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Abstract

Large aggregation interval asymptotics are used to investigate the relation
between Granger causality in disaggregated vector autoregressions (VARs)
and associated contemporaneous correlation among innovations of the ag-
gregated system. Our approach allows us to better understand the infor-
mational content in non-diagonal error covariance matrices, which play an
important role in structural VAR analysis, for example. From a theoretical
perspective, we outline various conditions under which the informational
content of error covariance matrices yields insight into the causal structure
of the VAR. Tis allows us, for example, to summarize the types of empirical
questions which can be answered by evaluating the correlation structure of
error covariance matrices in aggregated VARs. Monte Carlo results sug-
gest that our asymptotic findings are applicable even when the aggregation
interval is small, as long as the time series are not characterized by high
levels of persistence.
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1 Introduction

Temporal aggregation poses many interesting questions which have been explored
in time series analysis and which yet remain to be explored. An early example
of research in this area is Quenouille (1957), where the temporal aggregation of
ARMA processes is studied. Amemiya and Wu (1972), and Brewer (1973) refine
and generalize Quenouille’s result by including exogenous variables. Zellner and
Montmarquette (1971) discuss the effects of temporal aggregation on estimation
and testing. Engle (1969) and Wei (1978) analyze the effects of temporal ag-
gregation on parameter estimation in a distributed lag model. Granger (1987)
discusses the implications of aggregation on systems with common factors. Other
important contributions include Tiao (1972), Stram and Wei (1986), Liitkepohl
(1987), Weiss (1994), and Marcellino (1999), to name but a few. The findings
of these studies can be summarized by quoting Tiao (1999): “So the causality
issue is muddled once the data are aggregated. The problem is that if the data are
observed at intervals when the dynamics are not working properly, then we may
not get any kind of causality.”

In this paper, we re-examine the impact of temporal aggregation on Granger
causal relations in vector autoregressions (VARs). In particular, we use large ag-
gregation interval asymptotics to investigate the relation between Granger causal-
ity in the original variables and contemporaneous correlation among the residuals
of a temporally aggregated system. From a theoretical perspective, we outline
various conditions under which the informational content of error covariance ma-
trices yields insight into the underlying causal structure of the VAR. This allows
us to characterize the extent of information loss due to aggregation.

To illustrate the type of problem which we consider, assume that one is inter-
ested in analysing a system of three aggregated variables X, Y and Z. Suppose
that we observe contemporaneous correlation between X and Y conditional on
Z. In this case one may conclude that there is a causal relationship between X
and Y (e.g. Dawid (1979)). However, it may be the case that the correspond-

ing disaggregated variables x and y do not exhibit any causal relationship, so



that the contemporaneous correlation spuriously indicates causality between the
variables. Therefore, it is important to know under which conditions contempo-
raneous correlation is merely due to temporal aggregation (i.e. to quantify the
risk of infering that there is Granger causality when in fact the original variables
do not possess any causal linkage. In this paper asymptotic theory for large ag-
gregation intervals is used to derive sufficient conditions for ruling out “spurious
causality” stemming from temporal aggregation.

The rest of the paper is organized as follows. In Section 2, we review the con-
cepts of Granger causality and contemporaneous correlation. Section 3 presents
our asymptotic results. Section 4 contains the results from a Monte Carlo inves-
tigation, where it is found that our large sample results are applicable even when
the aggregation interval is small, as long as the time series are not characterized
by high levels of persistence. Section 5 concludes. All proofs are gathered in the

appendix.

2 Basic definitions

Following Granger (1969) we consider a conditional distribution with respect to
two information sets which are available at time ¢, say Z; and Z,;” = {Z;, x4, 41, . . .},
where z; denotes a (possibly causal) variable. In the following, we use a condi-
tional mean definition of causality. Specifically, we define a variable x; to be a

Granger cause for the variable y; (or x — y) if
E(yi+n|T) # E(ynlZ,")  for some h=1,2,... (1)

