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Abstract

This paper analyzes the conditions under which consistent estimation can be achieved in instrumental
variables (I'V') regression when the available instruments are weak, and the number of instruments, K., goes
to infinity with the sample size. We show that consistent estimation depends importantly on the strength of
the instruments as measured by r,, the rate of growth of the so-called concentration parameter, and also on
K. In particular, when K,, — oo, the concentration parameter can grow, even if each individual instrument is
only weakly correlated with the endogenous explanatory variables, and consistency of certain estimators can
be established under weaker conditions than have previously been assumed in the literature. Hence, the use of
many weak instruments may actually improve the performance of certain point estimators. More specifically,
we find that LIML and B2SLS are consistent when /K, /r, — 0, while 2SLS is consistent only if Kn/rn
— 0, as n — oo. These consistency results suggest that LIM L and B2SLS are more robust to instrument
weakness than 2SLS.
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1 Introduction

In recent years, the problem of weak instruments or weak identification has received considerable attention

in both theoretical and applied econometrics.

This is the problem where the excluded instruments are only
weakly correlated with the endogenous explanatory variables of an instrumental variables (IV) regression. As
has been pointed out by, amongst others, Phillips (1983), Rothenberg (1984), and Stock and Yogo (2003a),
a natural measure of instrument weakness (or strength) in a linear IV framework is the so-called concentration
parameter. In the conventional asymptotic setup, which assumes strong instruments, the concentration parameter
is taken to grow at the rate of the sample size, say n, as the latter approaches infinity. However, such an
asymptotic sequence is not likely to provide good approximations in the case of weak instruments, since with
weak instruments the concentration parameter is typically small relative to the sample size. To provide better
asymptotic approximations in this case, Staiger and Stock, in an important 1997 paper, propose an alternative
asymptotic framework which takes a “local-to-zero” parameterization of the coefficients of the instruments in the

first-stage regression; that is, these coefficients are specified to be in a n~1/2

shrinking neighborhood of zero.
One feature of the Staiger-Stock framework is that the concentration parameter no longer diverges but rather
stays roughly constant in expectation as n grows. Staiger and Stock (1997) show that, under this local-to-zero
framework with the number of instruments fixed, the two-stage least squares (25LS) and limited information
maximum likelihood (LIM L) estimators are not consistent and instead converge to nonstandard distributions.

Another important direction that research in IV regression has taken involves the study of situations where the
number of available instruments is large, using an asymptotic framework that takes the number of instruments,
K,, to infinity as a function of n. This approach was first taken by Morimune (1983) and later generalized by
Bekker (1994). Other influential papers in this area include Angrist and Krueger (1995), Donald and Newey
(2001), Hahn, Hausman, and Kuersteiner (2001), Hahn (2002), Hahn and Inoue (2002), and Chamberlain and
Imbens (2004). Amongst papers adopting the “many instruments” approach, it has until recently been standard
practice to assume, as in conventional asymptotics, that the concentration parameter grows at the same rate as
the sample size. Hence, these papers study scenarios where the instruments are stronger than assumed in the
weak instruments literature.

In this paper, we amalgamate these two strands of the IV literature. In particular, we develop a unified
framework for studying the asymptotic behavior of various k-class IV estimators in the presence of weak and/or

many instruments. We observe that having many instruments in a weakly-identified situation can help to improve

LA small subset of the growing literature on weak instruments includes papers by Nelson and Startz (1990), Bound, Jaeger and
Baker (1995), Staiger and Stock (1997), Wang and Zivot (1998), Kleibergen (2002), Bekker and Kleibergen (2003), Guggenberger
and Smith (2003), Moreira (2003) and the references cited therein.



estimation accuracy, since using a large number of instruments can enhance the growth of the concentration
parameter even if each individual instrument is only weakly correlated with the endogenous explanatory variables.
In addition, we find that when there are many weak instruments, consistency depends importantly on the choice
of estimator, as some estimators are more robust to instrument weakness than others. More specifically, we
show that for certain well-centered IV estimators, such as LIM L and the bias-corrected two-stage least squares
(B2SLS) estimator, consistency can be established even when instrument weakness is such that the rate of growth
of the concentration parameter, r,,, is slower than K,,, and possibly much slower than the sample size n, provided
that K, /r, — 0, as n — 00.2 On the other hand, 25LS turns out to be less robust to instrument weakness
and is shown to be consistent only if K, /r,, — 0 as n — oc.

Our results complement those obtained in more recent papers by Han and Phillips (2003), Stock and Yogo
(2003b), Chao and Swanson (2004), Hansen, Hausman, and Newey (2004), and Newey (2004), which also examine
frameworks with many weak instruments (MWTI) or, more generally, with many weak moment conditions. As
we will discuss in more detail in the next section, relative to the other MWI papers cited above, the consistency
results reported here are obtained under conditions which allow for weaker instruments, less restriction on the
growth rate of K, vis-a-vis n, and greater generality in the stochastic properties of the instruments. On the other
hand, our paper has a narrower focus in the sense that we consider only consistency here, whereas other MWI
papers have derived asymptotic distributional results, and, in the case of Hansen, Hausman, and Newey (2004)
and Newey (2004), results on asymptotic covariance matrix estimation and for implementing Wald inference have
also been obtained.

