.d. N(0, I2). Also, given the vector of structural disturbances, wt = (ut, vt)
′, with E(wtw

′

t
) = Σ =(

σuu σvu
σvu σvv

)
, we note that our canonical model specification implies that σuu = 1 + β2, σuv = −β,

and σvv = 1. Thus, the degree of endogeneity in our data generating processes is determined by the value

of the parameter β, or, alternatively, by the value of the correlation coefficient, ρuv = −β√
1+β2

. We take

ρuv = {0.3, 0.5} in generating the data for our experiments. In addition, we examine four (T, k2) configura-

tions: (i) T = 500, k2 = 20, (ii) T = 500, k2 = 100, (iii) T = 2000, k2 = 20, and (iv) T = 2000, k2 = 20.

We also assume that Zt ≡ i.i.d. N(0, Ik2), and we use all k2 instruments in constructing all estimators.

Moreover, we set Π = (π1, π2, ..., π50)
′ = (π, π, ..., π)′, so that the degree of relevance of each instrument is

assumed to be the same. Given this setup, there is a simple relationship linking π and the theoretical R2

of the first stage regression (as defined on page 11 of Hahn, Hausman, and Kuersteiner (2002)). Namely,

R2
relev =

E(Π′ZtZ
′

t
Π)

E(Π′ZtZ
′

t
Π)+σvv

= k21π
2

k21π2+1
, or π =

√
R2

relev

k21(1−R2

relev)
. We control for the degree of instrument weakness

in our experiments by varying the value of R2
relev over the set {0.01, 0.05, 0.10,0.20}. Alternatively, the degree

of instrument weakness can also be expressed in terms of τ 2 = µ′µ
k21

, since it follows that τ2 = TR2

relev

k21(1−R2

relev)
for the canonical case consider here. In the tables below, we report the value of τ 2 for each experiment so

as to give an idea of how our results vary with τ 2.

We present two different sets of Monte Carlo results. The first set of results, reported in Tables 3, gives

median bias (i.e. the median of β̂−β0) for the various alternative estimators, while the second set of results,

reported in Tables 4-5, gives probabilities of concentration, defined as P
[∣∣∣(̂µ′µ

σuu

)(
β̂ − β0

)∣∣∣ ≤ ξ
]
, where

µ̂′µ = Π′Z′ZΠ.15 Both set of results are computed on the basis of 5000 simulation draws per experiment.16

Turning first to our results on median bias, note that when T = 500 (see the first two panels of Table 3),
̂βLIML tends to be the estimator with the smallest median bias, although this top ranking is not attained

uniformly across all experiments when k21 = 20. Following close behind is one of our bias-adjusted IV

estimators, ˜βIV , which ranks second or third in most experiments when T = 500 and even has a top

ranking in one experiment. On the other hand, the bias-adjusted OLS estimator, ˜βOLS,1 performs well

when k21 = 100 (i.e. when the degree of overidentification is relatively large), but this estimator does not

perform nearly as well when the degree of overidentification is more modest (e.g. when k21 = 20). When

the sample size is increased to T = 2000, ̂βLIML is no longer consistently the top performer in terms of

median bias. As one can see from the bottom two panels of Table 3, ̂βLIML has a higher median bias than

either ˜βIV or
˜

˜βIV,1 or both in 10 of the 16 experiments conducted for the case where T = 2000. Note

further that the unadjusted OLS estimator, ̂βOLS , and the unadjusted IV estimator, ̂βIV , are the two worst

performers in terms of median bias. In particular, ̂βOLS finishes last in every experiment while ̂βIV places

either sixth or seventh. These results suggest that our bias correction is effective in reducing the median

bias of the (unadjusted) OLS and IV estimators. Finally, observe that, as expected, the median bias of all
15We follow Morimune (1983) in our definition of probabilities of concentration (see Section 7.2 of his paper for details). We

thank an anonymous referee for suggesting to us the idea of reporting probabilities of concentration.
16Of note is that we report median bias and probabilities of concentration in lieu of bias and MSE because these measures

do not require existence of moments (as mentioned in Section 2, it is well-known that the bias and MSE of the LIML estimator

do not exist under the Gaussian error assumption).
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estimators tends to decrease as the value of τ 2 increases, since a larger value of τ 2 is associated with stronger

instruments. Note, however, that the relative ranking of the estimators does not seem to vary in a systematic

way with variation in the value of τ 2.

Next, we turn our attention to Tables 4-5, which report probabilities of concentration for the various

estimators. Overall, although not uniformly across all experiments, we find ̂βLIML to be the estimator

whose sampling distribution is most concentrated around β
0
, the true value of β. However, ̂βLIML seems to

do less well, in terms of relative ranking, when we consider concentration probabilities in a relatively large

neighborhood of β
0
, such as the case with ξ = 2.5, as opposed to the smaller neighborhoods where ξ = 0.5

or ξ = 1.0. In particular, looking across Tables 4 and 5, we see that for the case with ξ = 0.5 and the case

with ξ = 1.0, ̂βLIML has the highest concentration probability in 27 out of the 32 total experiments. On the

other hand, for the case where ξ = 2.5, ̂βLIML has the highest concentration probability in only 11 out of

32 experiments. In fact, when k2 = 100 so that the number of instruments is relatively large, ̂βLIML ends

up having lower concentration probability in the larger (ξ = 2.5) neighborhood than both ˜βIV and
˜

˜βIV,1

in 9 of 16 experiments. Moreover, looking at the cases where R2

relev = 0.01 in panel B of Table 4, we see

that the concentration probability of ̂βLIML in the larger (ξ = 2.5) neighborhood is 0.664 when ρuv = 0.3

and 0.654 when ρuv = 0.5. These probabilities are substantially lower than the corresponding concentration

probabilities of any of our bias-corrected estimators, which are in the range 0.856−0.890. The relatively low

concentration probability of ̂βLIML in these cases may be attributable, at least in part, to the well-known

fact that the finite sample distribution of ̂βLIML has thick tails, which tend to be more apparent when there

are many weak instruments.

At the other end of the spectrum, the unadjusted OLS estimator, ̂βOLS , is without question the worst

performer in terms of concentration probability. As a result of its large bias, ̂βOLS in many instances has a

concentration probability of zero, even in the large (ξ = 2.5) neighborhood. The unadjusted IV estimator,
̂βIV , also has a relatively large bias, so it too ranks near the bottom in terms of concentration probabilities

in the smaller neighborhoods (i.e. ξ = 0.5 and ξ = 1.0). Interestingly, however, because the finite sample

distribution of ̂βIV has relatively thin tails, in many instances, ̂βIV actually has a higher concentration

probability in the larger (ξ = 2.5) neighborhood than most if not all of the other estimators.

8 Concluding Remarks

In this paper, we construct approximations for the ABIAS and AMSE of the IV estimator when the available

instruments are assumed to be weakly correlated with the endogenous explanatory variable, using the local-

to-zero framework of Staiger and Stock (1997). These approximations are shown, via a series of numerical

computations, to be quite accurate. Our approximations, thus, offer useful alternatives to other approxima-

tions which have been proposed in the literature (see e.g. Morimune (1983), Donald and Newey (2001), and

Hahn, Hausman, and Kuersteiner (2002)), particularly when the instruments are weak. Additionally, we are

able to construct a variety of bias-corrected OLS and IV estimators which are consistent under a sequential

asymptotic scheme, even when the instruments are weak in the local-to-zero sense. Interestingly, except for

one of our bias-corrected OLS estimators, bias correction does not come at a cost, so that consistency is

attained under the usual strong-identification assumption as well.
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Appendix A

This appendix collects a number of lemmas which we will use to establish the main results of our paper.

Before presenting the lemmas, however, we first introduce some notation which will appear in the statements

and proofs of some of our lemmas and theorems. To begin, define: Zu,1 = Ω
−

1

2 ′
11 (ψZ1u

−QZ1XQ
−1
XXψXu)σ

− 1
2

uu

and Zv,1 = Ω
− 1

2 ′
11 (ψZ1v −QZ1XQ

−1
XXψXv)σ

− 1
2

vv , and note that(
Zu,1

Zv,1

)
∼ N

(
0,

((
1 ρ
ρ 1

)
⊗ Ik21

))
. (37)

In addition, define

v1(µ
′µ,k21) = (µ +Zv,1)

′(µ+Zv,1) =
∑k21

i=1

(
µi + Zi

v,1

)2
, (38)

v2(µ
′µ,k21) = (µ +Zv,1)

′Zu,1 =
∑k21

i=1

(
µi +Zi

v,1

)
Zi
u,1, (39)

where µi, Z
i
u,1, and Zi

v,1 are the ith component of µ, Zu,1, and Zv,1, respectively. Note that we have

written v1(·, ·) as a function of µ′µ and not µ because v1 is a noncentral χ2 random variable which depends

on µ only through the noncentrality parameter µ′µ. In addition, since µ′Zu,1 ≡ N(0, µ′µ), v2(µ′µ,k21) =

µ′Zu,1 + Z′
v,1Zu,1 also depends on µ only through µ′µ. To simplify notations, we will often write v1 and

v2 instead of v1(µ
′µ,k21) and v2(µ

′µ, k21) in places where no confusion arises by not making explicit the

dependence of v1 and v2 on µ′µ and k21.

The following lemmas will be used in Appendix B to establish the main results of our paper:

Lemma A1: Let β̂IV,T be the IV estimator defined in Section 2 and suppose that (1), (2) and Assumptions

1 and 2 hold. Then, as T →∞
β̂IV,T − β0 =⇒ σ

1
2
uuσ

− 1
2

vv v−1
1 v2. (40)

Proof: The proof follows from slight modification of the proof of Theorem 1, part (a) of Staiger and Stock

(1997) and is, thus, omitted.

