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Abstract

This paper introduces a test for the comparison of multiple misspecifed conditional interval
models, for the case of dependent observations. Model accuracy is measured using a distribu-
tional analog of mean square error, in which the approximation error associated with a given
model, say model 7, for a given interval, is measured by the expected squared difference between
the conditional confidence interval under model ¢ and the ”true” one.

When comparing more than two models, a “benchmark” model is specified, and the test is
constructed along the lines of the “reality check” of White (2000). Valid asymptotic critical
values are obtained via a version of the block bootstrap which properly captures the effect
of parameter estimation error. The results of a small Monte Carlo experiment indicate that
the test does not have unreasonable finite sample properties, given small samples of 60 and
120 observations, although the results do suggest that larger samples should likely be used in
empirical applications of the test.
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1 Introduction

There are several instances in which merely having a “good” model for the conditional mean and /or
variance may not be adequate for the task at hand. For example, financial risk management involves
tracking the entire distribution of a portfolio, or measuring certain distributional aspects, such as
value at risk (see e.g. Duffie and Pan (1997)). In such cases, models of conditional mean and/or
variance may not be satisfactory for the task at hand.

A very small subset of important contributions that go beyond the examination of models
of conditional mean and/or variance include papers which: assess the correctness of conditional
interval predictions (see e.g. Christoffersen (1998)); assess volatility predictability by comparing
unconditional and conditional interval forecasts (see e.g. Christoffersen and Diebold (2000)); and

I Needless to say, correct

assess conditional quantiles (see e.g. Giacomini and Komunjer (2003)).
specification of the conditional distribution implies correct specification of all conditional aspects
of the model. Perhaps in part for this reason, there has been growing interest in recent years
in providing tests for the correct specification of conditional distributions. One contribution in
this direction is the conditional Kolmogorov (CK) test of Andrews (1997), which is based on the
comparison of the empirical joint distribution of y; and X; with the product of a given distribution
of y;|X; and the empirical CDF of X;. Other contributions in this direction include, for example,
Zheng (2000), who suggests a nonparametric test based on a first-order, linear, expansion of the
Kullback Leibler Information Criterion (KLIC), Altissimo and Mele (2002) and Li and Tkacz (2004),
who propose a test based on the comparison of a nonparametric kernel estimate of the conditional
density with the density implied under the null hypothesis.? Following a different route based on
use of the probability integral transform, Diebold, Gunther and Tay (1998) suggest a simple and
effective means by which predictive densities can be evaluated (see also Bai (2003), Diebold, Hahn
and Tay (1999), Hong (2001) and Hong and Li (2005)).

All of the papers cited in the preceding paragraph consider a null hypothesis of correct dynamic

specification of the conditional distribution or of a given conditional confidence interval.? However,

!Prediction confidence intervals are also discussed in Granger, White and Kamstra (1989), Chatfield (1993),

Diebold, Tay and Wallis (1998), Clements and Taylor (2001), and the references cited therein.
Whang (2000,2001) proposes a CK type test for the correct specification of the conditional mean.
30ne exception is the approach taken by Corradi and Swanson (2005a), who consider testing the null of correct

specification of the conditional distribution for a given information set, thus allowing for dynamic misspecification



a reasonable assumption in the context of model selection may instead be that all models are
approximations of the truth, and hence all models are likely misspecified. Along these lines, it
is our objective in this paper to provide a test that allows for the joint comparison of multiple
misspecified conditional interval models, for the case of dependent observations.

Assume that the object of interest is a conditional interval model for a scalar random vari-
able, Y}, given a (possibly vector valued) conditioning set, Z¢, where Z! contains lags of Y; and/or
other variables. In particular, given a group of (possibly) misspecified conditional interval mod-
els, say (Fl(ﬂ\Zt,H}L) - Fl(g|Zt,9D, ...,Fm(ﬂ\Zt,Hjﬂ) - Fm(@\Zt,H,TnD , assume that the objective
is to compare these models in terms of their closeness to the true conditional interval model,
Fo(u|Zt,00) — Fo(u|Zt,0p) = Pr(u < Y; < wlZY). If m > 2, we follow White (2000). Namely, we
choose a particular model as the “benchmark” and test the null hypothesis that no competing
model can provide a more accurate approximation of the “true” model, against the alternative
that at least one competitor outperforms the benchmark. Needless to say, pairwise comparison
of alternative models, in which no benchmark need be specified, follows as a special case. In our
context, accuracy is measured using a distributional analog of mean square error. More precisely,
the squared (approximation) error associated with model 7, ¢ = 1,...,m, is measured in terms
of B ((m(mzt,ej) - Fi(@\zt,ej)) - (Fo(ayzt,eg) - Fo(g]Zt,6$)>>2, where u,@ € U, and U is a
possibly unbounded set on the real line.