The remainder of the paper describes our setup and presents our main results. All proofs are gathered in an
appendix. In the sequel, T7(-) denotes the trace of a matrix; ||A|| = \/Tr (A’A) denotes the usual Euclidean
or Frobenius norm for a matrix A; A" denotes the Moore-Penrose generalized inverse of a (possibly singular)
matrix A; Py = Z(Z' Z)+ Z's and “ > 0” and “ > 0” denote, respectively, positive definiteness and positive

semi-definiteness when applied to matrices.

2 Setup and Main Results

Consider the simultaneous equations model (SEM):

Yin = YVQnﬂ""”na (1)

2We shall define more precisely what “well-centered” means in Section 2 (see Remark 2.2(v)).



where y1,, and Ys, are, respectively, an n x 1 vector and an n X G matrix of observations on the G + 1 endogenous
variables of the system, Z,, is an n x K,, matrix of observations on the K,, instrumental variables, and u.,, V,, are,
respectively, an n x 1 vector and an n x G matrix of random disturbances. Also, let 7; = (u;,v})" where u; and v}
are, respectively, the i*" component of u,, and the i'" row of V;,. Note that equations (1) and (2) really define a
sequence of models, since we specify II,, (K, x G) to depend on n in order to model the effects of having many
weak instruments. In particular, within this setup, the effect of many instruments can be modelled by letting
K, — oo as n — oo, while the effect of weak instruments can be accounted for by shrinking II,, toward a zero
matrix as n grows.? The following assumptions are used in the sequel.
Assumption 1: Let {Z,,; : i = 1,...,n; n > 1} be a triangular array of R¥»-valued random variables, where Z) i
denotes the i*" row of the matrix Z,. Suppose that: (a) K, /n < 1 for all n, and K,, — oo as n — oo such that
K, /n — 7 for some constant 7 satisfying 0 < 7 < 1; (b) there exists a positive integer N such that Vn > N, Z,, is
of full column rank K, almost surely; and (c) there exists a non-decreasing sequence of positive real numbers {r,}
such that, as n — oo, r,,/n — k, for some constant x, with 0 < k < oo, and such that ¥, = H;Z;Znﬂn/rn — U
almost surely, for some nonrandom positive definite matrix ¥.4
Assumption 2: Suppose that: (a) Z, and n; are independent for all ¢ and n; (b) {n;} = 4.i.d.(0,X), where X
> 0, and X can be partitioned conformably with (u;,v}) as X = ( g‘iz gi‘j‘“/ ) , with Ug/gi and Z%f"/}f) denoting
the g element of oy, and the (g, h)" element of Yyv; respectively; and (c) there exists some positive constant
D,, < oo such that E (u}) < D, and 1§n1]a)§<GE (vh) < Dy.

The estimators that we consider in this paper are all special cases of a general class of estimators, which can

be written in the following generic form:
B\am = (YvQ/nPZanQn - an}/QInYén)_l (YQ/nPZnyln - an}/gnyln) . (3)

As discussed in Hansen, Hausman, and Newey (2004), the class of estimators defined by (3) includes all estimators
of the well-known k-class (i.e., set &, =k/(1+k)). In particular, note that: (a) letting &, = 0, we obtain the
2S5 LS estimator, denoted by BQSLS’TL; (b) letting &, = miny =1 7Y, Pz, Ynv/Y' Y, Yoy, where Yy, = [y1n, Ya,], we
obtain the LIM L estimator, denoted by BLIML,n; and (c) letting a,, = (K,, — 2) /n, we obtain Nagar’s B2SLS

estimator, denoted by BBQS Lsn-° In general, not all members of the k-class of estimators are equally robust to

3An example of a parameterization where II,, is shrunken toward the origin is the local-to-zero framework of Staiger and Stock

(1997), which takes II,, = C/y/n, for some (fixed-dimensional) K x G parameter matrix C.
4More primitive conditions that imply Assumption 1 are given in the extended version of this paper (see Chao and Swanson

(2002)).

5In an earlier version of this paper, Chao and Swanson (2002) discuss a broader class of estimators (called the w-class), which
includes the Jackknife IV estimator discussed in Phillips and Hale (1977) and Angrist, Imbens and Kreuger (1999) in addition to all

estimators of the k-class. In that paper, Chao and Swanson extend the results of this paper to the w-class.



instrument weakness, as we will explain in greater detail in Remarks 2.2(iii)-(v) below. Estimators which are
more robust to instrument weakness turn out to satisfy the following condition:

Assumption 3: Suppose that, as n — oo, @, satisfies the following condition: (n/K,) &, =1+ o, (r./Ky) .
Theorem 2.1: Let Ban be defined as in equation (8). Suppose that Assumptions 1-3 hold and suppose that
Ty — 00 as n — 00, such that @ — 0. Then, Ba,n 2 By asn — .