Lemma A2: Suppose that Assumption 4 holds. Write µ′µ = τ 2k21 +R∗(k21) = µ′µ(τ 2, k21) (say), where

R∗(k21) = O
(
k−1
21

)
. Then, for a given value of τ 2, as k21 →∞, the following results hold

(a)

1F1 (k21/2− 1; k21/2; µ
′µ/2) exp {− (µ′µ/2)}

= 1F1

(
k21/2− 1; k21/2; µ

′µ(τ 2, k21)/2
)
exp

{− (µ′µ(τ2, k21)/2)}
=

(
1 + τ 2

)−1 − k−1
21

(
1 + τ 2

)−1
[
2− 4

(
1 + τ 2

)−1
+ 2

(
1 + τ 2

)−2
]

−k−2
21

(
1 + τ2

)−2
[
8− 28

(
1 + τ2

)−1
+32

(
1 + τ 2

)−2 − 12
(
1 + τ 2

)−3
]

−R∗(k21)k
−1
21

(
1 + τ 2

)−2
+O

(
k−3
21

)
, (41)

(b)

1F1 (k21/2− 2; k21/2− 1; µ′µ/2) exp {− (µ′µ/2)}
= 1F1

(
k21/2− 2; k21/2− 1; µ′µ(τ 2, k21)/2

)
exp

{− (µ′µ(τ2, k21)/2)}
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=
(
1 + τ2

)−1 − k−1
21

(
1 + τ 2

)−1
[
4− 6

(
1 + τ2

)−1
+2

(
1 + τ2

)−2
]

−k−2
21

(
1 + τ 2

)−2
[
24− 56

(
1 + τ 2

)−1
+ 44

(
1 + τ 2

)−2 − 12
(
1 + τ2

)−3
]

−R∗(k21)k
−1
21

(
1 + τ 2

)−2
+O

(
k−3
21

)
. (42)

Proof: We shall only prove part (a) since the proof for part (b) follows in an analogous manner. To show (a),

we make use of a well-known integral representation of the confluent hypergeometric function (see Lebedev

(1972) pp. 266) to write

1F1

(
k21/2− 1; k21/2; µ

′µ(τ 2, k21)/2
)
exp

{− (µ′µ(τ 2, k21)/2)}
= [0.5 (k21 − 2)]

∫ 1

0

exp {k21h1(t)} exp {0.5R∗(k21)(t− 1)}dt, (43)

where h1(t) = 0.5
[
τ2(t− 1) + log t

] − (2/k21) log t. Given the integral representation (43), we can obtain

the expansion given by the right-hand side of expression (41) by applying a Laplace approximation to this

integral representation. We note that the maximum of the integrand of (43) in the interval [0, 1] occurs at the

boundary point t = 1, and as k21 →∞ the mass of the integral becomes increasingly concentrated in some

neighborhood of t = 1. Hence, we can obtain an accurate approximation for this integral by approximating

the integrand with its Taylor expansion in some shrinking neighborhood of t = 1 and by showing that

integration over the domain outside of this shrinking neighborhood becomes negligible as k21 becomes large.

To proceed, notice that the RHS of equation (43) can be written as:

[0.5 (k21 − 2)]

∫ 1

1−1/
√
k21

exp {k21h1(t)} exp {0.5R∗(k21)(t− 1)} dt

+[0.5 (k21 − 2)]

∫ 1−1/
√
k21

0

exp {k21h1(t)} exp {0.5R∗(k21)(t − 1)} dt = I1 + I2 (say), (44)

Now, note that:

I2 ≤ [0.5 (k21 − 2)] exp
{
−
(
0.5τ 2

√
k21

)}(
1− k

− 1
2

21

)(k21−2)/2

exp
{
−0.5k− 1

2
21 R∗(k21)

}
= O

(
k21 exp

{
−
(
0.5τ 2

√
k21

)}(
1− k

− 1
2

21

)(k21−2)/2
)
, (45)

where the inequality holds for k21 ≥ 4. Now, turning our attention to I1, we first make the change of

variable r = t−1 and rewrite I1 = [0.5 (k21 − 2)]
∫ 0
−1/

√
k21

exp {k21h2(r)} exp {0.5R∗(k21)r} dr where h2(r) =
0.5

[
τ 2r + log(1 + r)

]− (2/k21) log(1 + r). With this change of variable, we note that the maximum of the

integrand of I1in the interval [−1/√k21, 0] now occurs at the boundary point r = 0. To apply the Laplace

approximation to I1, note first that the derivatives of h2(r) evaluated at r = 0 have the explicit forms:

h′2(0) = 0.5
(
1 + τ 2

)−2k−1
21 and h

(i)
2 (0) = (−1)i−1(i−1)!

[
0.5− 2k−1

21

]
for integer i ≥ 2. By Taylor’s formula,

we can expand h2(r) about the point r = 0 as follows

h2(r) = h2(0) + h′2(0)r +
(
h
(2)
2 (0)/2!

)
r2 +

(
h
(3)
2 (0)/3!

)
r3 +

(
h
(4)
2 (r∗)/4!

)
r4, (46)

where r∗ lies on the line segment between r and 0 and h2(0) = 0. Moreover, for −1/
√
k21 ≤ r ≤ 0,

|h(4)2 (r∗)| = |3− 12k−1
21 |(1+ r)−4 ≤ |3− 12k−1

21 |k221
(√

k21 − 1
)−4

= M(k21) (say), and note that M(k21)→ 3
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as k21 →∞. Hence, for −1/√k21 ≤ r ≤ 0,∣∣∣∣∣h2(r)−
∑3

i=1

h
(i)
2 (0)

i!
ri

∣∣∣∣∣ =
∣∣∣∣∣h

(4)
2 (r∗)

4!
r4

∣∣∣∣∣ ≤ [
M(k21)r

4
]
/4!. (47)

It follows that
∑3

i=1
h
(i)
2 (0)
i! ri − M(k21)r

4

4! ≤ h2(r) ≤
∑3

i=1
h
(i)
2 (0)
i! ri + M(k21)r

4

4! , so that

(
k21 − 2

2

)∫ 0

−

1√
k21

exp

{
k21

(
3∑
i=1

h
(i)
2 (0)

i!
ri − M(k21)r

4

4!

)}
exp

{r
2
R∗(k21)

}
dr

≤
(
k21 − 2

2

)∫ 0

−1/
√
k21

exp {k21h2(r)} exp {0.5rR∗(k21)} dr

≤
(
k21 − 2

2

)∫ 0

− 1√
k21

exp

{
k21

(
3∑
i=1

h
(i)
2 (0)

i!
ri +

M(k21)r
4

4!

) }
exp

{r
2
R∗(k21)

}
dr. (48)

Let I3 denote the upper bound integral in expression (48). To evaluate I3, we rewrite it as

I3 =

(
k21 − 2

2

)∫ 0

− 1√
k21

exp {k21h′2(0)r} exp
{
k21

(
3∑

i=2

h
(i)
2 (0)

i!
ri +

M(k21)r
4

4!

) }
exp

{r
2
R∗(k21)

}
dr.

(49)

Expanding the latter two exponentials in the integrand above in power series and integrating term-by-term

while noting the absolute and uniform convergence of the series involved in the interval r ∈ [−1/
√
k21,0] for

k21 ≥ 4; we obtain, after some tedious but straightforward calculations,

I3 = (0.5 (k21 − 2))

[∫ 0

−1/
√
k21

exp {k21h′2(0)r}
(
1 +

[
k21h

(2)
2 (0)/2!

]
r2

+
[
k21h

(3)
2 (0)/3!

]
r3 +

[
k21

(
h
(2)
2 (0)

)2
(2!)

−3

]
r4 + 0.5R∗(k21)r

)
dr +O

(
k−4
21

)]

=
(
1 + τ 2

)−1 − k−1
21

(
1 + τ 2

)−1
[
2− 4

(
1 + τ 2

)−1
+ 2

(
1 + τ 2

)−2
]
− k−2

21

(
1 + τ 2

)−2
[8−

28
(
1 + τ 2

)−1
+32

(
1 + τ 2

)−2 − 12
(
1 + τ 2

)−3
]
−R∗(k21)k

−1
21

(
1 + τ 2

)−2
+O

(
k−3
21

)
. (50)

By a similar argument, it can be shown that the lower bound integral in expression (48) can also be

approximated by the right-hand side of expression (50). It, thus, follows that

(0.5 (k21 − 2))

∫ 0

−1/
√
k21

exp {k21h2(r)} exp {0.5R∗(k21)r}dr

=
(
1 + τ2

)−1 − k−1
21

(
1 + τ 2

)−1
[
2− 4

(
1 + τ2

)−1
+2

(
1 + τ2

)−2
]
− k−2

21

(
1 + τ 2

)−2
[8−

28
(
1 + τ 2

)−1
+ 32

(
1 + τ 2

)−2 − 12
(
1 + τ 2

)−3
]
−R∗(k21)k

−1
21

(
1 + τ 2

)−2
+O

(
k−3
21

)
(51)

Finally, the result given in part (a) follows immediately from expressions (45) and (51). �

Lemma A3: Suppose that (1), (2) and Assumptions 1 and 2 hold. Then, the following convergence results

hold jointly as T →∞ : Then,

(a) (u′MXu/T, y
′

2
MXu/T, y

′

2
MXy2/T )

p→ (σuu, σuv, σvv);
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(b) Z′

1MXZ1/T
p→ Ω11, where Ω11 = QZ1Z1

−QZ1XQ
−1
XXQXZ1

;

(c)
{
(Z ′

1MXZ1)
−

1

2Z ′

1MXu, (Z
′

1MXZ1)
−

1
2Z ′

1MXv
}

=⇒
{
Zu,1σ

1
2
uu,Zv,1σ

1
2
vv

}
,where (Z ′

u,1, Z
′

v,1)
′ has joint

normal distribution given by (37);

(d) (Z ′

1MXZ1/T )
−

1
2

(
Z′

1MXy2/
√
T
)
=⇒ (µ+ Zv,1)σ

1
2
vv;

(e)
(
y′2MXZ1(Z

′

1MXZ1)
−1Z′

1MXu, y
′

2MXZ1(Z
′

1MXZ1)
−1Z ′

1MXy2, u
′MXZ1(Z

′

1MXZ1)
−1Z ′

1MXu
)

=⇒
(
σ

1
2
vvv2σ

1
2
uu, σvvv1, σuuZ

′

u,1Zu,1

)
;

(f) (u′M(Z, X)u/T, y
′

2M(Z, X)u/T, y
′

2M(Z, X)y2/T )
p→ (σuu, σuv, σvv);

(g) (y′1M(Z, X)y1/T, y
′

1M(Z, X)y2/T )
p→ (g11, g12), where g11 and g12 are elements of the reduced form error

covariance matrix G;

Proof: Part (a) is identical to part (a) of Lemma A1 of Staiger and Stock (1997), and is proved there. Parts

(b)-(e) are similar to parts (b)-(e) of Lemma A1 of Staiger and Stock (1997); the only difference being that

Lemma A1 of Staiger and Stock (1997) gives convergence results for sample moments involving the entire

instrument matrix, Z, whereas our lemma involves Z1, the submatrix of Z obtained via column selection.

Hence, parts (b)-(e) can be proved by minor modifications of the proof of parts (b)-(e) of Lemma A1 of

Staiger and Stock (1997), noting, in particular, that joint convergence holds as a result of Assumption 2 and

the continuous mapping theorem.

To show part (f), define u⊥ = MXu, Z
⊥ = MXZ, and y⊥2 = MXy2 and write

u
′
M(Z, X)u

T
= 1

T
u′MXu −

1
T
u⊥′PZ⊥u⊥,

y′2M(Z, X)u

T
= 1

T
y′2MXu − 1

T
y⊥′2 PZ⊥u⊥, and

y′2M(Z, X)y2

T
= 1

T
y′2MXy2 − 1

T
y⊥′2 PZ⊥y

⊥

2 , where

PZ⊥ =MXZ (Z ′MXZ)
−1

Z ′MX . Now, part (e) of Lemma A1 of Staiger and Stock (1997) implies that 1
T
u⊥′PZ⊥u

⊥ =

Op
(
1
T

)
, 1
T
y⊥′2 PZ⊥u⊥ = Op

(
1
T

)
, and 1

T
y⊥′2 PZ⊥y⊥2 = Op

(
1
T

)
. The results of part (f) then follow immediately

from part (a) of this lemma and Slutsky’s theorem.