It should be pointed out that one well known measure of distributional accuracy is the Kullback-
Leibler Information Criterion (KLIC), in the sense that the “most accurate” model can be shown
to be that which minimizes the KLIC (see Section 2 for a more detailed discussion). For the
iid case, Vuong (1989) suggests a likelihood ratio test for choosing the conditional density model
which is closest to the “true” conditional density, in terms of the KLIC. Additionally, Giacomini
(2002) suggests a weighted version of the Vuong likelihood ratio test for the case of dependent
observations, while Kitamura (2002) employs a KLIC based approach to select among misspecified
conditional models that satisfy given moment conditions.* Furthermore, the KLIC approach has
been recently employed for the evaluation of dynamic stochastic general equilibrium models (see

e.g. Schorfheide (2000), Fernandez-Villaverde and Rubio-Ramirez (2004), and Chang, Gomes and

under both hypotheses.
“Of note is that White (1982) shows that quasi maximum likelihood estimators (QMLEs) minimize the KLIC,

under mild conditions.



Schorfheide (2002)). For example, Fernandez-Villaverde and Rubio-Ramirez (2001) show that the
KLIC-best model is also the model with the highest posterior probability. However, as we outline
in the next section, problems concerning the comparison of conditional confidence intervals may
be difficult to address using the KLIC, but can be handled quite easily using our generalized mean
square measure of accuracy.

The rest of the paper is organized as follows. Section 2 states the hypothesis of interest and
describes the test statistic which will be examined in the sequel. In Section 3.1, it is shown that the
limiting distribution of the statistic (properly recentered) is a functional of a zero mean Gaussian
process, with a covariance kernel that reflects both the contribution of parameter estimation error
and the effect of (dynamic) misspecification. Section 3.2 discusses the construction of asymptotically
valid critical values. This is done via an extension of White’s (2000) bootstrap approach to the
case of non-vanishing parameter estimation error. The results of a small Monte Carlo experiment
are collected in Section 4, and concluding remarks are given in Section 5. Proofs of results stated
in the text are given in the Appendix.

Hereafter, P* denotes the probability law governing the resampled series, conditional on the
sample, E* and Var* are the mean and variance operators associated with P*, 0};(1) Pr —P denotes
a term converging to zero in P*—probability, conditional on the sample, and for all samples except
a subset with probability measure approaching zero, and O} (1) Pr—P denotes a term which is
bounded in P*—probability, conditional on the sample, and for all samples except a subset with
probability measure approaching zero. Analogously, O, s+(1) and 04.5+(1) denote terms that are
almost surely bounded and terms that approach zero almost surely, according the the probability

law P*, and conditional on the sample.

2 Set-Up and Test Statistics

Our objective is to select amongst alternative conditional confidence interval models by using
parametric conditional distributions for a scalar random variable, Y;, given Z*, where

Zt = (Y1, o, Yiesy, Xty ooy Xy—gy11) With s1, 59 finite. Note that although we assume s; and s9
to be finite, we do not require (Y;, X;) to be Markovian. In fact, Z* might not contain the entire
(relevant) history, and all models may be dynamically misspecified.

Define the group of conditional interval models from which one is to make a selection as



<F1 (u|Zt, 91[) - Fl(g|Zt,9D, ey P (u| 22, GI,L) — Fp(ulZt, 9%)) , and define the true conditional in-
terval as

Fo(@|Zt,00) — Fo(u|Z",00) = Pr(u <Y; <ulZ").

Hereafter, assume that 9} € 0©;, where ©; is a compact set in a finite dimensional Euclidean
space, and let 0} be the probability limit of a quasi maximum likelihood estimator (QMLE) of the
parameters of the conditional distribution under model 7. If model 7 is correctly specified, then
9;[ = f#p. As mentioned in the introduction, accuracy is measured in terms of a distributional analog

of mean square error. In particular, we say that model 1 is more accurate than model 2, if
2
B (((ritalz o) - Rz 0)) - (Ru(@iz' o) - Foul260) )
2
< b (((Ra(z.0)) - Faul2",6)) - (Fo(alz',00) - Fotwl2',00)) )

This measure defines a norm and implies a standard goodness of fit measure.

As mentioned above, a very well known measure of distributional accuracy which is already
available in the literature is the KLIC (see e.g. White (1982), Vuong (1989), Giacomini (2002), and
Kitamura (2002)), according to which we should choose Model 1 over Model 2 if

E(log f1(Y,| 2", 61) — log fo(Y;|Z¢,65)) > 0.

The KLIC is a sensible measure of accuracy, as it chooses the model which on average gives
higher probability to events which have actually occurred. Also, it leads to simple likelihood ratio
type tests. Interestingly, Fernandez-Villaverde and Rubio-Ramirez (2004) have shown that the best
model under the KLIC is also the model with the highest posterior probability. However, if we are
interested in measuring accuracy for a given conditional confidence interval, this cannot be easily
done using the KLIC. For example, if we want to evaluate the accuracy of different models for
approximating the probability that the rate of inflation tomorrow, given the rate of inflation today,
will be between 0.5% and 1.5%, say, this cannot be done in a straightforward manner using the
KLIC. On the other hand, our approach gives an easy way of addressing question of this type. In
this sense, we believe that our approach provides a reasonable alternative to the KLIC.