Note also that in a bivariate VAR, (1) holds for all A if it holds for h = 1 (e.g.
see Liitkepohl (2000)). In the sequel, we simplify our discussion by setting h = 1
in (1), although our asymptotic results are not limited to the case h = 1.
Granger (1969) also gives a definition of instantaneous causality (see also
Pierce and Haugh (1977)). For a multivariate system with & = [z, yt, 2], where
2 is a m*-dimensional vector of time series with m* > 1, we say that instanta-

neous causality z = y (or by reasons of symmetry y = x) occurs if
E(y| ) # E(yel T, (2)
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where J;, = {Z;_1, 2} and J; = {Z;_1, z;, 7 }. This definition can be seen as a
dynamic version of the causality concept used by Dawis (1979) and Pearl (2000),
among others. For example, if & is white noise, we find that there is no instan-
taneous causality between x; and v, if E(y|z,2¢) = E(y|2:). This condition is
satisfied if z; and y,; are conditionally independent given a sufficient set of variables
2z (see Dawis (1979)). Furthermore, conditional independence implies a causal
relationship that can be represented by using directed graphs (see Swanson and
Granger (1997) and Pearl (2000) for more details).

As already noted by Granger (1969), an important problem with the def-
initions is the choice the sampling interval. For example, variables which are
Granger causal according to (1) and based on daily data, may not be Granger
causal based on monthly data, and vice-versa. In the sequel, we examine two
types of temporal aggregation (e.g. see Liitkepohl (1987)). For a flow variable,
say y;, observations are cumulated (or averaged) at k successive time periods in

order to form:

k-1
g = k72 Z Yt—j,
=0

1/2 is introduced in order to obtain a limiting process with

where the factor k™
finite variance. The aggregated series, Y7, results from applying skip-sampling
(i.e. Y7 = gpr, for T =1,2,...), where it is assumed that the time series starts
at the beginning of the aggregation period. Stock data are aggregated by directly
applying the skip-sampling scheme to the data, so that Yy = ypr for T =1,2,.. ..

As a simple illustration of the problems that occur when analyzing causality
in aggregated data, assume that the 3 x 1 vector time series of flow variables
Yt = [Y1e, Yor, Y] has a stationary VAR(1) representation: y; = Ay, 1 + &;, where
E(gig}) = Q. In Section 3 we show that for k — oo the aggregated process, Yr,
can be represented as a white noise vector with covariance matrix E(Y7Y;) =
(I — A)~1Q(I — A’)~L. Tt is important to notice that the aggregated variables
no longer have the Granger causality feature. Instead, the causal information
in the disaggrated VAR manifests itself as contemporaneous correlation among

the aggregated variables. Hence, some of the Granger causal information in the

contemporaneous correlations can be extracted if sufficient structure is imposed



on X (see below).

3 Results

Assume that n = kN, where N and n are the sample sizes of the aggregated
and disaggregated variables. Since k — oo implies n — oo, it is not necessary
to assume that NV also tends to infinity. Our findings are summarized in the

following propositions.!

Proposition 1 (Stationary Variables): Let y; be generated by an m dimen-
sional linear process y; = Coey+Crer_1+Cag_o+- - -, where Cy = I, E(eie}) = €2,
and y; is one-summable such that 3232, j|Cj| < oo, where |C;| =maz, m|Cj (nm)|
and Cj nm) denotes the (n,m)-element of C;. As k — oo, the processes for the
aggregated vectors Yr and Yr are such that for stock variables:

(i) limy, o E(Y7Y7) = 3232, C;QC]

(ii) limy, oo E(Y7Y7,;) =0 for j > 1

For flow variables we have:

(iil) limy,_o E(Y7Y;) = 27, (0)

(iv) limg oo k - E(YrY74,) = =1 ( j:o Ci) Q ( izt Ci)/

(v) lim oo k- E(Y7Y7, ;) =0 for j > 2,

where f,(w) denotes the spectral density matriz of y¢ at frequency w.

The result of Proposition 1 is intuitive, since it states that as the sampling
interval increases, short-run dynamics disappear. Furthermore, for moderate k,
aggregated flow variables are well approximated by a vector MA(1) processes.
The reason for this is that from (iv) we know that the first order autocorrelation

is O(k™1), while (v) implies that higher order autocorrelations are o(k™1).

Proposition 2 (Difference Stationary Variables): Let Ay, be generated by

LOur asymptotic framework follows closely that used by Tiao (1972). An alternative asymp-
totic framework which could in principle be applied in the current context is that used in Chris-
tiano and Eichenbaum (1982) and Renault and Szafarz (1991). In particular, it may be assumed
that the data are generated by a stationary continuous process such as y(t) = [ f(7)e(t —7)dr,
where £(t) is continuous white noise.



an m dimensional linear process y; = €; + Cie4_1 + Coey_o + - -+, where it is
assumed that E(gie;) = Q, Y22, j|C;| < 0o and the matriz C = 332 C; has full
rank. As k — oo, the processes for the aggregated vectors Yr and Yr are such
that for stock variables:

(i) limpoo $ E(Yr — Y1) (Y7 — Y1) = 27 fa,(0)

(i) limpoo 1 E(Yr — Yr_1) Y1y — Yrijo1) =0 forj>1 .