To show part (g), first note that g11 and g12 are related to elements of the structural error covariance

matrix Σ by the relations: g11 = σuu+2σuvβ+σvvβ
2 and g11 = σuu+σvvβ, where σvv = g22. Next, observe

that
y
′

1M(Z, X)y1

T
=

u
′
M(Z, X)u

T
+ 2

y
′

2M(Z, X)u

T
β +

y
′

2M(Z, X)y2

T
β2 and

y
′

1M(Z, X)y2

T
=

y
′

2M(Z, X)u

T
+

y
′

2M(Z, X)y2

T
β.

Thus, it follows immediately from part (f) of this lemma and Slutsky’s theorem that
y
′

1M(Z, X)y1

T

p→ σuu +

2σuvβ + σvvβ
2 = g11 and

y′1M(Z, X)y2

T

p→ σuu + σvvβ = g12.

Lemma A4: Let Assumption 4 hold, so that µ′µ/k21 = τ 2 +O(k−2
21 ), for a fixed constant, τ 2 ∈ (0,∞), and

write µ′µ = τ2k21 +O(k−1
21 ) = µ′µ(τ 2, k21). Then, as µ

′µ, k21 → ∞, (a) v1(µ
′µ(τ2, k21),k21)

k21

p→ (1 + τ 2); and

(b) v2(µ
′
µ(τ2, k21),k21)

k21

p→ ρ.

Proof: To prove (a), write v1(µ
′
µ(τ2, k21),k21)

k21
=

Z
′

v,1Zv,1

k21
+2

µ
′
Zv,1
k21

+µ′µ

k21
.Next, note that µ

′
Zv,1
k21

≡N
(
0, µ

′µ

k221

)
so

that E
(
2µ′Zv,1
k21

)2
= 4µ′µ

k221
= 4τ2

k21
+O(k−321 ) = O(k−1

21 ), and, thus, 2
µ′Zv,1
k21

p→ 0 as k21 →∞ and µ′µ→∞ under

Assumption 4. Moreover, note that, as k21 → ∞ and µ′µ → ∞ under Assumption 4, E
(
Z
′

v,1Zv,1

k21
− 1

)2
=

2
k21
→ 0, so that

Z′

v,1Zv,1

k21

p→ 1, and note also that µ
′
µ

k21
→ τ 2. It follows by Slutsky’s theorem that

Z′

v,1Zv,1

k21
+

2
µ′Zv,1
k21

+ µ
′
µ

k21

p→ 1 + τ 2 under Assumption 4.

To show (b), write v2(µ
′
µ(τ2, k21),k21)

k21
=

µ′Zu,1
k21

+
Z
′

v,1Zu,1

k21
. First, from expression (37), we see that Zu,1 ≡

N(0, Ik21 ), Zv,1 ≡ N(0, Ik21 ), and E(Zu,1Z
′

v,1) = ρIk21 . It follows from Khinchine’s weak law of large numbers

that, as k21 → ∞ and µ′µ → ∞ under Assumption 4,
Z′v,1Zu,1

k21
= (1/k21)

k21∑
i=1

Zi
v,1Z

i
u,1

p→ ρ, where Zi
v,1 and

Zi
u,1 denote the ith component of Zv,1 and Zu,1, respectively. In addition, note that µ′Zu,1

k21
≡ N

(
0, µ

′
µ

k221

)
so
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that E
(
µ
′
Zu,1
k21

)2
= µ′µ

k221
= τ2

k21
+O(k−3

21 ) = O(k−1
21 ), and, thus,

µ
′
Zu,1
k21

p→ 0 under Assumption 4. The desired

result follows by Slutsky’s theorem.

Lemma A5: Suppose that (1), (2) and Assumptions 1* and 2 hold. Then, the following convergence results

hold as T → ∞: (a) (u′MXu/T, y
′

2MXu/T, y
′

2MXy2/T )
p→ (σuu, σuv, Π

′ΩΠ+ σvv), (b) (u′M(Z, X)u/T,

y′2M(Z, X)u/T, y
′

2M(Z, X)y2/T )
p→ (σuu, σuv, σvv), and (c) (Z′

1MXZ1/T, Z
′

1MXy2/T )
p→ (Ω11,Ω1∗Π).

Proof: Each part of this lemma follows directly from Assumptions 1* and 2 and Slutsky’s theorem. The

arguments are standard and well-known, so we omit the details.

Appendix B

Proof of Proposition 3.1: To show part (a), we note that by Lemma A1, UT = ̂βIV,T−β0
⇒ σ

1

2

uuσ
−

1

2

vv v−1
1

v2 ≡

U (say). Moreover, given Assumption 3, we have by Theorem 5.4 of Billingsley (1968) that lim
T→∞

E(UT ) =

lim
T→∞

E
[
β̂IV,T − β

0

]
= E

[
σ

1

2

uuσ
−

1

2

vv v−1
1

v2

]
= E(U). The required result then follows from derivation simi-

lar to that used to obtain the exact bias formula, equation (3.1), of Richardson and Wu (1971) given the

equivalence of the local-to-zero asymptotic distribution of the IV estimator and its exact distribution under

Gaussian errors as established in Staiger and Stock (1997).17

To show part (b), note that µ
′
µ
2

> 0, k21
2

> 0, and k21
2
+1 > 0. Hence, direct application of the asymptotic

expansion given in equation (9.12.8) of Lebedev (1972) yields

σ
1

2

uuσ
−

1

2

vv ρe−
µ′µ

2 1F1 (k21/2− 1; k21/2;µ
′µ/2) = σ

1

2

uuσ
−

1

2

vv ρe−
µ′µ

2 (Γ (k21/2) /Γ(k21/2− 1)) e
µ′µ

2 (µ′µ/2)
−1

×

[
1 +O((µ′µ)

−1
)
]
= σ

1

2

uuσ
−

1

2

vv ρ(k21 − 2) (µ′µ)
−1
[
1 +O((µ′µ)

−1
)
]
= O((µ′µ)

−1
).

To show part (c), note that lim
k21→∞

( 1
2
k21−

1

2
k21+1)

(
µ′µ
2

)
( 1
2
k21)

= lim
k2→∞

(
µ′µ
k21

)
= 0. Hence, making use of the as-

ymptotic expansion given in equation (4.3.4) of Slater (1960), we obtain σ
1

2

uuσ
−

1

2

vv ρe−
µ′µ
2 1F1 (k21/2− 1; k21/2; µ

′µ/2) =

σ
1

2

uuσ
−

1

2

vv ρ
[
1 +O(k−121 )

]
→ σ

1

2

uuσ
−

1

2

vv ρ as k21 →∞ .

To show (d), note that, by rearranging (7) slightly, we can write the bias formula in the infinite series

form:

bβ̂IV
(µ′µ, k21) = σ

1

2

uuσ
−

1

2

vv ρe−
µ′µ
2

⎡
⎣ ∞∑
j=0

(
k21 − 2

k21 + 2j − 2

)
(µ′µ/2)

j

j!

⎤
⎦ (52)

.

Let f(µ′µ,k21) = e−
µ′µ

2

[
∞∑
j=0

(
k21−2

k21+2j−2

)
(µ′µ/2)

j

j!

]
, and observe that f(µ′µ = 0, k21) = 1. Also, from the

proof of part (b) above, we know that lim
µ′µ→∞

f(µ′µ, k21) = 0. Moreover, note that, under the assumption

that k21 ≥ 4,

∂f(µ′µ,k21)

∂(µ′µ)
=

(
1

2

)
e−

µ′µ

2

∞∑
j=0

(
k21 − 2

k21 + 2j − 2

)
j (µ′µ/2)

j−1

j!
−

∞∑
j=0

(
k21 − 2

k21 +2j − 2

)
(µ′µ/2)

j

j!

= −e−
µ′µ
2

⎡
⎣ ∞∑
j=0

(
k21 − 2

(k21 + 2j − 2) (k21 +2j)

)
(µ′µ/2)

j

j!

⎤
⎦ < 0, (53)

17A detailed proof of Proposition 3.1 using results on negative integer moments of non-central chi-square random variable

given in Ullah (1974) can be found in an earlier version of our paper, Chao and Swanson (2000).
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where term-by-term differentiation above is justified by the absolute and uniform convergence of the infinite

series representation of f(µ′µ,k21) and of the infinite series (53). It follows that 0 ≤ f(µ′µ, k21) ≤ 1, and

is a monotonically decreasing function of (µ′µ) for (µ′µ) ∈ [0,∞). Moreover, from expression (52) and the

definition of f(µ′µ,k21), we see that |b̂βIV
(µ′µ,k21)| = |ρ|σ

1

2

uuσ
−

1

2

vv f(µ′µ, k21), so that |b
̂βIV

(µ′µ, k21)| depends

on µ′µ only through the factor f(µ′µ,k21). Hence, |b
̂βIV

(µ′µ,k21)| is a monotonically decreasing function of

µ′µ for µ′µ ∈ [0,∞) and σuv �= 0.

To show (e), we differentiate the infinite series representation of f(µ′µ,k21) term-by-term to obtain:

∂f(µ′µ, k21)

∂k21
= e−

µ′µ
2

∞∑
j=1

[
2j

(k21 +2j − 2)
2

]
(µ′µ/2)

j

j!
> 0, (54)

noting that interchanging the operations of differentiation and summation is justified by the absolute

and uniform convergence of the infinite series involved for k21 ≥ 4. It follows that f(µ′µ, k21) and, thus,

|b
̂βIV

(µ′µ, k21)| are monotonically increasing functions of k21 for µ′µ fixed and σuv �= 0.

To show part (f), note that, by Theorem 5.4 of Billingsley (1968) and Lemma A1, we have that

lim
T→∞

E
[
β̂IV,T − β0

]2
= lim

T→∞
E(U2

T ) = E(U2) = E[σuuσ
−1
vv v

−1
1 v22v

−1
1 ]. Again, in light of the equivalence

of the local-to-zero asymptotic distribution of the IV estimator and its exact distribution under Gaussian

errors, the desired result follows from derivation similar to that used to obtain the exact MSE formula given

in equation (4.1) of Richardson and Wu (1971).

To show part (g), first assume that k21 > 4, so that µ′µ
2 > 0, k212 − 1 > 0, k212 > 0, and k21

2 − 2 > 0. It

follows that, by applying the asymptotic expansion given in equation (9.12.8) of Lebedev (1972) to each of

the confluent hypergeometric functions 1F1(·; ·; ·) which appear in (6), we obtain:

m
̂βIV

(µ′µ, k21) = σuuσ
−1
vv ρ

2e−
µ′µ
2

[(
k21 − 3

k21 − 2

)
Γ(k21/2)

Γ(k21/2− 2)
e
µ′µ
2

(
µ′µ

2

)
−2 (

1 +O((µ′µ)
−1

)
)

+ρ−2 (k21 − 2)−1 [Γ(k21/2)/Γ(k21/2− 1)] e(µ
′µ/2) (µ′µ/2)

−1
(
1 +O((µ′µ)

−1
)
)]

= σuuσ
−1
vv ρ

2
[
((k21 − 3) / (k21 − 2)) ((k21 − 2) /2) ((k21 − 4) /2) (µ′µ/2)

−2

×
(
1 +O((µ′µ)

−1
)
)
+ ρ−22−1 (µ′µ/2)

−1
(
1 +O((µ′µ)

−1
)
)]

= O((µ′µ)
−1

). (55)

Next, assume that k21 = 4, and observe that, in this case, e−
µ′µ
2 [(k21 − 3)/(k21 − 2)] 1F1(k21/2−2; k21/2;µ

′µ/2) =

e−
µ′µ
2 (1/2) 1F1(0; 2;µ

′µ/2) = e−
µ′µ
2 (1/2) = O

(
e−

µ′µ
2

)
. It follows that

m
̂βIV

(µ′µ, 4) = σuuσ
−1
vv ρ

2
[
e−

µ′µ

2 (1/2)1F1(0; 2;µ
′µ/2) + ρ−2e−

µ′µ

2 (1/2)1F1(1; 2;µ
′µ/2)

]
=O

(
e−

µ′µ

2

)
+O

(
(µ′µ)

−1
)

= O
(
(µ′µ)

−1
)
.