In the sequel, model 1 is taken as the benchmark model, and the objective is to test whether

some competitor model can provide a more accurate approximation of Fy(u/|-,0y) — Fo(u|-, 0y) than



the benchmark. The null and the alternative hypotheses are:

t pf t pf t t 2
Hy : kgaXmE (((Fl(u|Z ,01) — Fi(ulZ°,607)) — (Fo(u|Z", 60) — Fo(ulZ ’90)))
2
_ ((Fk(mzt,a;) — Fy(u|2",0})) — (Fo(al 2, 60) — Fo(g|Zt,00))> ) <0.

versus

2
Hy: max B (((Fl(u]Zt, 07) — Fi(ulZ',0])) — (Fo(a|Z*, 60) — Fo(ulZ", 90)))

~ ((Ru@z',0}) - Fuwlz',0])) - (Fo(a| 2", 6) - FO(“|Zt’9°)))2> >0

Alternatively, if interest focuses on testing the null of equal accuracy of two conditional confidence

interval models, say model 1 and 2, we can simply state the hypotheses as:
Hy, : E <<(F1(U\Zt,91) — Fi(ulZ',0})) — (Fo(a|Z",60) - Fo(u\Ztﬁo)))Q)
= 5 (((ra(alz' 0}) - Fal2",60) - (Fufalz',00) - Fo(wiZ', )
VEersus
iy (@20 - Rz 0) - (Rl 00 - Fo(wl2'00)) )
# B <<(F2(U|Zta9£) — By(u|Z*,08)) — (Fo(a| 2, 60) — Fo(u|Zt,90))>2>

Needless to say, if the benchmark model is correctly specified, we do not reject the null. Related
tests that instead focus on dynamic correct specification of a conditional interval models (as opposed
to allowing for misspecification under both hypotheses, as is done with all of our tests) are discussed
in Christoffersen (1998).

If the objective is to test for the correct specification of a single conditional interval model, say

model 1, for a given information set, then we can define the hypotheses as:

H :Pr(u<Y,<ulZ') = Fl(ﬁ\Zt,G]lL) — Fl(g|Zt,9]1L) a.s. for some 01 €0
versus®

H'} : the negation of H.

°In the definition of HY, 61 should be replaced by 6y, if Z* is meant as the information set including all the relevant

history.



Tests of this sort that consider the correct specification of the conditional distribution for given
information set (i.e. conditional distribution tests that allow for the possibility of dynamic mis-
specification under both hypotheses) are discussed in Corradi and Swanson (2005a).

In order to test Hy versus H 4, form the following statistic:

ZT: max ZT(l,kJ), (1)
k=2,...m

where

Zp(l,k) = \% ZT: ((1{u <Y <u} - (Fl(ﬂ\Zt751,T) - Fl(u\ZtﬁLT)»Q
<

=
IN
S|

- (A@20) - A 5ir)))’) )
with s = max{s1, s2},

T
~ 1 .
;7 = arg max o tgs In fi(Y{|Z2",6;), i=1,....m, (3)
and

92 = arg max E(n fi(Y;|2%,6;)), i =1,...,m,
i €0;

where f;(Y;|Z!,0;) is the conditional density under model i. As f;(:]-) does not in general coincide
with the true conditional density, @T is the QMLE, and 6?3 # 0py,in general. More broadly speak-
ing, the results discussed below hold for any estimator for which vT' (@T — 93) is asymptotically
normal. This is the case for several extremum estimators, for example, such as (nonlinear) least
squares, (Q)MLE, etc. However, it is not advisable to use overidentified GMM estimators because
VT (@T — 92) is not asymptotically normal, in general, when model ¢ is not correctly specified
(see e.g. Hall and Inoue (2003)). Needless to say, if interest focuses on testing H|, versus Hy, one
should use the statistic Zp(1,2), and if interest focuses on testing H{ versus H'{, the appropriate
test statistic is:

1 a t 7 t t
sup Zp(v) = i ; (1{@ <Y, <) - (Fl(mz 017) — Fi(ulZ ,el,T))) HZzt <o},  (4)

which is a special case of the statistic considered in Theorem 2 of Corradi and Swanson (2005a),
in the context of testing for the correct specification of the “entire” conditional distribution, for a

given information set. The limiting distribution of (4), and the construction of valid critical values



via the bootstrap follow from Theorem 2 and Theorem 4 in Corradi and Swanson (2005a), who
also provide some Monte Carlo evidence. Discussion of the test statistic in (4) in relation with
the existing literature on testing for the correct conditional distribution is given in the paper just
mentioned.