Remark 2.2: (i) Note that, under Assumption 1(c), r,, can be interpreted as the rate at which the concentration
parameter, E;éHnZ;ZanE;é, grows as n increases. Given that the concentration parameter is a natural
measure of instrument strength, we shall in this paper characterize the quality of instruments by the order of
magnitude of r,,, so that the slower is the divergence of r,,, the weaker are the instruments. Because our focus is
on the case of weak instruments, Assumption 1(c) takes r,, to diverge no faster than n. In fact, we will primarily
be interested in cases where r,, diverges much more slowly than n.

(ii) Because we focus only on consistency in this paper, we are able to make assumptions that are weaker in
three respects than conditions assumed in other more recent papers on many weak instruments. First, we allow
for weaker instruments than Stock and Yogo (2003b) and Hansen, Hausman, and Newey (2004), who also study
linear IV setups where instrument weakness is measurable in terms of the order of magnitude of the concentration
parameter. More precisely, our results cover the case where instrument weakness is such that the concentration
parameter grows at a rate slower than K, and possibly much slower than n, provided that K, /r, — 0, as
n — 00, whereas Stock and Yogo (2003b) and Hansen, Hausman, and Newey (2004) consider scenarios where the
concentration parameter grows at the same rate or at a faster rate than K,. Second, we place less restriction on
the rate of growth of K, vis-a-vis n. More specifically, we permit K, to grow either at the same rate or at a slower
rate than n, whereas Stock and Yogo (2003b) and Newey (2004) both require that K2/n — 0; the many weak
instruments results of Hansen, Hausman, and Newey (2004) require that K, /n — 0; and Han and Phillips (2003)
require that K,/ (nc,) — « € (0, 00), for some nonrandom sequence ¢,, which measures the order of magnitude of
the main signal component of their GMM model.® Finally, we allow for more general conditions on the stochastic
properties of the instruments. In particular, we do not require the instruments, Z;, to be i.i.d., as in Stock and
Yogo (2003b), Hansen, Hausman, and Newey (2004), and Newey (2004); nor do we impose restrictions on the
amount of correlation across the components of Z; (i.e. across the index k in Z;;), as in Han and Phillips (2003).
Our results show that, within a linear IV setup, consistency can be achieved under very mild conditions on the

instruments and on the growth rate of K,, vis-a-vis n. On the other hand, it should be emphasized that to obtain

6Note that, since Han and Phillips (2003) and Newey (2004) study nonlinear GMM frameworks, the asymptotic sequence they
consider is, strictly speaking, one which takes the number of moment conditions to infinity, as n — oo. Hence, when referring to their

papers, K, here should be interpreted more generally as the number of moment conditions.



asymptotic distributional results requires further, more restrictive assumptions, as has been shown by Stock and
Yogo (2003b), Chao and Swanson (2004), and Hansen, Hausman, and Newey (2004) in the linear IV setup and
by Han and Phillips (2003) and Newey (2004) in the nonlinear GMM setup.

(iii) As shown in the appendix, both LIML and B2SLS satisfy Assumption 3, but 25LS does not. This leads
to the following results.

Corollary 2.3: Suppose that r,, — oo as n — oo, such that /K, /r, — 0. Then, under Assumptions 1-2, (a)
BLIML,n £ By asn — oo and (b) BBzSLs,n L By asn — oo,

Theorem 2.4: Under Assumptions 1-2, as n — oo : (a) for r,/K, — 0, BQSLSm 2 By + E;%/aVu; (b) for
rn/Kn — 6 (0<§ < o0), BQSL&,L L By + (60 + Zvv)_1 ovu; and (c) for K, /r, — 0, B\QSLS77L 2 5.

Note that, unlike LIML and B2SLS, 25LS is inconsistent when the concentration parameter grows at the
same or slower rate than the number of instruments and is consistent only when the instruments are strong enough
so that r,, grows faster than K. Interestingly, Theorem 2.4(a) shows that for r, /K, — 0, the 25LS estimator
(while inconsistent) does not converge to a random limit, in contrast to the case when the number of instruments
is held fixed (cf. Staiger and Stock (1997)). Rather, the 25LS converges in probability to a nonrandom limit
equaling the sum of Gy and the OLS bias term, E;%,avu. This result can also be derived using a sequential
asymptotic scheme, as shown in Chao and Swanson (2001).