To show (h), note that lim
k21→∞

( 1
2
k21−(

1

2
k21−1))

(
µ′µ
2

)
( 1
2
k21)

= lim
k2→∞

(
µ′µ
k21

)
= 0 and lim

k21→∞

( 1
2
k21−(

1

2
k21−2))

(
µ′µ
2

)
( 1
2
k21)

=

lim
k2→∞

(
2µ′µ
k21

)
= 0. Hence, each of the 1F1(·; ·; ·) functions appearing in expression (6) satisfies the conditions

of the asymptotic expansion given in equation (4.3.4) of Slater (1960), so that, by making use of this

asymptotic expansion, we obtain m
β̂IV

(µ′µ, k21) = σuuσ
−1
vv ρ

2e−
µ′µ
2 e

µ′µ
2

×
[
((k21 − 3) / (k21 − 2))

(
1 +O(k−1

21 )
)
+ ρ−2 (k21 − 2)

−1 (
1 +O(k−1

21 )
)]

= σuuσ
−1
vv ρ

2
[
1 +O(k−1

21 )
]
→ σuuσ

−1
vv ρ

2

as k21 →∞.
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To show part (i), it suffices to show that
∂m

̂β2SLS
(µ′µ,k21)

∂(µ′µ) < 0, for all fixed integer k21 ≥ 4. To proceed,

note that by rearranging (8) slightly, we can write the MSE formula in the infinite series form::

m
̂βIV

(µ′µ,k21) = σuuσ
−1

vv ρ
2e−

µ′µ
2

⎡
⎣( 1

ρ2

)(
1

k21 − 2

)⎛⎝1 +
∞∑
j=1

(k21/2− 1)

(k21/2 + j − 1)

(µ′µ/2)
j

j!

⎞
⎠+

(
k21 − 3

k21 − 2

)⎛⎝1 +
∞∑
j=1

(k21/2− 1) (k21/2− 2)

(k21/2 + j − 1) (k21/2 + j − 2)

(µ′µ/2)
j

j!

⎞
⎠
⎤
⎦ . (56)

Now, differentiating (56) term-by-term, we obtain after some straightforward algebra

∂m
̂βIV

(µ′µ, k21)

∂(µ′µ)

= −0.5σuuσ
−1

vv e
−(µ′µ/2) (k21 − 2)

−1

⎡
⎣ 2

k21
+

∞∑
j=1

(k21/2− 1)

(k21/2 + j) (k21/2 + j − 1)

(µ′µ/2)
j

j!

⎤
⎦

−σuuσ
−1

vv ρ
2e−

µ′µ

2

(
k21 − 3

k21 − 2

)⎡⎣ 2

k21
+

∞∑
j=1

(k21/2− 1) (k21/2− 2)

(k21/2 + j) (k21/2 + j − 1) (k21/2 + j − 2)

(µ′µ/2)
j

j!

⎤
⎦

< 0 for k21 ≥ 4, (57)

Note that the interchanging of the operations of differentiation and summation above is justified by the

absolute and uniform convergence of the infinite series (56) and (57). �

Proof of Lemma 3.3: Note first that Assumption 2 imply that ̂βOLS,T − β0
p
→ σuv/σvv, as was shown in

Staiger and Stock (1997). Moreover, given the assumption sup
T≥T∗

E[|U∗T |
2+δ ] <∞ for some δ > 0 and for some

positive integer T∗, the conditions of Theorem 5.4 of Billingsley (1968) are satisfied. It then follows directly

from Theorem 5.4 of Billingsley (1968) that lim
T→∞

E
(
β̂OLS,T − β0

)
= σuv/σvv and lim

T→∞
E
(
β̂OLS,T − β0

)2
=

E(σuv/σvv)
2 = σuuσ

−1
vv ρ

2.�

Proof of Theorem 4.1: To show part (a), note that direct application of part (a) of Lemma A2 to the

bias expression (5) yields:

b
̂βIV

(τ 2, k21) = σ1/2
uu σ

−1/2
vv ρ

{(
1 + τ 2

)
−1
− k−1

21

(
1 + τ 2

)
−1

[
2− 4

(
1 + τ 2

)
−1

+2
(
1 + τ 2

)
−2
]

−k−2
21

(
1 + τ 2

)
−2

[
8− 28

(
1 + τ 2

)
−1

+32
(
1 + τ 2

)
−2
− 12

(
1 + τ 2

)
−3
]

−R∗(k21)k
−1
21

(
1 + τ 2

)
−2

+O
(
k−3
21

)}

= σ1/2
uu σ

−1/2
vv ρ

{(
1 + τ 2

)
−1
− 2k−1

21

(
1 + τ 2

)
−1 (

τ 2/
(
1 + τ2

))2}
+O

(
k−2
21

)
. (58)

To show part (b), we first rewrite expression (6) as follows:

m
̂βIV

(τ2, k21) = σuuσ
−1
vv ρ

2
[
ρ−2 (k21 − 2)

−1
1F1

(
k21/2− 1; k21/2; µ

′µ(τ 2, k21)/2
)
e−µ′µ(τ2,k21)/2

+

(
k21 − 3

k21 − 2

)(
k21 − 2

2

)
1F1

(
k21
2
− 2;

k21
2
− 1;

µ′µ(τ 2, k21)

2

)
e−

µ′µ(τ2,k21)
2

−

(
k21 − 3

k21 − 2

)(
k21 − 4

2

)
1F1

(
k21
2
− 1;

k21
2

;
µ′µ(τ 2, k21)

2

)
e−

µ′µ(τ2,k21)
2

]
, (59)
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where we have made use of the identity (γ−α−1) 1F1 (α; γ; z) = (γ−1) 1F1 (α; γ − 1; z)−α 1F1 (α+1;γ; z)

in rewriting expression (6). (See Lebedev (1972), pp. 262, for more details on this and identities involving

confluent hypergeometric functions.) Applying the results of Lemma A2 to the confluent hypergeometric

functions in expression (6) above, we obtain:

m
̂β
IV

(τ2, k21) = σuuσ
−1

vv ρ
2

[
ρ−2k−1

21
(1− 2/k21)

−1

{(
1 + τ 2

)
−1

− k−1
21

(
1 + τ2

)
−1

(
2− 4

(
1 + τ 2

)
−1

+2
(
1 + τ 2

)
−2
)
− k−2

21

(
1 + τ 2

)
−2

(
8− 28

(
1 + τ 2

)
−1

+ 32
(
1 + τ 2

)
−2

−12
(
1 + τ 2

)
−3
)
−R∗(k21)k

−1

21

(
1 + τ 2

)
−2

+O
(
k−3

21

)}
+ (1− 2/k21)

−1
×

(1− 3/k21) (k21/2− 1)
{(

1 + τ 2
)
−1

− k−1

21

(
1 + τ 2

)
−1

(
4− 6

(
1 + τ 2

)
−1

+

2
(
1 + τ 2

)
−2
)
− k−2

21

(
1 + τ 2

)
−2

(
24− 56

(
1 + τ 2

)
−1

+44
(
1 + τ 2

)
−2

−12
(
1 + τ 2

)
−3
)
−R∗(k21)k

−1

21

(
1 + τ 2

)
−2

+O
(
k−3

21

)}
−

(1− 3/k21) (1− 2/k21)
−1 (k21/2− 2)

{(
1 + τ2

)
−1

− k−1

21

(
1 + τ 2

)
−1

(2

−4
(
1 + τ 2

)
−1

+2
(
1 + τ 2

)
−2
)
− k−2

21

(
1 + τ 2

)
−2

(
8− 28

(
1 + τ 2

)
−1

+

32
(
1 + τ 2

)
−2

− 12
(
1 + τ 2

)
−3
)
−R∗(k21)k

−1

21

(
1 + τ 2

)
−2

+O
(
k−3

21

)}
(60)

Expanding (1− 2/k21)
−1 in the binomial series series (1− 2/k21)

−1
= 1 + 2/k21 + 4/k2

21
+ O

(
k−3

21

)
; and,

after some tedious but straightforward calculations, it can be shown that:

m
̂β
IV

(τ 2, k21) = σuuσ
−1

vv ρ
2

{(
1 + τ 2

)
−2

+ ρ−2k−1

21

(
1 + τ 2

)
−1

− k−1

21

(
1 + τ2

)
−2

[7

−12
(
1 + τ 2

)
−1

+ 6
(
1 + τ 2

)
−2
]
+O(k−2

21
)
}

= σuuσ
−1

vv ρ
2

{(
1 + τ 2

)
−2

+
((
1− ρ2

)
/ρ2

)
k−1

21

(
1 + τ 2

)
−1

+ k−1

21

(
1 + τ 2

)
−1

×[
1− 7

(
1 + τ 2

)
−1

+ 12
(
1 + τ 2

)
−2

− 6
(
1 + τ2

)
−3
]}

+O(k−2

21
). (61)

Proof of Lemma 6.1.1: To show part (a), note that since σ̂vv,1 =
y′

2
M(Z,X)y2

T
and σ̂vv,2 =

y′

2MXy2
T

, it

follows directly from part (a) and (f) of Lemma A3 that, as T →∞, σ̂vv,1
p
→ σvv and σ̂vv,2

p
→ σvv. Note, of

course, that these limits do not depend on either k21 or µ′µ. Part (a) follows immediately.

To show part (b), note that it follows from part (d) of Lemma A3, part (a) of this lemma, and

the continuous mapping theorem, that as T → ∞, Wk21,T =

(
y′

2MXZ1√
T

)(
Z′1MXZ1

T

)−1(
Z′1MXy2√

T

)
/k21

σ̂vv,1
=⇒

(µ+Zv,1)
′(µ+Zv,1)
k21

=
v1(µ

′µ,k21)
k21

. It then follows directly from part (a) of Lemma A4 that, as k21 → ∞

and µ′µ→∞ under Assumption 4, v1(µ
′µ,k21)
k21

p
→ 1 + τ 2, as desired.