The intuition behind equation (2) is very simple. First, note that F(1{u < Y; < u}|Zt) =
Pr(u <Y, <7 < u|Z') = Fy(@|Zt, 00)— Fo(u|Z*, 0p). Thus, 1{u < Y; < ﬂ}—(Fi(mZt, of) — m(mzt,ej))
can be interpreted as an “error” term associated with computation of the conditional expectation,

under F;. Now, write the statistic in equation (2) as:

Jlf ZT: (((1{u <Y, <a} - (Fl(mztﬁlj) — F(u|Z', 511)))2 . ,ﬁ)

- ((1{’u <Y <uj - <Fk(ﬂ’Zt,§k,T) - Fk(Q|Zt7§k,T)>>2 - Mi)) + T\fTS(M% — ), (5)

2
where ,ujz =F <(1{u <Y <u}-— <Fj(ﬂ\Zt,9;-) - Fj(y|Zt,9})>> ) , j=1,...,m. In the appendix,
it is shown that the first term in equation (5) weakly converges to a gaussian process. Also, for

j=1,...,m:

i = B((usvi<m - (pwz.e) - Huz.6)))’)
= E((H{u<Y: <u} - (Fo(ulZ',60) — Fo(ulZ*,60)))
~ ((Fy(@l2",0}) — Fy(u|2,0)) — (Fo(@l 2", 00) - Fo(u!Ztﬁo))»2
= E((H{u<Y,<u}— (Fo(ulZ',00) — Fo(ulZ',60)))?)
w8 (B2, 0)) - F(wl2.0)) - (Rll2",00) - Fo(ul2',00))) )
given that the expectation of the cross product is zero (which follows because 1{u < Y; < @} —

(Fo(u|Zt,60) — Fo(ulZ*,6p)) is uncorrelated with any measurable function of Z*). Therefore,
2
Wi-ui = E ((<F1<u|zt, 0}) - Fi(ul2',6})) — (Fo(@lZ", 60) — FolulZ",60)) ) )
2
- (P2, 6)) = Fu(wlZ'.6) = (Rl 2'.00) ~ Foul260))) ). ()

Before outlining the asymptotic properties of the statistic in equation (1) two comments are
worth making.

First, following the reality check approach of White (2000), the problem of testing multiple
hypotheses has been reduced to a single test by applying the (single valued) max function to



multiple hypotheses. This approach has the advantage that it avoids sequential testing bias and
also captures the correlation across the various models. On the other hand, if we reject the null,
we can conclude that there is at least one model that outperforms the benchmark, but we do not
have available to us a complete picture concerning which model(s) contribute to the rejection of
the null. Of course, some information can be obtained by looking at the distributional analog of
mean square error associated with the various models, and forming a crude ranking of the models,
although the usual cautions associated with using a MSE type measure to rank models should
be taken. Alternatively, our approach can be complemented by a multiple comparison approach,
such as the false discovery rate (FDR) approach of Benjamini and Hochberg (1995), which allows
one to select among alternative groups of models, in the sense that one can assess which group(s)
contribute to the rejection of the null. The FDR approach has the objective of controlling the
expected number of false rejections and in practice one computes p-values associated with the m
hypotheses and orders these p-values in increasing fashion, say P, < ... < P; < .... < P,. Then, all
hypotheses characterized by P; < (1—(i—1)/m)« are rejected, where « is a given significance level.
Such an approach, though less conservative than Hochberg’s (1988) approach, is still conservative
as it provides bounds on p-values. Overall, we think that a sound practical strategy could be to first
implement our reality check type tests. These tests can then be complemented by using a multiple
comparison approach, yielding a better overall understanding concerning which model(s) contribute
to the rejection of the null, if it is indeed rejected. If the null is not rejected, then we simply choose
the benchmark model. Nevertheless, even in this case, it may not hurt to see whether some of the
individual hypotheses in the joint null are rejected via a multiple test comparison approach.
Second, it perhaps worth pointing out that simulation based versions of the tests discussed here
are given in Corradi and Swanson (2005b), in the context of the evaluation of dynamic stochastic

general equilibrium models.

3 Asymptotic Results

The results stated below require the following assumption.
Assumption A: (i) (Y;, X;) is a strictly stationary and absolutely regular S—mixing process

with size —4, for i = 1,...,m; (ii) Fj(u|Z%,6;) is continuously differentiable on the interior of ©;,



where ©; is a compact set in RP¢, and V@iFi(u|Zt,9D is 2r-dominated on ©;, for all w, r > 2;6
(iii) 93 is uniquely identified (i.e. E(In fi(Y}|Zt,9;-r)) > E(In f;(Y;|Z%,6;)), for any 0; # 93), where
fi is the density associated with Fj; (iv) f; is twice continuously differentiable on the interior
of ©;, and Vy, In f;(Y;|Z",0;) and Vj In f;(Y;|Z",6;) are 2r—dominated on ©;, with r > 2; (v)
E (—Vgi In f;(Y;]| Z¢, 91)) is positive definite, uniformly on ©;, and limy_, o, Var (ﬁ EtT:S Vo, In fi(Y3| 21, 93))

is positive definite; and (vi) let

T—o00

BT v 1 d _ — 17t ot t pf 2
ver = lim ar<ﬁ;<(1{usn§u}—(Fl(u\Z,al)—Fl(mZ,el)))

- (1tu s <w - (R@z.0) - Az o)) )).

for k = 2,...,m. Define analogous covariance terms, vji, j,k = 2,...,m, and assume that COV =
[vji] is positive semi-positive definite.