For flow variables we have:

(iii) limy—oo 5 B(Yr — Yr_1) (Y] — Y1) = 22 fa,(0)

(iv) limp—oo s E(Yr — Yr_1) (Y41 — Yr)' = 3fay(0)

(V) imyoo m E(Yr — Y1) (Yrgy — Yrijo1)' =0 for j > 2,

where fay(w) denotes the spectral density matriz of Ay, at frequency w.

Given Proposition 2, it follows that as k tends to infinity, the vector of aggre-

gated flow variables has a vector MA(1) representation. Namely,
k'_l(?T - YT—l) - UT + (2 - \/g)UT—l 5 (3)

where

2m
e v

Note that for the special case where m = 1 (a single time series), our results

E(UrUy) =

correspond to the result of Working (1960), who shows that the first order auto-
correlation of the increments from an aggregated random walk is (2 — v/3)/[1 +
(2 —/3)% = 0.25.

Using the limiting process for large aggregation intervals we are able to anal-
yse the relationship between Granger causality among the original variables and
the implied contemporaneous correlation of the aggregated variables. Following
Granger (1988) we exclude “true instantaneous causality” and assume that the
innovation of the VAR process for the disaggregated vector of time series y; are
mutually uncorrelated, that is, 2 = E(e.e}) is diagonal. In the words of Granger
(1988, p. 206): “The true causal lag may be very small but never actually zero.
The observed or apparent instantaneous causality can then be explained by either

temporal aggregation or missing causal variables”. In what follows we rule out



the case that a contemporaneous correlation is due to missing causal variables
and assume that we are able to condition on all relevant information.

To define the situation of “spurious instantaneous causality” we write = -5y
if z is not a (Granger) cause of y, and x <+ y if there is no causal relationship
between x and y. Furthermore, temporally aggregated variables are indicated by
uppercase letters, no matter whether they are flow or stock variables. To the
aggregated data we apply the concept of instantaneous causality X = Y (see

Section 2 for a definition).

Definition 1: Let £ = [z,y, 2']' be a m x 1 vector with m > 3. We say that there
is spurious instantaneous causality between x; and y; if we have y </ x for the

original variables and X =Y (resp. Y = X)) for the aggregated variables.

Of course, it is important to know whether an observed instantaneous causality
between two variables is due to an underlying causal relationship between the
original variables x; and y; or whether it is an artifact due to temporal aggre-
gation. The latter situation arises if there is spurious instantaneous causality
according to Definition 1. In the following definition we give sufficient conditions

to rule out spurious instantaneous causality between two aggregated variables, X
and Y.

Proposition 3: Let & = [xt, yt, 2;]', where z is an m*~dimensional vector. As-
sume that either:

(i) & is a vector of stationary flow variables, or

(i) & is a vector of difference stationary flow variables, or

(1ii) & is a vector of difference stationary stock variables.

If (a) the innovations of the VAR representation for & have a diagonal covariance
matrix

(b) x <>y and

(c) x+zjpor(c’) ytzpforallj=1,....,m—2,

then, as k — oo:

for case (i): p(Xp,Yr|Z7) =0,



for case (ii): p(AXp, AYp|AZr) =0
for case (iii): p(AXp, AYr|AZr) =0,

where p(a,b|c) denotes the partial correlation between a and b conditional on c.

From this proposition it follows that the two sets of conditions {(a), (b), (c)} or
{(a), (b), (<)} are sufficient to rule out spurious causality for the cases (i) — (iii).?

An important special case implied by Proposition 3 is considered in

Corollary 1: For cases (i) — (iii) in Proposition 3, and assuming that there is no
feedback Granger causality among the variables, it follows that as k — oo there

s mo spurious contemporaneous causality among the aggregated variables.

In order to illustrate the implications of our results in this section, it is
useful to consider some simple examples in which the vector of innovations

€t = [€1.4, €24, €3] 1s assumed to be white noise with a diagonal covariance matrix.