To prove part (c), write σ̂uv,1 =
(y1−y2β̂IV )

′
M(Z,X)y2

T

(
Wk21,T

Wk21,T−1

)
=

[
u′M(Z,X)y2

T
−

(
β̂IV − β0

)
y′2M(Z,X)y2

T

] (
Wk21,T

Wk21,T
−1

)
and σ̂uv,2 =

[
(y1−y2β̂IV )

′
MXy2

T −

(
β̂IV − β0

)
y′2MXy2

T

] (
Wk21,T

Wk21,T
−1

)
.Applying Lemma

A1, parts (a) and (f) of Lemma A3, and the continuous mapping theorem, we see immediately that

σ̂uv,1 =⇒

[
σuv − σ

1
2
uuσ

1
2
vv

(
v1(µ

′µ,k21)
k21

)
−1 (

v2(µ
′µ,k21)
k21

)](
v1(µ

′µ,k21)
k21

− 1
)
−1 (

v1(µ
′µ,k21)
k21

)
= Ak21,µ′µ say, and

also that σ̂uv,2 =⇒ Ak21,µ′µ as T → ∞, so that both estimators approach the same random limit as
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the sample size approaches infinity.18 Moreover, applying Lemma A4 and Slutsky’s theorem, we deduce

that, as k21 → ∞ and µ′µ → ∞ under Assumption 4, Ak21,µ
′µ

p
→

[
σuv − σ

1

2

uuσ
1

2

vvρ
(
1 + τ 2

)
−1

] (
1+τ

2

τ2

)
= σuv

[
1−

1

1+τ2

] (
1+τ

2

τ2

)
= σuv, thus establishing the desired results.

To show part (d), we write σ̂uu,1 = suu+2
σ̂2uv,1
σ̂vv,1

(
1

Wk21,T

)
−

σ̂2uv,1
σ̂vv,1

(
1

Wk21,T

)2
and σ̂uu,2 = suu+2

σ̂2uv,2
σ̂vv,2

(
1

Wk21,T

)
−

σ̂2uv,2
σ̂vv,2

(
1

Wk21,T

)2
.Note first that suu =

(y1−y2̂βIV )′MX(y1−y2̂βIV )
T

= u′MXu
T

−2
(
β̂IV − β0

)
y′

2
MXu

T
+
(
β̂IV − β0

)2
y′

2
MXy2
T

.

Moreover, the proofs of parts (a)-(c) above show that σ̂vv,1
p
→ σvv, Wk21,T =⇒ v1(µ

′µ,k21)
k21

, and σ̂uv,1 =⇒

Ak21,µ′µ as T →∞. It then follows from Lemma A1, part (a) of Lemma A3, and the continuous mapping theo-

rem, that as T →∞, σ̂uu,1 =⇒ σuu−2σ
1

2

uuσ
−

1

2

vv σuv

(
v1(µ

′µ,k21)
k21

)
−1 (

v2(µ
′µ,k21)
k21

)
+ σuu

(
v1(µ

′µ,k21)
k21

)
−2 (

v2(µ
′µ,k21)
k21

)2
+

2
A
2

k21,µ
′µ

σvv

(
v1(µ

′µ,k21)
k21

)−1

−
A
2

k21,µ
′µ

σvv

(
v1(µ

′µ,k21)
k21

)−2

= Bk21,µ′µ (say). Similarly, σ̂uu,2 =⇒ Bk21,µ′µ as T →∞.

Finally, since Ak21,µ′µ
p
→ σuv under Assumption 4, as was shown in the proof of part (c) above; applying

Lemma A4 and Slutsky’s theorem, we deduce that Bk21,µ′µ
p
→ σuu − 2σ

1

2

uuσ
−

1

2

vv σuv

(
ρ

1+τ2

)
+σuu

(
ρ

1+τ2

)2
+

2
σ2uv
σvv

(
1

1+τ2

)
−

σ2uv
σvv

(
1

1+τ2

)2
= σuu, as k21 → ∞ and µ′µ → ∞ under Assumption 4, thus, establishing the

desired results.

Proof of Theorem 6.1.2: For each part of this theorem, we will only prove the convergence result for

the estimator with subscript i = 1 since the proofs for the estimators with subscript i = 2 follow in a

like manner. First, to show (a) for the case i = 1, writêBIAS1 =
σ̂uv,1
σ̂vv,1

(
1

Wk21,T

)
. Next, note that the

proofs of parts (a), (b), and (c) of Lemma 6.1.1 above show that σ̂vv,1
p
→ σvv, Wk21,T =⇒

v1(µ
′µ,k21)
k21

,

and σ̂uv,1 =⇒ Ak21,µ
′µ as T → ∞. It follows from the continuous mapping theorem that, as T → ∞,

̂BIAS1 =⇒
Ak21,µ

′µ

σvv

(
v1(µ

′
µ,k21)

k21

)−1

= Ck21,µ′µ, say. Since Ak21,µ′µ
p
→ σuv under Assumption 4, as was

shown in the proof of Lemma 6.1.1(c) above; applying Lemma A4 and Slutsky’s theorem, we deduce that,

as k21 → ∞ and µ′µ → ∞ under Assumption 4, Ck21,µ′µ
p
→

1
σvv

(
σuv − σ

1

2

uuσ
1

2

vv

(
ρ

1+τ2

))(
1+τ

2

τ2

)(
1

1+τ2

)
=

σ
1

2

uuσ
−

1

2

vv ρ
(

1
1+τ2

)
, as required.

To show part (b) for the case i = 1, write˜BIAS1 =
̂BIAS1 −

(
2
k21

)[(
σ̂uv,1
σ̂vv,1

)(
1

Wk21,T

)(
Wk21,T

−1

Wk21,T

)2
]
.

Again, note that, as T → ∞, σ̂vv,1
p
→ σvv, Wk21,T =⇒

v1(µ
′µ,k21)
k21

, σ̂uv,1 =⇒ Ak21,µ
′µ, and̂BIAS1 =⇒

Ck21,µ′µ, as were shown in the proofs of parts (a), (b), and (c) of Lemma 6.1.1, and in the proof of part (a) of

this theorem. It then follows from the continuous mapping theorem that as T →∞,˜BIAS1 =⇒ Ck21,µ′µ−

2
k21

[
Ak21,µ

′µ

σvv

(
v1(µ

′
µ,k21)

k21

)−1 (
v1(µ

′
µ,k21)

k21

)−2 (
v1(µ

′
µ,k21)

k21
− 1

)2]
= Ek21,µ′µ, say. Moreover, note that using

Lemma A4 and Slutsky’s theorem, it is easy to show that Ek21,µ′µ = Ck21,µ′µ+Op
(

1
k21

)
; and, from the proof

of part (a) above, we have that Ck21,µ′µ
p
→ σ

1

2

uuσ
−

1

2

vv ρ
(

1
1+τ2

)
, under Assumption 4. Thus, we deduce that,

as k21 →∞ and µ′µ→∞ under Assumption 4, Ek21,µ′µ
p
→ σ

1

2

uuσ
−

1

2

vv ρ
(

1
1+τ2

)
, as required.

To show part (c) for the case i = 1, writêMSE1 =

(
̂BIAS1

)2
. It follows immediately from the proof

of part (a) above and the continuous mapping theorem, that as T → ∞,̂MSE1 =⇒ C
2
k21,µ′µ. Moreover,

since Ck21,µ′µ
p
→ σ

1

2

uuσ
−

1

2

vv ρ
(

1
1+τ2

)
, as k21 → ∞ and µ′µ → ∞ under Assumption 4, it follows immediately

18Note that the continuous mapping theorem is applicable here because Assumption 2 implies the joint convergence of the

components of σ̂uv,1 and σ̂uv,2 .
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by Slutsky’s theorem that C2k21,µ′µ

p
→ σuuσ

−1
vv ρ

2
(

1
1+τ2

)2
.

To show part (d) for the case i = 1, write

˜MSE1 = ̂MSE1 +
1
k21

(
σ̂
2

uv,1

σ̂2vv,1

)(
1

Wk21,T

) [(
σ̂uu,1σ̂vv,1−σ̂

2

uv,1

σ̂2uv,1

)
+

(
1−

7
Wk21,T

+
12

W 2

k21,T

−

6
W 3

k21,T

)]
.

Next, note that, as T →∞, σ̂vv,1
p
→ σvv, Wk21,T =⇒

v1(µ
′µ,k21)
k21

, σ̂uv,1 =⇒Ak21,µ
′µ, σ̂uu,1 =⇒ Bk21,µ′µ, and

̂MSE1 =⇒ C2k21,µ′µ, as were shown in the proof of Lemma 6.1.1 and the proof of part (c) above. It then follows

by the continuous mapping theorem that as T →∞,˜MSE1 =⇒ C2k21,µ′µ +
1
k21

(
A

2
k21,µ

′µ

σ2vv

)(
v1(µ

′µ,k21)
k21

)−1

×

[(
σvvBk21,µ′µ−A

2
k21,µ

′µ

A2
k21,µ

′µ

)
+

(
1− 7

(
v1(µ

′µ,k21)
k21

)−1

+12

(
v1(µ

′µ,k21)
k21

)−2

− 6

(
v1(µ

′µ,k21)
k21

)−3
)]

= Fk21,µ′µ,

say. In addition, note that, using Lemma A4 and the proof of parts (c) and (d) of Lemma 6.1.1, it is easy

to show that Fk21,µ′µ = C
2
k21,µ

′µ +Op

(
1
k21

)
. Moreover, C2k21,µ′µ

p
→ σuuσ

−1
vv ρ

2
(

1
1+τ2

)2
under Assumption 4,

as was shown in part (c) of this theorem. Thus, we readily deduce that, as k21 → ∞ and µ′µ → ∞ under

Assumption 4, Fk21,µ′µ
p
→ σuuσ

−1
vv ρ

2
(

1
1+τ2

)2
, as required.

To show part (e) for the case i = 1, we note that by comparing the above expression for˜MSE1 with the

above expression for MSE1 , the only difference between these two alternative estimators for the MSE, as

explained in Subsection 6.1, is that˜MSE1 estimates the quantity σuuσvv−σuv using the consistent estimator

σ̂uu,1σ̂vv,1− σ̂2uv,1, whereas MSE1 estimates the quantity g11g22−g212 using the estimator ĝ11 ĝ22− ĝ212. Since

it is easy to verify that g11g22 − g212 = σuuσvv − σuv, all that is left to show is the consistency of the

estimator ĝ11 ĝ22 − ĝ212. However, given that ĝ11 =
y′

1M(Z,X)y1

T
, ĝ12 =

y′

1M(Z,X)y2

T
, and ĝ22 =

y′

2M(Z,X)y2

T
,

we see immediately from parts (f) and (g) of Lemma A3 that, as T → ∞, ĝ11
p
→ g11, ĝ12

p
→ g12, and

ĝ11
p
→ σvv = g22; and, thus, by Slutsky’s theorem, ĝ11ĝ22 − ĝ212

p
→ g11g22 − g212 = σuuσvv − σuv. Since these

limits do not depend on k21 and µ′µ, the desired result follows as a direct consequence.

Proof of Lemma 6.1.4: To begin, we note that since σ̂vv,1 =
y′

2
M(Z,X)y2

T
and σ̂vv,2 =

y
′

2MXy2
T

, parts (a)

and (b) of this lemma follow immediately from parts (b) and (a), respectively, of Lemma A5.