Recalling that Z¢ = (Y;_1, ..., Yi—s,, Xt, ..o, X4—s,+1), AL(i) ensures that Z! is strictly stationary
mixing with size —4. Note that A(vi) requires at least one of the competing models to be neither
nested in nor nesting the benchmark model. The nonnestedness of at least one competitor ensures
that the long-run covariance matrix is positive definite even in the absence of parameter estimation
error. However assumption A(vi) can be relaxed, in which case the limiting distribution of the
test statistic takes exactly the same form as given in Theorem 1 below, except that the covariance

kernel contains only terms which reflect parameter estimation error.”

3.1 Limiting Distributions

Theorem 1: Let Assumption A hold. Then:

Zr(1,k) = VT (i3 — u}) ) 4
23, (Zr00R) = VT (1)) = o, Z1e

SWe say that Vo, F(u|Z*,6;) is 2r—dominated on ©; uniformly in u, if its k" —element, k = 1,...p;, is such that
|V9iFi(u|Zt,9i)|k < D¢(u), and sup,cp E(|D¢(u)|*") < oo. For more details on domination conditions, see Gallant

and White (1988, pp. 33).
"Note that in White (2000), the nonnestedness of at least one competitor is a necessary condition, given that in his

context parameter estimation error vanishes asymptotically, while in the present context it does not. More precisely,
White (2000) considers out of sample comparison, using the first R observations for model estimation and the last P
observations for model validation, where T'= P 4+ R. Parameter estimation error vanishes in his setup either because

P/R — 0 or because the same loss function is used for estimation and model validation.



where Z; 1 is a zero mean Gaussian process with covariance cpy, = Vi + Prk + PCri, Uik denotes
the component of the long-run covariance matrix that would obtain in the absence of parameter
estimation error, pyr denotes the contribution of parameter estimation error, and pcg, denotes the

covariance across the two components. In particular:8

v, = FE i (((1{u <Y;<u}-— (Fl(H]ZS,HI) — Fl(g\ZS,HJ{)»Q — ,u%)

j=—o0

(1= Yoy <3 = (R(@Z7.0]) - Fitulz6D) ) - ) ) (7

+E i <<(1{U <Y, <u}-— (Fk(ﬂ|Z5’9;2) _ Fk(@|2870}£)>)2 B Mi)

j==o0

<(1{u < Yooy <) — (Fel@ 29, 6)) ~ Fi(u|2*,6}))) - "%>> )

—2F i (((Hu <Y, <u}— (F1(U|ZS,9D _ FI(Q|ZS,9D>)2 B M%>

j=—o0

(1 = Yo < - (Ruelz,0) - Rutuiz,0))) -2 ) )

pkk:4m91'A(9J{)E " Ve, In fi(Y,1Z°,00)Vy, In 1Y, ;|2 6]) A(ebmgI (10)

j==o0

+4m,9};A(92)E Z vok In fk(Ys’287 HL)VG;C In fk(Y5+j‘Zs+j, QL), A(Hz)m

j=—00

—smy AGDE | 32 Vo A(Y,12°0) Vg n filY |27 00 | ADm,  (12)

j=—00

8Note that the recentered statistic is actually

max (ZT(l,k) _ T\/‘; (12 - uz)) .

k=2,...,m

However, for notational simplicity, and given that the two are asymptotically equivalent, we “approximate” 7:/%5 with

VT, both in the text and in the Appendix.
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pewe = —4my AGDE | Y7 Vo, Infi(Y | 2°.6})

j=—00

(= vy < = (Rize.6) - Fiwlzt6) ) -t ) )

o AGDE | 3 Voln fi(Y,|2°,6))

(= vy <w = (maaz 0 - Rz o)) = 42)) (9

\

s 4 , 2
~amly AGE | Y Vo, I fu(Y,12°,6)) ((1{u < Yoy <} — (Fu(@lz*,6}) - F(wl2*7,6}))) - ui)
j=—00 /
(14)

with® myy’ = E (V@i (E(ayzt, 0}y — Fi(al 2, 9})) (1@ <Y, <u) - (Fi(mzt, of) — Fi(al 2, 9}))))
’ -1

and A(@j) = <E (—ln Vgifi(yt\Zt,GID)

As an immediate corollary, note the following.

Corollary 2: Let Assumptions A(i)-A(v) hold, and suppose A(vi) is violated. Then:

Jax (ZT(L k) — VT (13 (u) — ui(U))) 4 max Z ks

where ZLk is a zero mean normal random variable with covariance equal to pg, as defined in
equations (10)-(12) above.

From Theorem 1 and Corollary 2, it follows that when all competing models provide an ap-
proximation to the true conditional interval model that is as (mean square) accurate as that pro-
vided by the benchmark (i.e. when p? — pf = 0,Vk), then the limiting distribution corresponds
to the maximum of an m — 1 dimensional zero-mean normal random vector, with a covariance
kernel that reflects both the contribution of parameter estimation error and the dependent struc-
ture of the data. Additionally, when all competitor models are worse than the benchmark, the
statistic diverges to minus infinity, at rate v/7T. Finally, when only some competitor models are
worse than the benchmark, the limiting distribution provides a conservative test, as Zp will always
be smaller than maxg—s <ZT(1, k) — T (,u% - ,u%)), asymptotically, and therefore the critical
values of maxg—s <ZT(1, k) — T (,u% — M%)) provide upper bounds for the critical values of

9Note that m,+ depends on chose interval (u,w). Hovever, for notational simplicity we omit such dependence.