(iv) Further light can be shed upon the importance of the rate condition, /K, /r, — 0, as n — oo, by considering a
special case of the model given by (1) and (2), where there is only one endogenous regressor, where the instruments
are nonrandom and orthonormal (i.e. Z,Z, = n-I,), and where we have the local-to-zero parameterization
Tn = n S, with 1 = (1, ....,1)/ denoting a K, x 1 vector of ones. (Note that we write =, instead of II,
here because in the case of one endogenous regressor, this is a parameter vector instead of a matrix.) In this
case: whZ! ZpTy = n'=% K, = r,. Hence, the condition JE/T” — 0, as n — oo is equivalent to the condition
n'=%/K, — oo. Interestingly, when instruments are weak in the Staiger and Stock (1997) sense (i.e. when
¢ = 1/2), consistency of estimators which satisfy Assumption 3 (A3 estimators, henceforth) requires only that K,
— 00. On the other hand, for the case ¢ > 1/2, which corresponds to what could be termed “weaker than weak”
instruments, consistency of A3 estimators requires that K, must not only diverge but grow with some power of
n. In particular, note that the maximum allowed growth rate for K, is n. In this case, the condition becomes:
n'/2n1=2¢ — oo, which would require that 3/2 — 2¢ > 0 (i.e. ¢ < 3/4). Thus, when K,, ~ n, consistency of A3

estimators, such as LIML and B2SLS, can be attained even if the individual coefficients in 7, decays to zero

—1/2 3/4

more rapidly than n , so long as they do not approach zero faster than n~

Note that this example illustrates the potential benefit of using many instruments in situations where each



individual instrument is only weakly correlated with the endogenous regressors. As illustrated above, even if each
component of 7, is small and can be appropriately modelled as being local-to-zero, the combined effect of using
a large number of instruments might nevertheless allow the concentration parameter to grow sufficiently fast, so
that consistent estimation can be achieved as K,,,n — oo, at least with respect to A3 estimators. This asymptotic
analysis suggests that using a large number of instruments could improve the precision of point estimation in
situations with many weak instruments. Moreover, the choice of estimator becomes perhaps more critical in these
situations than in situations where conventional asymptotics applies, since not all estimators are equally robust
to instrument weakness. In particular, as shown in Corollary 2.3 and Theorem 2.4 above, the 25LS estimator
is less able to withstand instrument weakness than either LIML or B2SLS. In the context of our illustrative
example, the 2SLS is consistent only if r,/K, = n'72¢ — oco as n — oo0.” Hence, in contrast to LIM L and
B2SLS, consistency of 25LS requires the more stringent condition that ¢ < 1/2 or that the instruments must
be less weak than that assumed in the Staiger and Stock (1997) setup.®”?

(v) To better understand why the 2SLS estimator is less robust to instrument weakness than estimators which
satisfy Assumption 3 (such as LIM L and B2SLS), it is useful to view k-class estimators as IV estimators where
the matrix of observations on the instrumental variables is given by W, = [Pz, — &nl,] Y2,. Now, interpret
W, nun = W/, (Y1n — Y2n50) as the first-order condition of the estimator B%n, evaluated at the true parameter
value (p; and note that, under conventional asymptotic theory with strongly identified models, consistency of IV
estimation involves an asymptotic orthogonality condition of the form W7, , u,/n 2.0, as n — oo. When the
instruments are weak, however, Y3, [Pz, — &nIy] Y2,, the “denominator” of the k-class estimator, will grow at a
rate 7, which may be substantially slower than n. As a result, a stronger (asymptotic) orthogonality condition
(OC, henceforth) of the form W/, , u, /ry 20, or Wi, pun/n = op (1,/n), is required for consistency. Moreover, an
additional condition must be imposed on the choice of @, (i.e. Assumption 3) in order to ensure that OC is satis-
fied. To see this, note that for 2SLS, a, = 0, and this choice of &,, does not satisfy OC. In particular, the 25LS
first-order condition, evaluated at y and standardized by r,,, can be written as: W¢ , u,/rn = Y3, Pz, un /10 =
E (W{ un/r) = E (Y4, Pz un/rn) = E(IL, Z)un/rn) + E (V| Py, tn/rn) = (Kn/ry) 0vu, which grows without
bound when instrument weakness is such that r, diverges more slowly than [K,. This nonzero expectation in-
duces a 25LS bias, which is more severe the greater the degree of overidentification and the weaker the available

instruments, as measured by a slower rate of growth of the concentration parameter. Hence, as shown in Theorem

"Note also that, interestingly, the consistency of the 2SLS estimator is not helped at all by the growth of K, in contrast with

A3 estimators such as LIML and B2SLS.
8We thank the Co-Editor, Whitney Newey, for providing us with the illustrative example used in this remark and for giving us

detailed suggestions on how to better discuss the rate condition Ky /rn — 0.

9See also Hahn and Kuersteiner (2002) for a related discussion with respect to the 2SLS estimator.



2.4 above, when 1, diverges more slowly than K,,, the 25LS estimator is inconsistent and has asymptotic bias
equal to that of the OLS estimator. On the other hand, it is shown in the proof of Theorem 2.1 that OC holds
for A3 estimators. This is because A3 estimators have built into them an “automatic” bias correction. More
specifically, note that the first-order condition for A3 estimators (when evaluated at Gy and standardized by )
can be written as:

/ / -~ ! /
Wa.ntin Y, [Pz, — Qnl,) un Y5, Pz, u, B K, Yy un

Tn Tn Tn n T,

n

+o0,(1). 4)