To show part (c), write Wk21,T =

[
y′

2(P(Z1,X)−PX )y2

σ̂vv,1

]
k−1
21 =

T
σ̂vv,1k21

[
y
′

2MXZ1

T

(
Z

′

1MXZ1

T

)
−1

Z
′

1MXy2
T

]
.

Thus, it follows directly from part (c) of Lemma A5, part (a) of this lemma, and Slutsky’s theorem that

Wk21,T = Op(T ).

For part (d), we will only prove the result for estimator σ̂uv,1, since the proof for σ̂uv,2 is similar. Note that,

given part (b) of Lemma A5, the well-known consistency of β̂IV under Assumption 1*, and Slutsky’s theorem,

we deduce that as T → ∞, suv,1 =
(y1−y2̂βIV )

′

M(Z,X)y2

T
=

u′M(Z,X)y2
T

+
(
β
0
− β̂IV

)
y′

2M(Z,X)y2
T

p
→ σuv. It

follows immediately from part (c) of this lemma and Slutsky’s theorem that σ̂uv,1 = suv,1

(
1

1−
1

Wk21,T

)
p
→

σuv, as T →∞.

For part (e), we will also prove the result only for σ̂uu,1, since the proof for σ̂uu,2 is again similar.

To proceed, note first that σ̂uu,1 depends on suu. Note further that suu =
(y1−y2̂βIV )

′

MX(y1−y2̂βIV )
T

=

u′MXu
T

+ 2
(
β
0
− β̂IV

)
y′

2MXu

T
+
(
β
0
− β̂IV

)2
y′

2MXy2
T

p
→ σuu, as T → ∞, as a direct consequence of part

(a) of Lemma A5, the consistency of β̂IV under Assumption 1*, and Slutsky’s Theorem. Next, write

σ̂uu,1 = suu + 2
σ̂2
uv,1

σ̂vv,1

(
1

Wk21,T

)
−

σ̂2uv,1
σ̂vv,1

(
1

Wk21,T

)2
. In view of parts (a), (c), and (d) of this lemma and

Slutsky’s Theorem, it is apparent that σ̂uu,1 = suu +Op
(
1

T

)
, so that σ̂uu,1

p
→ σuu, as T →∞.
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Proof of Theorem 6.1.5: The results of parts (a)-(d) follow as a direct consequence of the results of Lemma

6.1.4 and Slutsky’s theorem. Moreover, to show (e) note that, under Assumption 1*, ĝ11 =
y
′

1
M(Z,X)y1

T

p
→ g11,

ĝ12 =
y
′

1M(Z,X)y2

T

p
→ g12, and ĝ22 =

y
′

2M(Z,X)y2

T

p
→ g22, as T → ∞, by standard arguments. Hence, applying

Lemma 6.1.4 and Slutsky’s theorem, we deduce that MSE1 = Op
(
1

T

)
and MSE2 = Op

(
1

T

)
.

Proof of Theorem 6.2.1: We will only prove consistency results for β̃OLS,1, β̃IV , and
˜̃
βIV,1 since the

results for β̃OLS,2 and
˜̃
βIV,2 can be shown in a manner similar to those for β̃OLS,1 and

˜̃
βIV,1, respectively.

To prove part (a) for the estimator β̃OLS,1, write β̃OLS,1 = β̂OLS−
σ̂uv,1
σ̂vv,1

= β
0
+(y′

2
MXy2)

−1(y′
2
MXu)−

σ̂uv,1
σ̂vv,1

.

Note first that, as T → ∞, σ̂vv,1
p
→ σvv and σ̂uv,1 =⇒ Ak21,µ′µ, as was shown in the proofs of parts (a)

and (c) of Lemma 6.1.1. Hence, making use of part (a) of Lemma A3 and the continuous mapping theorem,

we see that as T → ∞, ˜βOLS,1 =⇒ β
0
+ σuv

σvv
−

Ak21,µ
′µ

σvv
= Lk21,µ′µ, say. Moreover, the proof of part (c) of

Lemma 6.1.1 shows that Ak21,µ′µ
p
→ σuv, under Assumption 4. It follows immediately by Slutsky’s theorem

that, as k21 →∞ and µ′µ→∞ under Assumption 4, Lk21,µ′µ
p
→ β

0
, as required.

To show part (b), write ˜βIV = ̂βIV −̂BIAS1. Note first that the proof of part (a) of Theorem 6.1.2

shows that̂BIAS1 =⇒
Ak21,µ

′µ

σvv

(
v1(µ

′
µ,k21)
k21

)−1

= Ck21,µ′µ, as T →∞. It then follows from Lemma A1 and

the continuous mapping theorem that, as T →∞, β̃IV =⇒ β0 +σ
1

2

uuσ
−

1

2

vv

[
v2(µ

′
µ,k21)

v1(µ′µ,k21)

]
−Ck21,µ′µ =Mk21,µ′µ,

say. Moreover, note that Ck21,µ′µ
p
→ σ

1

2

uuσ
−

1

2

vv ρ
(

1
1+τ2

)
under Assumption 4, as was shown in the proof of

Theorem 6.1.2 part (a). Hence, by applying Lemma A4 and Slutsky’s theorem, we see that Mk21,µ′µ
p
→

β0 + σ
1

2

uuσ
−

1

2

vv ρ
(

1
1+τ2

)
− σ

1

2

uuσ
−

1

2

vv ρ
(

1
1+τ2

)
= β0, as k21 →∞ and µ′µ→∞ under Assumption 4.

To show part (c) for the estimator
˜̃
βIV,1, write

˜̃
βIV,1 = β̂IV −

˜BIAS1. Next, note that the proof of

Theorem 6.1.2(b) shows that, as T → ∞,˜BIAS1 =⇒ Ek21,µ′µ. It follows then from Lemma A1 and the

continuous mapping theorem that, as T →∞,
˜̃
βIV,1 =⇒ β0+σ

1

2

uuσ
−

1

2

vv

[
v2(µ

′
µ,k21)

v1(µ′µ,k21)

]
−Ek21,µ′µ = Nk21,µ′µ, say.

Note further that Ek21,µ′µ
p
→ σ

1

2

uuσ
−

1

2

vv ρ
(

1
1+τ2

)
, as was shown in the proof of Theorem 6.1.2, part (b). Hence,

by applying Lemma A4 and Slutsky’s theorem, we readily deduce that Nk21,µ′µ
p
→ β0 + σ

1

2

uuσ
−

1

2

vv ρ
(

1
1+τ2

)
−

σ
1

2

uuσ
−

1

2

vv ρ
(

1
1+τ2

)
= β0, as k21 →∞ and µ′µ→∞ under Assumption 4.

Proof of Theorem 6.2.2: Note that under Assumption 1*, the SEM described in Section 2 is fully identified

in the usual sense. Hence, it is well-known by standard arguments that ̂βOLS = β+(y2MXy2/T )
−1

(y2MXu/T )
p
→

β0 +
σuv

Π′ΩΠ+σvv
and ̂βIV = β +

(
y2MXZ1

T

(
Z′

1
MXZ1

T

)
−1

Z′

1
MXy2
T

)
−1 (

y2MXZ1

T

(
Z′

1
MXZ1

T

)
−1

Z′

1
MXu

T

)
p
→ β0,

as T →∞, as can be seen from direct application of parts (a) and (c) of Lemma A5 and Slutsky’s theorem.

Parts (a) and (b) of this theorem then follow as a direct consequence of parts (a), (b), and (d) of Lemma

6.1.4, the probability limit of β̂OLS given above, and Slutsky’s theorem. Parts (c) and (d) follow as a direct

consequence of parts (a)-(d) of Lemma 6.1.4, the consistency of β̂IV under full identification, and Slutsky’s

theorem. The arguments are standard, and so we omit the details.
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Table 1: Approximation Accuracy for Various Values of µ′
µ

∗

µ′µ Bias MSE

CS Approximation CS Approximation DN Approximation
̂φ
1
(t

̂φ1
) R

2
π̂1(tπ̂1 ) R

2
π̂
∗

1
(tπ̂∗

1
) R

2

2 1.0004(1563.2) 0.9996 0.9993(701.76) 0.9980 0.0004(29.555) 0.4665
4 1.0030(836.01) 0.9986 0.9980(871.11) 0.9987 0.0017(34.233) 0.5398
6 1.0053(693.30) 0.9979 0.9982(1130.2) 0.9992 0.0037(38.209) 0.5937
8 1.0069(657.54) 0.9977 0.9985(1373.2) 0.9995 0.0064(41.777) 0.6360
10 1.0079(656.18) 0.9977 0.9986(1563.0) 0.9996 0.0097(45.084) 0.6705
12 1.0085(668.18) 0.9978 0.9986(1697.9) 0.9997 0.0135(48.213) 0.6994
16 1.0089(705.04) 0.9980 0.9983(1851.5) 0.9997 0.0226(54.110) 0.7456
20 1.0090(744.56) 0.9982 0.9978(1920.2) 0.9997 0.0330(59.684) 0.7810
24 1.0087(781.85) 0.9984 0.9973(1949.0) 0.9997 0.0444(65.043) 0.8090
28 1.0084(816.00) 0.9985 0.9967(1957.1) 0.9997 0.0566(70.250) 0.8317
32 1.0080(847.12) 0.9986 0.9961(1953.3) 0.9997 0.0692(75.346) 0.8504
36 1.0076(875.48) 0.9987 0.9954(1941.8) 0.9997 0.0822(80.357) 0.8660
40 1.0072(901.37) 0.9988 0.9948(1925.4) 0.9997 0.0954(85.304) 0.8793
44 1.0068(925.16) 0.9988 0.9942(1905.5) 0.9997 0.1086(90.200) 0.8906
48 1.0063(947.08) 0.9989 0.9937(1883.2) 0.9997 0.1218(95.057) 0.9004
52 1.0059(967.32) 0.9989 0.9931(1859.0) 0.9997 0.1349(99.882) 0.9090
56 1.0055(986.17) 0.9990 0.9926(1833.5) 0.9997 0.1479(104.68) 0.9165
60 1.0051(1003.7) 0.9990 0.9921(1806.9) 0.9997 0.1606(109.46) 0.9230
64 1.0047(1020.0) 0.9990 0.9916(1779.7) 0.9997 0.1732(114.22) 0.9289
68 1.0043(1035.4) 0.9991 0.9911(1751.8) 0.9997 0.1856(118.98) 0.9341
72 1.0039(1049.9) 0.9991 0.9906(1723.7) 0.9997 0.1977(123.72) 0.9387
76 1.0036(1063.5) 0.9991 0.9902(1695.4) 0.9997 0.2096(128.46) 0.9429
80 1.0032(1076.3) 0.9991 0.9898(1666.9) 0.9996 0.2212(133.19) 0.9467
84 1.0029(1088.5) 0.9992 0.9894(1638.5) 0.9996 0.2326(137.92) 0.9501
88 1.0025(1100.0) 0.9992 0.9891(1610.1) 0.9996 0.2436(142.65) 0.9532
92 1.0022(1111.0) 0.9992 0.9887(1581.9) 0.9996 0.2544(147.38) 0.9560
96 1.0019(1121.5) 0.9992 0.9884(1554.1) 0.9996 0.2650(152.11) 0.9586
100 1.0016(1131.4) 0.9992 0.9881(1526.4) 0.9996 0.2753(156.84) 0.9610

(∗) Notes: 50000 actual bias and MSE values were generated using the analytical formulae given in Section 2 for various values

of µ′µ, k21 and β (i.e. σ
1/2
uu σ

−1/2
vv ρ), as discussed above. For each value of µ′µ, a pseudo regression (with 1000 observations)

was then run with the actual bias (MSE) regressed on an intercept and an approximate bias (MSE). Slope coefficients (with
t-statistics in brackets) are reported, as well as regression R2 values.