11



maxg—2 . m Z7(1, k). Of course, when H4 holds, the statistic diverges to plus infinity at rate VT.
It is well known that the maximum of a normal random vector is not a normal random variable, and
hence critical values cannot immediately be tabulated. In a related paper, White (2000) suggests
obtaining critical values either via Monte Carlo simulation or via use of the bootstrap. Here, we
focus on use of the bootstrap, although White’s results do not apply in our case, as contribution
of parameter estimation error does not vanish in our setup, and hence must be properly taken into
account when forming critical values. Before turning our attention to the bootstrap, however, we
briefly outline an out-of-sample version of our test statistic.

Thus far, we have compared conditional interval models via a distributional generalization of
in-sample mean square error. Needless to say, an out-of-sample version of the statistic may also
be constructed. Let T' = R + P, let é\i,t t = 1,...,m be a recursive estimator computed using
t=R,R+1,..,R+ P —1 observations, and let Z! = (Y, Yisy, Xty ooy Xi—sy). A 1-step ahead
out-of-sample version of the statistic in equations (1) and (2) is given by:

OZp = max OZp(l,k),

k=2,...m

where

0Zp(1,k) = <(1{u < Yip <} - (Fl(ﬂ\Ztﬁu) - Fl(u!ZtﬁM))Q

- (Ha < Yir <) = (A2 5u) - A2 600)) ).

Now, Theorem 1 and Corollary 2 still apply (Corollary 2 requires P/R — m > 0), although the
covariance matrices will be slightly different. However, Theorem 3 (see below) no longer applies, as
the block bootstrap is no longer valid, and is indeed characterized by a bias term whose sign varies
across samples. This is because of the use of recursive estimation. This issue is studied in Corradi

and Swanson (2004), who propose a proper recentering of the quasi likelihood function.'?

3.2 Bootstrap Critical Values

In this subsection we outline how to obtain valid critical values for the asymptotic distribution of

maxg—2 ..m <ZT(1, k) — VT (,u% — u%)) , via use of a version of the block bootstrap that properly

0Corradi and Swanson (2004) study the case of rolling estimators.
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captures the contribution of parameter estimation error to the covariance kernel associated with
the limiting distribution of the test statistic.!!

In order to show the first order validity of the bootstrap, we shall obtain the limiting distribution
of the bootstrap statistic and show that it coincides with the limiting distribution given in Theorem
1. As all candidate models are potentially misspecified under both hypotheses, the parametric
bootstrap is not generally applicable in our context. In fact, if observations are resampled from one
of the candidate models, then we cannot ensure that the resampled statistic has the appropriate
limiting distribution. Our approach is thus to establish the first order validity of the block bootstrap
in the presence of parameter estimation error, by drawing in part upon results of Goncalves and
White (2002, 2004).'2

Assume that bootstrap samples are formed as follows. Let W; = (Y, Z!). Draw b overlap-
ping blocks of length [ from Wi, ..., Wr, where s = max{sy,sa2}, so that bl = T — s. Thus,
W Wi s Wy gy, Wrisequal to Wy, oo, Wryty oo, Wiy g1, o, Wiy, where I i = 1,00
are identically and independently distributed discrete uniform random variates on s —1,s, ..., T —1.
It follows that, conditional on the sample, the pseudo time series W;*, t = s,...,T, consists of b
independent and identically distributed blocks of length I.

Now, consider the bootstrap analog of Zp. Define the block bootstrap QMLE as,

T
0¥ 1 *| 7% .
i = arg oo 7 ) I fiV127,00), i = 1,m,

"1n principle, we could have obtained an estimator for C = [cx;], as defined in the statement of Theorem 1, which
takes into account the contribution of parameter estimation error, call it C. Then, we could draw N m — 1-dimensional
standard normal random vectors, say n*), i = 1,...,N , and for each i : form C'/?1¥), take the maximum of the
m — 1 elements, and finally compute the empirical distribution of the N maxima. However, as pointed out by White

(2000), when the sample size is moderate and the number of models is large, C is a rather poor estimator for C.
12Goncalves and White (2002,2004) consider the more general case of heterogeneous and near epoch dependent

observations.
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and define the bootstrap statistic as'®:

Zr = max Zp(l,k),

k=2,...m

where
1 & ~ . 2
Zra(Lk) = <= ( (Hu< v <@} - (R@Zz", 0 ) - Az, 0 ))
t o t o 2
(1{u <Y <u} - <F1(WZ ,O017) — Fi(u|Z ,91,T))> )
* *t Pk *t Pk 2
~((e=ve <m - (A@Z"00) - Az 50))
- —| 7t 7 t o 2
- (Hu<vi <@} - (B@Z", Ber) - FewlZ',80))) ) )
Theorem 3: Let Assumption A hold. If [ — oo and l/Tl/2 — 0, as T — oo, then,

P <w : sup
veR

P < max Zp(l,k) < v>
k=2,...m

_P< max (ZT(l,k)—\/T(u%—,ui)) Sv)’ >€> — 0,

k=2,...m
where P* denotes the probability law of the resampled series, conditional on the sample, and 2 —u%
is defined as in equation (6).