Example A: Assume that § = [z, ¥4, z;]' is stationary and has a causal structure

given by x; — y; and y; — 2. The VAR(1) process is given by

Ty = €1t

Y¢ = QTy_1 +E24

2 = by1+esy.
so that x; 42, (z; is non Granger causal for z;) and z; /y,. From Proposition 3
it follows that p(X7, Z7|Yr) = 0, and that there is no contemporaneous causality

between X7 and Zr. Note also that as there is no feedback causality among the

variables at £ = 1, the above result also follows directly from Corollary 1.

Example B: Assume that a vector of flow variables is generated by a stationary

2Necessary and sufficient conditions for ruling out spurious contemporaneous causality in
aggregated time series can in principle be derived from the relationship between the VAR with
k =1 and the limiting VAR (i.e. K — o0). However, such conditions are complicated nonlinear
functions of the VAR parameters with & = 1. If only aggregated data are available with k£ > 1,
then the conditions cannot be evaluated in practice.
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process given by:

Ty = Y1 +bz_1+e1s
Y = Eai
Z = €3t -

Applying Granger’s concept of causality, there is no causality between gy, and z;.
Further, a simple calculation shows that for the limiting process, p(Yr, Zr|X7) =
—ab/(a® +b* + 1). Thus, a necessary and sufficient condition for the aggregated
variables Y, and Zr to have zero partial correlations is that either a, b, or both
parameters are equal to zero. This result also follows from Proposition 3, which
states that there is no contemporaneous causality if either y; or z; is not Granger

causal for z;.

Example C: To illustrate why Proposition 3 does not extend to aggregated stock

variables, consider the a stationary process given by:

Ty = €1t
Y¢ = axy_1 +E24¢

2z = by—1+ez;.

In this system, x; — y; and y; — 2;. For k > 3 the aggregated process becomes

white noise with:

Xr = Ur
Yr = Usyr
ZT = abXT+U3,T

For ab # 0 there exists spurious contemporaneous causality between Xt and Zr,
as there is no Granger causality between z; and z;. Stated another way, the
indirect causal relationship between x; and z; via y, becomes a direct causal link

under aggregation.



4 Monte Carlo Experiments

In this section, the asymptotic implications of Proposition 3 and Corollary 1 are
examined via a simple Monte Carlo experiment. In particular, we begin with the

following VAR(1) model:

AN a 0 0] [A%z,_, €1t
Aty | =1b a O | A%y |+ e |, (4)
Adzt 0 b a Adzt,1 €3¢

where d € {0,1} and ¢;; is an i.i.d. vector of standard normal random variables.
For b # 0, the Granger causal structure of this system is: x; — y; and 3, — 2.
From Proposition 3 and Corollary 1 it follows that as k — oo, the limiting process
has a partial correlation structure such that E(u; r,us 7|tz r) = 0 and all other
partial correlations are nonzero, where the @ r (j = 1, 2, 3) are the residuals from
an estimated VAR (4) model using data generated according to (4) and aggregated
appropriately.® Evaluation of this restriction allows us to assess the empirical size
of the empirical tests proposed by Swanson and Granger (1997).

Empirical level figures for 5% nominal size tests and for various parameteri-
zations of the VAR are reported in Table 1. We also report results for stationary
stock variables, which are not treated in Proposition 3. In all experiments, b is set
equal to 0.5. The values of the parameter a are taken from {0,0.2,0.4,0.6,0.8}.
Not surprisingly, the magnitude of the parameter a is crucial when k is small, as
a determines the roots of the autoregressive polynomial in our model. Thus, our
asymptotic results may be a poor guide to finite sample behavior for small k£ and
la| close to unity.* The entries in the tables are based on 10,000 Monte Carlo
replications for k£ < 100 and 2,000 replications for £ = 200 and k£ = 500. All tests
are based on 100 observations of appropriately aggregated data.

Tables la-c contain results for cases (i) — (iii) in Proposition 3. For small

and moderately sized values of a the empirical sizes converge quickly to their

3Swanson and Granger (1997) propose tests for assessing whether the above partial corre-
lation restriction holds which are based on Fisher’s z-statistics or alternatively on ¢-statistics
from regressions involving the residuals. Here we use the t-statistic approach.

4Recall also that the aggregated processes which we construct are VARMA processes, in
general. Thus, lower order VAR approximations may not yield good estimates of the errors of
the process.



limiting value of 0.05 when k increases. For a = 0.8, however, the empirical
sizes tend very slowly to the limiting value of 0.05. This is due to the fact that
for a persistent processes the dynamics remain important for short aggregation
intervals. However, if the aggregation interval is as large as k& = 500, then the

short-run dynamics becomes negligible and the asymptotic results are applicable.