Table 2: Selected Bias and MSE Approximation Comparison Based on Morimune (1983)∗

–––––Bias and MSE Approximations–
Exact Exact M Simul M Simul CS CS CS CS M M

k2 Bias MSE Bias MSE Bias1 MSE1 Bias2 MSE2 Bias MSE

6 −0.5204 1.0400 −0.5000 1.0400 −0.6843 0.4683 1.8912 0.8921 −0.5893 1.0147

11 −0.9795 1.5176 −0.9900 1.5300 −1.0803 1.1671 −0.5910 1.4484 −1.0102 1.5285
16 −1.3129 2.1711 −1.3200 2.1800 −1.3797 1.9036 −1.2232 2.1290 −1.3258 2.1741
21 −1.5674 2.8343 −1.5000 2.6200 −1.6140 2.6052 −1.5497 2.8047 −1.5713 2.8250
30 −2.6408 7.3623 NA NA −2.6517 7.0312 −2.6504 7.3340 −2.6290 7.0601

40 −2.8229 8.2684 NA NA −2.8284 8.0000 −2.8281 8.2520 −2.8140 8.0347
50 −2.9431 8.9052 NA NA −2.9463 8.6806 −2.9461 8.8947 −2.9363 8.7169
100 −3.2136 10.452 NA NA −3.2141 10.331 −3.2141 10.449 −3.2112 10.361

(∗) Notes: As in Table 1, exact bias and MSE values are calculated using the analytical formulae given in Section 2. ‘M Simul’

denotes simulated values reported in Morimune (1983). Approximations reported in the last 6 columns of entries are based on
the formulae given in: (i) Morimune (1983) - see columns 10 and 11 and (ii) Section 2 of this paper - see columns 6-9. Note
that µ′µ equals 25 for the first 4 rows of numerical entries in the table, and equals 10 for the last four rows (corresponding
to µ2 = 50 and µ2 = 20, respectively, in Morimune’s notation since, assuming the canonical setup, we have the relationship
µ2 = 2µ′µ). Moreover, the results given above assume that α = (g22β − g12) /

√
|G| = 1. Finally, note that the bias and MSE

values reported are bias and MSE for the standardized 2SLS estimator

√
σvvσ

−1
uuµ′µ

(
β̂
2SLS,n − β

0

)
. Thus, the bias values

in this table are not directly comparable to median bias reported in Tables 3-5.
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Table 3: Median Bias of OLS, IV, LIML and Bias Adjusted Estimators∗

ρuv R2

relev τ2 ̂βOLS
̂βIV

˜βLIML
˜βOLS,1

˜βOLS,2
˜βIV

˜

˜βIV,1
˜

˜βIV,2

Panel A: T = 500, k21 = 20

0.30 0.01 0.25 0.6420 0.5194 0.2073 0.3843 0.3993 0.3901 0.3931 0.4022
0.30 0.05 1.32 0.6177 0.2752 0.0044 -0.0504 0.0095 -0.0155 -0.0060 0.0179

0.30 0.10 2.78 0.5856 0.1684 0.0018 -0.0746 0.0133 -0.0094 -0.0007 0.0210
0.30 0.20 6.25 0.5212 0.0900 0.0013 -0.1325 0.0195 -0.0003 0.0063 0.0245
0.50 0.01 0.25 0.9892 0.8060 0.2851 0.5635 0.5878 0.5723 0.5767 0.5920
0.50 0.05 1.32 0.9505 0.4297 -0.0058 -0.0716 0.0231 -0.0142 0.0005 0.0359

0.50 0.10 2.78 0.9010 0.2555 -0.0016 -0.1154 0.0240 -0.0108 0.0031 0.0361
0.50 0.20 6.25 0.8012 0.1334 0.0002 -0.2027 0.0286 -0.0028 0.0076 0.0359

Panel B: T = 500, k21 = 100

0.30 0.01 0.05 0.6433 0.6180 0.3804 0.4893 0.5265 0.5007 0.5008 0.5266
0.30 0.05 0.26 0.6170 0.5116 0.0135 0.2289 0.3240 0.2685 0.2691 0.3245
0.30 0.10 0.56 0.5851 0.4149 -0.0049 0.0859 0.2290 0.1579 0.1593 0.2299
0.30 0.20 1.25 0.5199 0.2844 -0.0074 -0.0570 0.1518 0.0778 0.0796 0.1528

0.50 0.01 0.05 0.9905 0.9497 0.5227 0.7877 0.8316 0.7977 0.7980 0.8316
0.50 0.05 0.26 0.9500 0.7902 0.0066 0.3607 0.5091 0.4201 0.4213 0.5098
0.50 0.10 0.56 0.9006 0.6407 -0.0131 0.1402 0.3520 0.2429 0.2447 0.3534
0.50 0.20 1.25 0.8010 0.4409 -0.0104 -0.0791 0.2372 0.1252 0.1280 0.2389

Panel C: T = 2000, k21 = 20

0.30 0.01 1.01 0.6438 0.3259 0.0361 -0.0176 -0.0047 -0.0111 -0.0032 0.0031
0.30 0.05 5.26 0.6175 0.0999 0.0066 -0.0396 0.0013 -0.0048 0.0023 0.0079

0.30 0.10 11.1 0.5854 0.0511 0.0030 -0.0686 0.0033 -0.0024 0.0020 0.0073
0.30 0.20 25.0 0.5200 0.0237 0.0030 -0.1304 0.0048 -0.0005 0.0018 0.0067
0.50 0.01 1.01 0.9908 0.4959 0.0266 -0.0440 -0.0241 -0.0342 -0.0219 -0.0120
0.50 0.05 5.26 0.9510 0.1545 0.0027 -0.0586 0.0022 -0.0070 0.0035 0.0122

0.50 0.10 11.1 0.9009 0.0800 0.0028 -0.1035 0.0045 -0.0042 0.0023 0.0107
0.50 0.20 25.0 0.8007 0.0378 0.0023 -0.2005 0.0064 -0.0015 0.0020 0.0093

Panel D: T = 2000, k21 = 100

0.30 0.01 1.01 0.6197 0.3162 -0.0044 -0.0133 0.0463 0.0177 0.0194 0.0478
0.30 0.05 5.26 0.5151 0.1021 -0.0025 -0.1334 0.0273 0.0029 0.0044 0.0284
0.30 0.10 11.1 0.4188 0.0527 -0.0012 -0.2321 0.0206 0.0000 0.0009 0.0212
0.30 0.20 25.0 0.2883 0.0240 -0.0010 -0.3623 0.0142 0.0005 0.0010 0.0144

0.50 0.01 1.01 0.9529 0.4922 -0.0065 -0.0173 0.0756 0.0317 0.0343 0.0779
0.50 0.05 5.26 0.7926 0.1573 -0.0029 -0.2038 0.0421 0.0048 0.0069 0.0438
0.50 0.10 11.1 0.6439 0.0814 -0.0018 -0.3547 0.0329 0.0018 0.0032 0.0338
0.50 0.20 25.0 0.4440 0.0374 -0.0012 -0.5564 0.0218 0.0007 0.0013 0.0221

(∗) Notes: The 1st and 2nd columns report values of the correlation (ρuv) between the errors in the canonical model (the degree
of endogeneity) and the correlation (R2

relev
) between the instruments and the endogenous explanatory variable (instrument

relevance). The third column contains the numerical value of τ2 = Tπ2
=

TR
2

k21

(
1− R2

)
. The remainder of columns of

numerical entries in the table report median bias for the OLS, IV, LIML, and 5 bias corrected estimators. In the 1st column,
the correlations, ρuv , correspond to β = -0.65 and -1.0, respectively, in the canonical model. In the 2nd column, the R2

relev

values correspond to π= 0.0225, 0.0513, 0.0745, and 0.1290, respectively, in the canonical model (π =
√
(R2/(k21(1− R2)))).

All entries are based on 5000 Monte Carlo trials (see above for further details).
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Table 4: Concentration Probabilities of OLS, IV, LIML and Bias Adjusted Estimators∗

ρ
uv

R2

relev τ2 ̂βOLS
̂βIV

˜βLIML
˜βOLS,1

˜βOLS,2
˜βIV

˜

˜βIV,1
˜

˜βIV,2

Panel A: T = 500, k21=20

ξ = 0.5

0.30 0.01 0.25 0.0000 0.1110 0.2510 0.1990 0.1970 0.1940 0.1920 0.1970

0.30 0.05 1.32 0.0000 0.1480 0.3190 0.2790 0.2920 0.2800 0.2830 0.2890
0.30 0.10 2.78 0.0000 0.2120 0.3640 0.2990 0.3480 0.3460 0.3450 0.3500
0.30 0.20 6.25 0.0000 0.2910 0.3840 0.2040 0.3600 0.3700 0.3710 0.3630
0.50 0.01 0.25 0.0000 0.0140 0.2350 0.1830 0.1750 0.1790 0.1780 0.1750
0.50 0.05 1.32 0.0000 0.0490 0.3390 0.2860 0.2720 0.2810 0.2820 0.2760

0.50 0.10 2.78 0.0000 0.1190 0.3750 0.3010 0.3250 0.3350 0.3380 0.3290
0.50 0.20 6.25 0.0000 0.2330 0.3820 0.1350 0.3540 0.3650 0.3680 0.3570

ξ = 1.0

0.30 0.01 0.25 0.0080 0.5310 0.4460 0.3740 0.3810 0.3720 0.3740 0.3820
0.30 0.05 1.32 0.0000 0.3900 0.5840 0.5080 0.5360 0.5220 0.5300 0.5400
0.30 0.10 2.78 0.0000 0.4660 0.6360 0.5710 0.6140 0.6030 0.6110 0.6200
0.30 0.20 6.25 0.0000 0.5700 0.6520 0.3800 0.6640 0.6560 0.6530 0.6680
0.50 0.01 0.25 0.0000 0.2120 0.4430 0.3570 0.3540 0.3520 0.3510 0.3530

0.50 0.05 1.32 0.0000 0.1960 0.5980 0.5140 0.5000 0.5030 0.5020 0.5060
0.50 0.10 2.78 0.0000 0.3200 0.6430 0.5670 0.5930 0.5850 0.5840 0.5980
0.50 0.20 6.25 0.0000 0.4650 0.6600 0.2850 0.6520 0.6400 0.6480 0.6500