The above result suggests proceeding in the following manner. For any bootstrap replication,
compute the bootstrap statistic, Z;.. Perform B bootstrap replications (B large) and compute the
quantiles of the empirical distribution of the B bootstrap statistics. Reject Hy if Zr is greater than
the (1 — a)th-quantile. Otherwise, do not reject. Now, for all samples except a set with probability
measure approaching zero, Z7 has the same limiting distribution as the corresponding bootstrap
statistic, when u%—uz = 0, Vk, which is the least favorable case under the null hypothesis. Thus, the
above approach ensures that the test has asymptotic size a. On the other hand, when one or more,

but not all of the competing models are strictly dominated by the benchmark, the above approach

131t should be pointed out that In f;(Y:|Z*,6;) and In fi(Y;*|Z*%,0;) can be replaced by generic functions
mi(Yz, Z%,0;) and m;(Yy", Z**,0;), provided they satisfy assumptions A and A2.1 in Goncalves and White (2004),
and provided E* (ﬁ Zle mi (Y, 2+, Ql)> = 0o(1) Pr —P. Thus, the results for QMLE straightforwardly extend to
generic m—estimators, such as NLS or exactly identified GMM. On the other hand, they do not apply to overidentified
GMM, as E* (% ST ma(Ye, 2 61)) = O(1) Pr —P. In that case, even for first order validity, one has to properly
recenter m; (Y, Z**,6;) (see e.g. Hall and Horowitz (1996), Andrews (2002) or Inoue and Shintani (2004)).
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ensures that the test has asymptotic size between 0 and . When all models are dominated by the
benchmark, the statistic vanishes to minus infinity, so that the rule above implies zero asymptotic
size. Finally, under the alternative, Zp diverges to (plus) infinity, while the corresponding bootstrap
statistic has a well defined limiting distribution. This ensures unit asymptotic power. From the
above discussion, we see that the bootstrap distribution provides correct asymptotic critical values
only for the least favorable case under the null hypothesis; that is, when all competitor models are as
good as the benchmark model. When maxj—s . ., (u% — ui) =0, but (u% — uz) < 0 for some k, then
the bootstrap critical values lead to conservative inference. An alternative to our bootstrap critical
values in this case is to construct critical values using subsampling (see e.g. Politis, Romano and
Wolf (1999), Ch.3). Heuristically, construct 7' — 2bp statistics using subsamples of length by, where
br/T — 0. The empirical distribution of these statistics computed over the various subsamples
properly mimics the distribution of the statistic. Thus, subsampling provides valid critical values
even for the case where maxg_s (/ﬁ — ,ui) = 0, but (u% — ,ui) < 0, for some k. This is the
approach used by Linton, Maasoumi and Whang (2003), for example, in the context of testing for
stochastic dominance. Needless to say, one problem with subsampling is that unless the sample is
very large, the empirical distribution of the subsampled statistics may yield a poor approximation
of the limiting distribution of the statistic.

Hansen (2005) points out that the conservative nature of the reality check of White (2000), leads
to reduced power, and that it should be feasible to improve the power and reduce the sensitivity
of the reality check test to poor and irrelevant alternatives via use of the modified reality check
test outlined in his paper. Given the similarity between the approach taken in our paper, and that
taken by White (2000), it may also be possible to improve our test performance using the approach

of Hansen (2005) to modify our test.

4 Monte Carlo Findings

The experimental setup used in this section is as follows. We begin by generating (¢, yt—1, w, T¢, qt)’

as,
Yt
Yt—1
T ~ St (0,%,v)
Wt
qt
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where St (0,3, v) denotes a Student’s ¢ distribution with mean zero, variance 3, and v degrees of

freedom; with

of o2 0 0 0

o2 op 0 0 0

=] 0 0 o% 0 0
0 0 0 ofF O

0 0 0 0 o3

The DGP of interest is assumed to be (see e.g. Spanos (1999))

2
v i
Ytlyr—1 ~ St (ayt—l, ( (1 + t21> G 0504)> ;U> : (15)
v—1 o;
g12

where o = 2, 80 that the conditional mean is a linear function of y;_1 and the conditional variance

is a linear function of y2 ;.