If we ignore the o, (1) term, then (4) differs from the 2SLS first-order condition only by the presence of the term
— (Kp/n) (Y3, un/ry), which can be viewed as a bias-correction term. Indeed, by taking expectations of the first
two terms of the right-hand side of (4), we obtain E (Y3, Pz, tun/rs) — (Kn/n) E (Y3, un/r) = (Kn/Th) ove —
(K /1) ove = 0, so that, unlike 25 LS, A3 estimators have first-order condition centered at zero, asymptotically.
As has been pointed out previously by a number of authors, including Donald and Newey (2000, 2001), estimators
whose first-order conditions are well-centered, in the sense of having expectation close to zero, tend to exhibit
less small sample bias than estimators whose first-order condition is not well-centered. Our results suggest that,
in the context of many weak instruments, it is even more important to use estimators which are well-centered,
since estimators which are not properly centered (such as 25LS) are asymptotically deficient relative to well-
centered estimators (such as LIML and B2SLS), in the sense that the latter estimators are consistent in certain
weakly-identified settings where the former is not.'°

(vi) It is also of interest to explicitly compare our setup with that of Bekker (1994). Bekker (1994) considers an
asymptotic framework which, in our notations, takes (n — G)_1 II'Z!, Z,11 to be fixed, as both K, and n go to
infinity, such that K, /n — 7, for some constant 7 with 0 < 7 < 1. Hence, the Bekker framework assumes that the
concentration parameter grows at the same rate as n. Our setup, on the other hand, allows for weaker instruments,
as measured by the order of magnitude of the concentration parameter, since we allow the concentration parameter
to possibly grow at a much slower rate than n. Note that, within the Bekker framework, both 25LS and LIM L
are consistent if K,,/n — 0 as n — oo, but 25LS is inconsistent whereas LIM L is consistent if K,,/n — 7 # 0.
More generally, however, we show that consistency depends on the relative magnitude of r, vis-a-vis K,, as
n — 00, and not so much on the relative orders of magnitude of n and K,, unless r, = n as in Bekker (1994).
Thus, for example, if instruments are sufficiently weak so that r, is of a lower order relative to both n and K,

then 25LS will be inconsistent, even if K, /n — 0 (see Theorem 2.4).

L00ur result is consistent with Monte Carlo results reported in Staiger and Stock (1997), that show that LIML is better centered
than 2SLS in finite samples, in the sense of having a smaller median bias. Our results are also consistent with results from the finite
sample literature on single equation IV estimators, which show that the exact distribution of LIML under Gaussian error assumptions

is better centered than that of 2SLS (see e.g. Phillips (1983), and the papers cited therein).



3 Appendix

In the proofs below, we let C' denote a generic constant which may be different in different uses. Before proving
the main results of this paper, we first state a lemma which is used in subsequent proofs.

Lemma Al: Under Assumptions 1-2, suppose that v, — oo as n — oo such that VK, /r, — 0 . Then,
the following statements are true, as n — oo : (a) V| Pz un /Ky, = ovu + Oy (1/VEKy) 5 (b) V) Pz, Vau/K, =
Svv + 0, (1/VER) ;5 (¢) uh Pz, un /Ky = 0wy + Op (1/VER) 5 () 11,2, Ve [ryy = Oy (1//Tn) ; (€) I Z)ug [Ty, =
0, (1) /7).

Proof of Lemma A1l: To prove part (a), note that it suffices to prove that the V! Pz u,/K, = crg/qi

g
0, (1/VK,) as n — oo, where V., , denotes the g*" column of V,, so that V., Pz u,/K, is the g'" el-
ement of V) Pz u,/K,, and where ‘7\(/?11 denotes the g'" element of oy,. In fact, it suffices to show that
E (V,’ngZnun/K _U%) O (1/K,). To proceed, note that in light of Assumption 1(b), Z/Z, is non-
singular with probability 1 for n sufficiently large, so that (2. Z,)”" is well-defined and Py, = Z, (Z. Z,)" Z! =
Zn, (Z,’lZn)_1 Z!, with probability 1 for n sufficiently large. Now, let p;; ,, denote the (i,j)th element of Pz and

we can write for n sufficiently large:

V/ nP "un 2 1 n n n n 9 (90 n n
E ( - KZ - 0\%) = > D Y Epijmpsia) B (vigujuggu) — ;(Vﬂ D2 Epin) B (vigus)
n noi=1 j=1k=11=1 no=1 j=1
2
+ (O"(}qi)
n n i—1
1
K i=1 K" i=2 j=1
2 2
2(o) [ > 2(o12) ¢ (9))?
JFT% ; J; E (pii,npjj,n +pij7n) - T ; E (pun) + (UVU)
n n i—1
n i=1 i=2 j=1
2 n 1—1 @ 2
+ 27 < ) ZZE Dii np]jn +p1j n) - (Uvu)
1=2 j=1

= An+Bn+Cna say,

where first equality above follows from Assumption 2(a) which implies that E (p;j nPkinVigtjVkgt) = E (PijnDrin)
E (vigujvgguy) and E (pijnvigt;) = E (pijn) E (vigu;), where the second equality follows from noting that, under
Assumption 2(b), E (vigujvkeu;) equals zero except in the cases where either (i =j=k=1) or (i =k and j =1)
or (i=jand k=1)or (i=10and j=k) and from noting that F (v;yu;) equals 05}2 if i = j and equals zero if

i # j, and where the third equality above follows from the fact that > . | E (psin) = E(Tr[Pz,]) = K, for n



sufficiently large such that Py = Z, (Z! Z,)”" Z! with probability 1. Focusing on A, first, note that:

E (viu?) | & Ui ) E () VEW) ¢ 1
D[S 1) < Y S | < R < o (7).