5 Concluding Remarks

In this paper we examine the asymptotic effects of temporal aggregation on causal
inference by examining the concept of Granger causality in the context of aggre-
gated systems, using the framework of Swanson and Granger (1997). We argue
that as Granger causal findings are aggregation dependent, understanding the
relationship between aggregation and causality is important. In particular we
consider the relationship between Granger causality among disaggregated vari-
ables and instantaneous causality found among temporally aggregated data. Con-
ditions are derived that are sufficient to rule out the case where instantaneous
causality of the aggregated data is a pure artifact of temporal aggregation. Our
results are illustrated via three simple examples and via a series of Monte Carlo
experiments which indicate that our asymptotic results are reliable in finite sam-

ples as long as the time series are not characterized by high level of persistence.
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6 Appendix: Proofs

Proposition 1:

(i) From Y7 = ygr and assuming stationarity we have E(Y7Y]) = E(ywy,) =
=2, COC

(ii) Since the process is assumed to be ergodic we have limy .o E(Y7rY7, ;) =
limy, 0o E(Yrryprjp) = 0 for all j > 1.

(i) The vector of aggregated flow variables is given by Y7 = k™23 0 ypp_;
and therefore Y7 behaves as a (normalized) vector partial sum. For partial sums
it is known that limy .. E(Y7Y}) = ¥ + T + IV, where ¥ = E(yy;) and I’ =

> E(y1914;)- In the frequency domain this result can be represented as
j=1

Jim E(Y7Y]) =2nf,(0) = (Z Oj) Q (Z C;) :
—00 j=0 =0
(iv) Let
K20 = (Iy+ L+ L2+ -+ LFYC(L)e, = D(L)ey,

where D(L) = I, + DiL + DoL? + - and D; = Y im0 o

It is convenient to decompose Yr as

kY2Yr = Doey+ Dyeyt, + Dorey_op + -+ -
+D1&t1 + Dii€t—p—1 + Dopy164—2p—1 + -+

+Dg_16t—k+1 + Dog—16t—2k+1 + Dag—16¢—gk+1 + - - -

U + o+ Ug—1y4

where Ujp = Djéft_j + Dj+k5t—j—k + -

From

Yy = ug e+ Uk—1,¢
k1/257T+1 = Utk T T Uk—14+k

1/2¢
K Yrio = Uopyor + 0+ Uk—1442k

11



we obtain k - E(Y7Y{,,) = Y20 E(uju,,,). Next consider E(uoiupy ) =

DoQDj, + DDy, + - - - . For a summable sequence C; we have
I}LIEO | Daoy| = 1}5& |Cri1 4+ Crya+ -+ Co| =0
and, similarly, limy_,o |Dji| = 0 for j > 2. It follows that

Jlim E(upugy) = DD,
= QC1+Co+---+Cy).

Similarly we get:

kh_{go E(uwtyyyy,) = DiQDjy,
= Un+C)AC2+ Cs 4+ + Crpr)f

and

lim E(uk 1tuk 14— k) (Cl + -t Ck_l)Q(Ck + Cry1+ -+ CQk_l)/.

k—o00

Adding these expressions gives the desired result.
t

S

=0

. /
It remains to show that > (i C’i> Q ( > C’Z) is bounded. Let ¢ = sup
i=0 t

j=0 i=j+1

S(se)o(S

which is finite by assumption.

Then:

<2

J

.G

=0

121 > JIC

i=j+1

(v) Consider E(ugiug; 1) = DoSUD)y, + DpQDp 1y, + - - - . Since
khj& Dpijie = I}LIEO [C(pﬂ-,l)kﬂ + -+ Crptjyr| 0 forp>2 and j=0,1,...

it follows that the autocovariances disappear for p > 2.