ξ = 2.5

0.30 0.01 0.25 1.0000 0.9990 0.7340 0.7000 0.7180 0.7020 0.7050 0.7190
0.30 0.05 1.32 0.2260 0.9810 0.9170 0.8570 0.8810 0.8690 0.8700 0.8860
0.30 0.10 2.78 0.0000 0.9740 0.9580 0.9060 0.9530 0.9350 0.9440 0.9570
0.30 0.20 6.25 0.0000 0.9800 0.9770 0.8420 0.9740 0.9680 0.9700 0.9750

0.50 0.01 0.25 1.0000 1.0000 0.7550 0.7010 0.7080 0.7010 0.7020 0.7110
0.50 0.05 1.32 0.0000 0.9510 0.9130 0.8620 0.8790 0.8670 0.8700 0.8840
0.50 0.10 2.78 0.0000 0.9580 0.9580 0.8970 0.9440 0.9320 0.9370 0.9480
0.50 0.20 6.25 0.0000 0.9700 0.9740 0.7570 0.9720 0.9680 0.9680 0.9770

Panel B: T = 500, k21=100

ξ = 0.5

0.30 0.01 0.05 0.0000 0.0000 0.1760 0.2120 0.1900 0.2040 0.2030 0.1900

0.30 0.05 0.26 0.0000 0.0000 0.1930 0.2100 0.1440 0.2000 0.1980 0.1440
0.30 0.10 0.56 0.0000 0.0000 0.2370 0.2420 0.1430 0.2250 0.2240 0.1420
0.30 0.20 1.25 0.0000 0.0000 0.2780 0.2370 0.1380 0.2790 0.2760 0.1350
0.50 0.01 0.05 0.0000 0.0000 0.1620 0.1200 0.0960 0.1130 0.1130 0.0960

0.50 0.05 0.26 0.0000 0.0000 0.2080 0.1570 0.0750 0.1280 0.1270 0.0750
0.50 0.10 0.56 0.0000 0.0000 0.2580 0.2230 0.0850 0.1630 0.1650 0.0840
0.50 0.20 1.25 0.0000 0.0000 0.3080 0.2660 0.0870 0.2280 0.2230 0.0850

ξ = 1.0

0.30 0.01 0.05 0.0090 0.2080 0.3430 0.4590 0.4480 0.4520 0.4510 0.4480
0.30 0.05 0.26 0.0000 0.0000 0.3700 0.3870 0.3200 0.3680 0.3690 0.3210
0.30 0.10 0.56 0.0000 0.0000 0.4650 0.4580 0.3270 0.4090 0.4070 0.3270
0.30 0.20 1.25 0.0000 0.0100 0.5510 0.4850 0.3390 0.4760 0.4750 0.3330

0.50 0.01 0.05 0.0000 0.0000 0.3220 0.3210 0.2670 0.3010 0.3000 0.2670
0.50 0.05 0.26 0.0000 0.0000 0.4060 0.3130 0.1870 0.2680 0.2690 0.1870
0.50 0.10 0.56 0.0000 0.0000 0.4930 0.4330 0.2000 0.3340 0.3300 0.1970
0.50 0.20 1.25 0.0000 0.0000 0.5690 0.4890 0.1990 0.4130 0.4140 0.1960

ξ = 2.5

0.30 0.01 0.05 1.0000 1.0000 0.6640 0.8650 0.8890 0.8690 0.8690 0.8900
0.30 0.05 0.26 0.2300 0.7770 0.7250 0.8340 0.8510 0.8350 0.8350 0.8510
0.30 0.10 0.56 0.0000 0.4370 0.8380 0.8780 0.8460 0.8690 0.8700 0.8450

0.30 0.20 1.25 0.0000 0.4060 0.9420 0.8870 0.8580 0.9300 0.9310 0.8540
0.50 0.01 0.05 1.0000 1.0000 0.6540 0.8560 0.8830 0.8600 0.8600 0.8830
0.50 0.05 0.26 0.0000 0.1610 0.7560 0.8120 0.7470 0.7860 0.7850 0.7470
0.50 0.10 0.56 0.0000 0.0440 0.8650 0.8770 0.7120 0.8250 0.8230 0.7090
0.50 0.20 1.25 0.0000 0.0710 0.9480 0.8810 0.7130 0.9040 0.9030 0.7100

(∗) Notes: Numerical values entries are the probabilities of concentration defined as follows:

P

[
−ξ ≤

(
σ−1
uu

µ̂′µ

) (
β̂ − β0

)
≤ ξ

]
,

where µ̂′µ = Π
′
Z

′
ZΠ. A canonical model where the reduced form error covariance matrix is the identity matrix is assumed.

All entries are based on 5000 Monte Carlo trials (see above for further details).
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Table 5: Concentration Probabilities of OLS, IV, LIML and Bias Adjusted Estimators∗

ρuv R2

relev τ2 ̂βOLS
̂βIV

˜βLIML
˜βOLS,1

˜βOLS,2
˜βIV

˜

˜βIV,1
˜

˜βIV,2

Panel C: T = 2000, k21=20

ξ = 0.5

0.30 0.01 1.01 0.0000 0.1360 0.3020 0.2250 0.2240 0.2250 0.2240 0.2300

0.30 0.05 5.26 0.0000 0.2860 0.3320 0.3120 0.3310 0.3240 0.3350 0.3310

0.30 0.10 11.1 0.0000 0.3250 0.3540 0.2760 0.3390 0.3480 0.3430 0.3380

0.30 0.20 25.0 0.0000 0.3440 0.3550 0.0370 0.3490 0.3540 0.3460 0.3550

0.50 0.01 1.01 0.0000 0.0460 0.2970 0.2210 0.2210 0.2180 0.2190 0.2240

0.50 0.05 5.26 0.0000 0.2090 0.3470 0.3140 0.3210 0.3290 0.3190 0.3170

0.50 0.10 11.1 0.0000 0.2840 0.3500 0.2400 0.3350 0.3400 0.3310 0.3440

0.50 0.20 25.0 0.0000 0.3340 0.3600 0.0040 0.3480 0.3590 0.3500 0.3390

ξ = 1.0

0.30 0.01 1.01 0.0000 0.3730 0.5490 0.4640 0.4750 0.4690 0.4750 0.4760

0.30 0.05 5.26 0.0000 0.5170 0.6420 0.5840 0.6110 0.6070 0.6090 0.6200

0.30 0.10 11.1 0.0000 0.5770 0.6550 0.5130 0.6350 0.6360 0.6380 0.6360

0.30 0.20 25.0 0.0000 0.6280 0.6570 0.1110 0.6530 0.6470 0.6490 0.6520

0.50 0.01 1.01 0.0000 0.1660 0.5710 0.4650 0.4560 0.4620 0.4560 0.4560

0.50 0.05 5.26 0.0000 0.4300 0.6440 0.5840 0.6100 0.6040 0.6140 0.6140

0.50 0.10 11.1 0.0000 0.5300 0.6480 0.4530 0.6340 0.6270 0.6320 0.6400

0.50 0.20 25.0 0.0000 0.5940 0.6610 0.0150 0.6500 0.6460 0.6520 0.6550

ξ = 2.5

0.30 0.01 1.01 0.7950 0.9820 0.8880 0.8160 0.8230 0.8190 0.8230 0.8280

0.30 0.05 5.26 0.0000 0.9800 0.9770 0.9500 0.9650 0.9600 0.9670 0.9670

0.30 0.10 11.1 0.0000 0.9830 0.9840 0.9180 0.9790 0.9750 0.9780 0.9830

0.30 0.20 25.0 0.0000 0.9880 0.9870 0.5120 0.9860 0.9860 0.9860 0.9870

0.50 0.01 1.01 0.0000 0.9520 0.8970 0.8140 0.8180 0.8150 0.8180 0.8210

0.50 0.05 5.26 0.0000 0.9640 0.9740 0.9370 0.9590 0.9550 0.9610 0.9630

0.50 0.10 11.1 0.0000 0.9790 0.9820 0.8860 0.9810 0.9760 0.9800 0.9810

0.50 0.20 25.0 0.0000 0.9840 0.9870 0.2730 0.9860 0.9830 0.9870 0.9860

Panel D: T = 2000, k21=100

ξ = 0.5

0.30 0.01 1.01 0.0000 0.0010 0.2990 0.2620 0.2460 0.2720 0.2670 0.2420

0.30 0.05 5.26 0.0000 0.0440 0.3610 0.0440 0.3090 0.3400 0.3370 0.3030

0.30 0.10 11.1 0.0000 0.1500 0.3660 0.0000 0.3070 0.3500 0.3490 0.3040

0.30 0.20 25.0 0.0000 0.2650 0.3770 0.0000 0.3090 0.3620 0.3630 0.3090

0.50 0.01 1.01 0.0000 0.0000 0.3180 0.2510 0.2330 0.2440 0.2420 0.2280

0.50 0.05 5.26 0.0000 0.0090 0.3590 0.0040 0.2770 0.3230 0.3180 0.2730

0.50 0.10 11.1 0.0000 0.0600 0.3710 0.0000 0.2720 0.3440 0.3400 0.2710

0.50 0.20 25.0 0.0000 0.1780 0.3820 0.0000 0.2860 0.3610 0.3550 0.2840

ξ = 1.0

0.30 0.01 1.01 0.0000 0.0060 0.5520 0.4950 0.4870 0.4950 0.4940 0.4870

0.30 0.05 5.26 0.0000 0.1510 0.6500 0.1040 0.6100 0.6230 0.6320 0.6020

0.30 0.10 11.1 0.0000 0.3220 0.6660 0.0000 0.6070 0.6650 0.6620 0.6000

0.30 0.20 25.0 0.0000 0.4620 0.6620 0.0000 0.6230 0.6710 0.6710 0.6180

0.50 0.01 1.01 0.0000 0.0000 0.5760 0.4950 0.4530 0.4710 0.4690 0.4490

0.50 0.05 5.26 0.0000 0.0340 0.6510 0.0230 0.5430 0.6160 0.6150 0.5340

0.50 0.10 11.1 0.0000 0.1850 0.6590 0.0000 0.5490 0.6510 0.6490 0.5410

0.50 0.20 25.0 0.0000 0.3610 0.6700 0.0000 0.5620 0.6700 0.6690 0.5560

ξ = 2.5

0.30 0.01 1.01 0.0000 0.3640 0.9240 0.8860 0.9180 0.9020 0.9020 0.9170

0.30 0.05 5.26 0.0000 0.7490 0.9740 0.4760 0.9700 0.9720 0.9740 0.9690

0.30 0.10 11.1 0.0000 0.8710 0.9780 0.0000 0.9680 0.9810 0.9820 0.9670

0.30 0.20 25.0 0.0000 0.9370 0.9820 0.0000 0.9700 0.9830 0.9840 0.9700

0.50 0.01 1.01 0.0000 0.0430 0.9390 0.8750 0.9040 0.8880 0.8880 0.9070

0.50 0.05 5.26 0.0000 0.4670 0.9760 0.2440 0.9570 0.9710 0.9740 0.9540

0.50 0.10 11.1 0.0000 0.7630 0.9790 0.0000 0.9530 0.9810 0.9810 0.9510

0.50 0.20 25.0 0.0000 0.8890 0.9800 0.0000 0.9530 0.9850 0.9850 0.9540

(∗)
Notes: See notes to Table 4.
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