Note that the first inequality in expression (5) follows from the Cauchy-Schwartz inequality, while the second
inequality follows from the fact that Y27 | E (p};,,) < iy E (piin) = E (T [Pg,]) = K, for n sufficiently large
since, by properties of the projection matrix Pz, , 0 < p;i, < 1 for all ¢. Finally, the last inequality in (5) follows

from Assumption 2(c). Next, turning our attention B,, we note that:

2(9 9)0. n i—1 E( ) )O' n i—1 2(979)0. C 1
4“2yy Guu 2 :2 :E < VV uu E E 2 E E E — vV Tuu <—=0(—
1=2 j=1 p”’ a p” ! + =2 j=1 va Kn o Kn K" 67)

where the first inequality above follows from the nonnegativity of the term (1 /K 2) E(g";? )auu Z?:l E (p?i’n)7 where
the first equality above follows from the fact that [Zl VE () +230, Zl 'E (pfjn)} =Tr[E(Py Pz,)]| =
E (Tr[Pz,]) = K, given that Pz is symmetric and idempotent, and where the second inequality follows from

Liapunov’s inequality and Assumption 2(c). Finally, turning our attention to C,,, we note that:

2 @\ -
(+2) R N ) I G I oI R
n i=1 n n n n n /7

o 5@ n_i—1
(;2) [Z > F (pii,npjj»" +p?jv")] B <g u

i=2j=1

Note that the first equality in (7) above follows from the fact that |C,,| =

\(1/K2> (42) L (B (P ) + T [B(Py, Pr)] — 250, B (03,) ) (o42)) ] =
(1/K2) (o)) (K2 4 K 250, B (030)) — (o)) \(um%) (o) {50 250, B (52,)

inequality in (7) follows from the triangle inequality and from the fact that Y7 | E (p%;,,) < >.i—; E (pii,n) given

; the first

that 0 < p;;, < 1 for all 4; the second inequality above follows from applying the Cauchy-Schwartz inequality
and from the fact that > . | E(pyn) = E(Ir[Pz,]) = K, for n sufficiently large, and the third inequal-
ity above follows from Liapunov’s inequality and Assumption 2(c). Expressions (5)-(7) together imply that

(V 7, Un /Ky — Ug}qi) = O (1/K,), from which it follows that V{ , Pz u,/K, = O'Vu + 0, (1/VEKy,), as
required.

Parts (b) and (c) follow from proofs similar to that of part (a). Hence, for brevity, we omit these proofs here.

The proofs for parts (d) and (e) are similar, so we will only prove (d). To proceed, note that E {HV,;Zan/rn ||2} =
E(Tr 0, Z,V, Vi Z 1, [r2]) =Tr [Syy] E (Tr [0, Z,, Z,11,] /r2) < (1/r,) CE (Tr 11, Z}, Z,11, /ry]) = O (1/ry,),
where the second equality follows from Assumption 2(a) and the law of iterated expectations, the lone inequality

follows from Assumption 2(c), and where the last equality follows from Assumption 1(c). O



Tn Tn Tn ”‘n

~ -1 /
. Py, Y: Y. Y Y, P v/,
Proof of Theorem 2.1: As usual, write 34, — 8o = ( 20 P2, Yon _ GnYay 2") ( 2nP2ptn _ Gn ) By the

condition &, = 140, (IT(’ ) we deduce that [, — (K,,/n)] (Y3, Y2n/Tn) = (Kn/r0) [(n/Ky) & — 1] (Y3, Yan/n) =
0, (1)0, (1) 2 0. Similarly, [@, — (K,/n)] Y4, tn/rm — 0. Therefore, for n sufficiently large such that Z/ 7, is
nonsingular and Py, = Z, (2., Z,)" 2! = Z, (2! Z,) "' Z!, with probability 1, we have 2"PTZ"Y2” _ OnYe,Yon _

Tn

Y3, Pz, Yon K, anyzn 0,2y, Zn 1l H,LZ,LVn V,LZan ,LPZnVn K, 1 7t 1 o7t /
Z2a~ZaZin _ ( - ) +o, (1) = ns + + + G I,z z,J,+1,.z v, + Vv, z,11,

+HVaVa) +0p (1) = (1 — L) mZolle 4 (1 %) (H"Z"V" + V"Z"“") Vil (Ka) Vi 4o, (1),

Tn Tn Tn Tn Tn

Note that II, Z,,V,, /1, = O, (1/4/75) in light of Lemma A1 part (d). Also, note that:

V,{PZnV,,L_( )V’PZV K, (\/K,L) K,
Tn

2y 2y 1
- K, - v +0p N N vvtop (1), (8)

(5) 5 () movon (255) - (5 oo () s,

where (8) follows from part (b) of Lemma A1, while (9) can be shown by noting that the (g, )" element of

V.!V,,/n when appropriately standardized, i.e., \/n (V WVohn/n — VV@), satisfies the Lindeberg-Lévy central

limit theorem and is, thus, O, (1). Hence,

Yy, Pz Yo, @,Ys,Yon K\ 1,z z,10, K, K,
hPatis Gl (| K)MAGTL fug Fa

Tn Tn n Tn Tn n

K K H/Z/ZH K7
(1B (1= B (B2 ) o= (1- K2 ) w02 00,

n n Tn n

for C' > 0, where the last inequality holds in the positive semi-definite sense with probability approaching one in

Tn Tn

’ -~ 7 71
light of Assumption 1 parts (a) and (c). It then follows that (Y2"PZ” Yon _ a"Y%YQ") = O, (1) . Similarly,

Y] Pz w, a,Yy u, Yy Pz u, K,\ Y] u,
2n Znu Q 2nu _ 12n Znu < ) 2nu +0p(1)

Tn Tn Tn n Tn

K.\ I’ 7! un V'Py uy, K.\ Viuy K, K,
= ( ) non n’ Zn — (n) + op (1) =0p (1) + OVu — TUVu +0p (1) L 0,

n T T T T n

where the third equality above follows from Lemma Al parts (a) and (e) and from the Lindeberg-Lévy central
limit theorem. Therefore, ﬁan —Bo =0, (1) 0, (1) 2,0, as required. O

Proof of Corollary 2.3: To show part (a), we need to verify Assumption 3 for LIM L. Before proceeding,
we first set some notations. Write y1, = Z,11,,00 + un + Vafo and let Y, = [y1n, Y2n!|, Un = [tun + Vi Bo, Val,
Z, = Z,11, [Bo, I(;L and ® = [0y, Ig] ¥ [0, I¢]. Note that Y;, = Z,, + U, is the reduced form of the SEM given
by (1) and (2). Moreover, let U/, be the i'" row of Uy, and note that the reduced form error covariance matrix

QO=F [Ui7nU1'l,n] = Y'YT, where T = ( L0

Bo 1 ), so that €2 is positive definite in light of Assumption 2(b).
o la

10



Next, note that:

UUy/n = Q+0,(1/vn), (10)
U’ Py U, 1 1
R = YHY=Y3SY+0,| — | =0+0, | — ), 11
K, T (,/Kn> + p( /Kn> ( )
Z;Zn/rn = [50, IG]I (H;Z;Znnn/rn) [ﬂm IG} =P+ 04 (1) ’ (12)
Z%Un/rn = [po, IG]/ [H{I’LZ':’LUTL/TT“ H;LZ;LV [ra] T = Op (1/\/Tn), (13)

ul Pz un/K, u,Pz V,/K,
V!Pz un/K, V.Pz V,/Kp,
large numbers, and the Slutsky Theorem; (11) follows from Lemma Al (a)-(c); (12) follows from Assumption

where H,, = < ), and where (10) follows from Assumption 2, Khintchine’s law of
1(c); and (13) follows from Lemma A1 (d) and (e).

Now, let A, = Y/Pz Yn/Kn, Ay = Q+ (ra/K,)®, B, = YiYn/n, By = Q+ (r,/n)®, and R, (7) =

v Apv/~ Byy. Note that, for LIML, &, = (K,/n) min -y R, (7). It follows that to verify Assumption 3, it

suffices to show that ’mlnMH LRy () — 1’ = 0, (rn/K,,). To show this, first note that, by the triangle inequality,
~ U'p; U, H A U, Z! Zn
A, — A, D Q2|2 — |-
H ‘ KTL Kn Kn Tn

= 0y (VVEL) + 0y ((r0/ ) /) + 00 (ra/ )
= 0y (rn/Kn) (VEu/r0)) + 0y (rn/ Kn) = 0 (0 Kn)

given that K, /r, — 0 and r, — oo as n — oo. Moreover, since 1, /n = O (1) under Assumption 1(c),

— 0, (1/v/n) + Oy (v/rn /1) + 0a.s. (rn/n)

n (VEKn K, rn [ Kn 1 e Kn\ Tn
Or (x (%) ) (g () ym) o (#7) = (%):

In addition, using the Cauchy-Schwartz inequality, we obtain that, for all v with ||v| = 1,
~ ~ - ’
| [(Ba - Ba)v] s\/ Tr [(Bn —5,) (B - B) ] VIT ()= Lo,
(14)

where the last equality follows, given that /Tr (vY77') = v/ (v'7)* = H’y||2 = 1. Furthermore, note that B,, is

positive definite for all n given that both 2 and ¥ are positive definite, so that with probability one there exists