Proposition 2

(i) The difference Yy — Y71 = ykr — Ykr—i = b, Ay(k—1yr+; is a partial sum

process with asymptotic covariance matrix

lim k™ 'E(Yr — Y1) (Yr — Yr 1) = X+ T+ T’ = 21 fa,(0)

k—o0

12



k 2%
(ii) Let S; = Y u; and Sy = Y wu;, where w; is stationary with covariance
i=1 i=kt1
function I';. The covariance between S; and S, is given by E(S;55) =T'1 +2I +
v+ kT + (k= 1)Dgyq + -+ + T g For 3752, 4|1 < oo we have
|E(S1S5) <[> 4T <> 40| < oo

j=1 j=1
and, thus, by letting S; = Yr — Yr_; and S = Y., — Yr it follows that
E(Yr — Yr—1)(Yry1 — Yr) is O(1). A similar result is obtained for higher or-
der autocovariances.
(iii) Let
k(Yr —Yr_1) = Y — Yer—k + YkT—1 — YkT—k—1 + * + YkT—k+1 — YT—2k11
= Sk(L)Ayrr + Sk(L)Ayrr—1 + -+ + Sk(L) AYrr k41
= Su(L)*Ayr,

where Sg(L) =1+ L+ L*+ -+ L* 1 and

Sp(L)?* = 1+2L+3L%+-- -+ kL + (k—1)LF + ... + [*2
= wo+wiL +wyl + -+ 4wy o L*72

is a symmetric filter with triangular weights.

The covariance matrix is given by

2%k—2 2%k—2
k-EYr—Yr ) (Yr—Yr4) = E (Z wiAykT—i> (Z wiAyllcT—z)
i=0 i=0
2k—2 2k—1—|p|

= Z Z Wiw; |p L'y

p=—2k+2 i=1
where T', = E(AyAy; ).
Consider the odd values p = +1,4+3,+5,.... We have

2k—1—|p| k—(Ipl+1)/2

Y wiwip =2 Y i(i+p)

i—1 i—1
and as k — oo
k—|(p+1)/2]

lim > 2 —ip) = 2(§;i2)—2p(§ji)

k—oo 1T i=1

2
= K +HO0(R).

13



For even values p = 0, £2, +4, ... we have

2k—1—|p| k—[pl/2—1

wiwiqpp = (k — pl/2)* + 2 Z i(i + p)
=1 =1

and, thus,
k—|(p+1)/2| 9
klim 20 —ip) = §k3 + O(K?).
T =
Using these results yields
_ _ _ _ 92 00
E(YT — YTfl)(YT — YTfl)/ = §k2(F0 + Z Fj + F;) + O(k’2)

J=1

= TRy (0) + o).

(iv) The first order autocovariance matrix is given by

_ _ _ _ 2k—2  2k—1—|p|
k-EYr—Yr ) (Yr —Yr) = > > Wik Wik Ty
p=—2k+2 =1
where T', = E(AyAy; ).

For an odd value of p we have

2k—1—|p| 0

Hm Y wiWipkry = (k—1i)(i+p)+O(k?)

k—oo T i=1
= R — () + k2 — p(> i)+ O(k?)

=1 =1 =1

= ék?’ +O(k?)

It follows that

E(Yr = Yr_1)(Yr — Yp)

1 (o @]
SFP(Co+ 3T+ T5) + o(h?)

=1

= SR, (0) + oK),

(v) To simplify the proof we assume that Ay; has a vector MA(q) representation
with ¢ < k. Since k — oo the proof is valid for ¢ — oo as long as k grows with a

faster rate that q.
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The second order autocovariance matrix is given by

2k—2 2k—2
k-EYr—Yr)(Yrie—Yr) = E (Z wz‘AykT—i> (Z wiAy;gT-f—Qk—i)

i=0 1=0
E Ipl
= > > wig i pp1a(Tp + 1)
p=1i=1

There exist a constant ¢ < oo such that for all p

|p| p
Zwiw%_i_mﬂ = Zz(p —i+1) <ep’.
i=1 i=1
Thus, we have
k |pl k
Z Z wiwgk,i,|p‘+1\Fp + P;| < Z 2cp3\Fp\
p=1i=1 p=1

k
< 2k p|Ty),

p=1

for p < k. From Z';Zl p|I',| < oo it finally follows that

N P o
Jim EE(YT —Yr 1)(Ypi2 — Y1) =0.

Similarly it can be shown that the higher order autocorrelations converge to zero

as well.

Proposition 3

For convenience, we confine ourselves to a trivariate VAR(p) process. The proof
can easily be generalized to systems with m > 3.