Ul U,
n

Z\U, Z! Zy,

T'n

A

-

-4+
n

’YIBnV - 'YIB'rﬂ/

a constant ¢ > 0 such that + fy’gn'y > 74'Bpy > ¢ for all n and v, with ||v|| = 1. Hence,

Y Bpy — ' Bny

Y

=P (’7’&7 — ' Bpy| + 7' Bny > c) <P (‘v’ﬁw — /By

C -~ C
5) + P ("YIBTL'Y > 5) ) (15)

Moreover, (14) implies that, for all ¢ and ~, with 0 < € < ¢/2 and |y|| = 1, there exists a positive integer N

such that for alln > N, P (‘V’En'y —v'Bpy 'Y/§n7 —v'Byy

zc/z)gp(

> 6) < e. It then follows from (15)

11



that 1 —¢ < P (‘*y’énfy > 0/2) for all n > N and ~ with ||y|]] = 1. Since € can be made arbitrarily small,
-1
< % < oo with probability approaching one for all v with ||y|| = 1. Next, define

we deduce that |+ Eny

R, (v) =" Any/v' Bny. Now, R, () is bounded for all v with ||v]| = 1, so that:

v B,y

IN

-1 N
(’7’An7 — ' Any

CHZn _A,

R () = R ()

)

+ R (7) ”Y’BnV —7'Bny

=0p (rn/Kp) -

IN

+CHJ§n ~ B,

Let a, = K, /n < 1 and ffn = (rn/K,)® and note that A, = B, + (1 —ay) &)n, so that R, (y) = 1 +

%. > 1. In addition, define v* = (1,—43})" /[|(1, —85)||; we have ®,,v* = 0 for all n, so that thiann (v) =
n ME

R, (v*) = 1 for all n. Furthermore, note that, with probability approaching one, 7,, = arg min|,j=; R, () exists.
Now, since Ry, (35) — Rn (Gn) < Rn (Gn) — R (77) < Ry, (7*) — Ry (v*), the desired result follows from

min ﬁn (v) = 1’ = ’En (Vn) — 1‘ = ‘En (V) = R (77)| < HmHaXl
~l=

lIvll=1 ‘ﬁn (V) = Rn (9)| = 0p (rn/Ky) -

To show part (b), we simply verify that B2SLS satisfies Assumption 3. To proceed, note that for B2SLS,
a, = (K, —2) /n, so that (n/K,,) &, — 1 = —-2/K,, = 0, (r,/K,,), since r, — 00 as n — oo by assumption. The
desired conclusion, thus, follows. [

Proof of Theorem 2.4: To show part (a), note first that, in light of Assumption 1(b) , Z] Z, is nonsingular
and, thus, Py, = Z, (Z.Z,)" Z!, = Z, (Z!,Z,)"" Z! with probability 1 for n sufficiently large. Hence, we can
write Y5, Pz, Yoo /K, = V) Py Vi, /Ky + (rn/Kp) 11, Z Va7 + V. Z, 10, Jr, + 11, Z) Z,, 11, /7). Now, since it is
assumed in part (a) that £~ — 0 as n — oo, it follows, from Assumption 1(c) and parts (b) and (d) of Lemma

Al, that %:Yz" 2 Sy, where Zyy > 0 by Assumption 2(b) and is, thus, nonsingular. Moreover, for n

Y, P n .z u, V' P, n Y, P, n P
2nKZnU‘ — (h) nén + o I(Znu , SO that ontZp U
n n

sufficiently large, we can write 7 o i = Oyy, a8 N — 00,

by parts (a) and (e) of Lemma Al. It follows immediately for the Slutsky Theorem that BQSLS,H = 0Go +

[Ya, Pz, Yon )K" Ve, Pz, tn /K] 2 Bo + £y%,0v, as required.

Tn

%= — 6, for some § € (0,00), as n — o0 , it follows directly from

To show part (b) note that since in this case
Assumption 1(c) and parts (b) and (d) of Lemma A1 that YQ/"PK#:Y"" 2 60 4 Sy, where (0% + Syy) > 0 and,
thus, nonsingular in light of Assumptions 1(c) and 2(b). In addition, from parts (a) and (e) of Lemma Al, we

deduce that YZ’,%Z”""" 2 6y4. The desired result, thus, follows again from the Slutsky Theorem.

-1
. 2 Y, Pz Yon Y, Pz up Y, Pz Yo, .z z,1,
To prove part (c), write Basrsn — fo = (el fuPzatn)  Note that YiafzaYen — InZoZally |

VoZully | W2V | (&> % £ ¥ > 0, given Assumption 1(c), parts (b) and (d) of Lemma A1, and the

Tn Tn Tn

. Y4, P ',z VP

assumption that K, /r, — 0 as n — co. Moreover, ~2a-Zatn — ZnZuln 4 (Ku ) ZaZZnln
npn ’ r Tn Ky

20, given Lemma A1l

n Tn

parts (a) and (e) and given the assumption that K, /r, — 0 as n — co. Weak consistency of Bgs Ls,n then follows

as a consequence of the Slutsky Theorem.O
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