First consider a VAR process obeying the conditions z; 5y, y; +x; and

(¢) z +a,

that is, there is no causality between y;; and y,; and condition (a) is satisfied.
From the Propositions 1 and 2 we know that the limiting processes for the cases

(i) — (iii) is white noise with a covariance matrix proportional to the spectral

15



density matrix of the original process. Thus, the limiting process for case (i), for
example, has a representation of the form:

oo -1 XT U 1,T

(Z Cj) Yr | =|Usr

J=0 Zr Usr
where E(UrUr) = . A similar representation exists for the cases (ii) and (iii).
We therefore confine ourselves to case (i). The proof for case (ii) and (iii) is
straightforward.

Since we assume that the MA representation is invertible there exists an

autoregressive representation with autoregressive polynomial

~1
Ly — AL — AL~ = Y 0,10
=0
and thus the limiting process can be written as
XT - XT Uir
}_/T =A }_/T + UQ,T
Zr Zr Usr

where - ~
S an 0 ag
A == Z Aj == 0 (7,22 (7,23

=1 0 asx ass
The zero restrictions in the matrix A result from the assumptions on the causal

relationship between the variables. Accordingly, we find

(1 —an)Xr = ai32r + Urr
(1 —an)YrXe = a13YrZr + Y7Us 1

First, note that p(Yr, Z7|Z7) = 0. Furthermore, the system

_ XT Ul,T
(I - A) YT — U27T
ZT US,T

is block recursive so that E(U;7|Z7) = 0 and p(Yr,Uy7|Z7) = 0. It follows
that p(X7,Yr|Z7) = 0. Note that the condition (c) is crucial for such a block

recursive system.
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Second, consider the condition

(d) v tu

instead of condition (c). In this case the limiting process can be represented as

Xr an 0 as] [Xr Uir
Yr| =10 ax as||Yr |+ |Uyr
Zr a1 0 ass| [ Zr Usr

This gives:

(1 —aw)Yr = awur+ Usr
(1 - C_LQQ)XTYT - (7,23XTZT —|— XTUQ,T .

Obviously, p(X7, Zr|Zr) = 0. To show that p(Xz,Usr|Z7) = 0 it is useful to

re-arrange the system according to

I —ag 23 0 }:/T Uzr
0 1-— &33 agl gT + U3,T
0 a3 1—an | [ Xr Uir

Since the re-arranged system is block recursive it follows that E (Ug;p\ZT) =0

and, hence, p(Yr,Usr|Zr) = 0.
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Table 1: Empirical sizes of the Swanson-Granger test procedure

a) stationary flow variables (case (i))

k a=0 a=0.2 a=0.4 a=0.6 a=0.8
2 0.10 0.10 0.11 0.11 0.11

5 0.07 0.08 0.16 0.33 0.61
10 0.07 0.07 0.10 0.35 0.95
20 0.07 0.07 0.08 0.19 0.98
50 0.07 0.07 0.07 0.09 0.80
100 0.07 0.07 0.07 0.07 0.47
200 0.07 0.07 0.07 0.07 0.22
500 0.07 0.07 0.07 0.07 0.11

b) Difference stationary flow variables (case (ii))

k a=0 a=0.2 a=0.4 a=0.6 a=0.8
2 0.11 0.11 0.11 0.11 0.11

5 0.08 0.10 0.17 0.34 0.61
10 0.07 0.07 0.10 0.31 0.93
20 0.07 0.07 0.07 0.14 0.95
50 0.07 0.07 0.07 0.07 0.53
100 0.07 0.07 0.07 0.07 0.17
200 0.07 0.07 0.07 0.07 0.08
500 0.07 0.07 0.07 0.06 0.06

c) Difference stationary stock variables (case (iii))

k a=0 a=0.2 a=0.4 a=0.6 a=0.8
2 0.10 0.11 0.11 0.11 0.11

5 0.07 0.09 0.16 0.33 0.61
10 0.07 0.07 0.10 0.35 0.95
20 0.07 0.07 0.08 0.19 0.98
50 0.07 0.07 0.07 0.09 0.80
100 0.07 0.07 0.07 0.07 0.47
200 0.07 0.07 0.07 0.07 0.23
500 0.07 0.07 0.07 0.07 0.11

Notes: Entries correspond to the empirical sizes of the Swanson-Granger
test for a zero partial correlation between the residuals of the first and third
equation conditional on the residuals of the second equation. The results
for £k = 2 to k = 100 are based on 10,000 Monte Carlo replications and
for £ = 200 and k£ = 500 2,000 replications are used. Data are generated

according to (4). The nominal size of the tests is 0.05.
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