In our experiments, we impose misspecification upon all estimated models by assuming nor-
mality (i.e. we assume that Fj, i = 1,...,m, is the normal CDF). Our objective is to ascertain
whether a given benchmark model is “better”, in the sense of having lower squared approximation
error, than two given alternative models. Thus, m = 3. Level and power experiments are defined
by adjusting the conditioning information sets used to estimate (via QMLE) the parameters of
each conditional model, and subsequently to form Fi(u\Zt,é\LT), Fl-(u]Z*t,Ai*’T), Zrp, and Z7. In
all experiments, values of @ = {0.4,0.6,0.8,0.9} are used, samples of 7' = 60 and 120 are tried,
v=">5,0% =1, and 0% = o3 = ‘7(2;) = {0.1,1.0,10.0}. Throughout, the conditional confidence
interval version of the test is constructed, and the upper and lower bounds of the interval are fixed
at puy + ~voy and puy — oy, respectively, where py and oy are the mean and variance of y;, and
where v = 1/2.14 Additionally, 5% and 10% nominal level bootstrap critical values are constructed
using 100 bootstrap replications, block lengths of [ = {2,3,5,6} are tried, and all reported rejec-
tion frequencies are based on 5000 Monte Carlo simulations.!® Given Z! = (y;_1, ¢, wy, ), the
experiments reported on are organized as follows:

Empirical Level Experiments: In these experiments, we define the conditioning variable sets as
follows: For the benchmark model (F), use Z! = (y;_1, z;), where Z! is a proper subset of Z¢. For

the two alternative models (Fy and F3) we set 7t = (yt—1,wy) and 7t = (Yt—1, qt), respectively.

1Pindings corresponding to v = {%7 é} are very similar and are available from the authors upon request.
' Additional results for cases where z = {1,1}, I = {10,12}, and where critical values are constructed using 250

bootstrap replications are available upon request, and yield qualitatively similar results to those reported in Tables

1-2.
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In this case, the estimated coefficients associated with z;,w; and ¢; have probability limits equal
to zero, as none of these variables enters into the true conditional mean function. In addition, all
models are misspecified, as conditional normality is assumed throughout. Therefore, the benchmark
and the two competitors are equally misspecified. Finally, the limiting distribution of the test
statistic in this case is driven by parameter estimation error, as assumption A(vi) does not hold
(see Corollary 2 for this case).

Empirical Power Experiments: In these experiments, we set the conditioning variable sets as
follows: For the benchmark model (F}), Z! = (w;). For the two alternative models (F; and Fj)
we set Z! = (y;—1) and Z' = (q), respectively. In this manner, it is ensured that the first of the
two alternative models has smaller squared approximation error than the benchmark model. In
fact, all three models are incorrect for both the marginal distribution (normal instead of Student-t)
and for the conditional variance, which is set equal to the unconditional value, instead of being
a linear function of y? ;. However, one of the competitors, model 2, is correctly specified for the
conditional mean, while the other two are not. Therefore, model 2 is characterized by a smaller
squared approximation error.

Our findings are summarized in Table 1 (empirical level experiments) and Table 2 (empirical
power experiments). In these tables, the first column reports the value of o used in a particular
experiment, while the remaining entries are rejection frequencies of the null hypothesis that the
benchmark model is not outperformed by any of the alternative models. A number of conclusions
emerge upon inspection of the tables. Turning first to the empirical level results given in Table 1,
note, for example, that empirical level varies from values grossly above nominal levels (when block
lengths and values of « are large), to values below or close to nominal levels (when values of « are
smaller). However, note that it is often the case that moving from 60 to 120 observations results in
rejection frequencies being closer to the nominal level of the test, as expected (with the exception
that the test becomes even more conservative when [ is 5 or 6, in many cases). Notice also that when
a = 0.4 (low persistence) a block length of 2 usually suffices to capture the dependence structure
of the series, while for « = 0.9 (high persistence) a larger block length is necessary. Finally, it
is worth noting that, overall, the empirical rejection frequencies are not too distant from nominal
levels, a result which is somewhat surprising given the small sample sizes used in our experiments.
However, the test could clearly be expected to exhibit improved behavior were larger samples of

data used.
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With regard to empirical power (see Table 2), note that rejection frequencies increase as «
increases. This is not surprising, as the contribution of 31 to the conditional mean, which is
neglected by models 1 and 3, becomes more substantial as « increases. Overall, for a > 0.6 and
for a nominal level of 10%, rejection frequencies are above 0.5 in many cases, again suggesting the
need for larger samples.'6

As noted above, rejection frequencies are sensitive to the choice of the blocksize parameter.
This suggests that it should be useful to choose the block length in a data-driven manner. One way
in which this may be accomplished is by use of a 2-step procedure as follows. First, one defines
the optimal rate at which the block length should grow, as the sample grows. This rate usually
depends on what one is interested in (for example, the focus is confidence intervals in our setup
— see chapter 6 in Lahiri (2003) for further details). Second, one computes the optimal blocksize
for a smaller sample via subsampling techniques, as proposed by Hall, Horowitz and Jing (HHJ:
1995), and then obtains the optimal block length for the full sample, using the optimal rate in
the first step.!” However, it is not clear whether application of the HHJ approach leads to an
optimal choice (i.e. to the blocksize which minimizes the appropriate mean squared error, say).
The reason for this is that the theoretical optimal blocksize is obtained by comparing the first
(or second) term of the Edgeworth expansion of the actual and bootstrap statistics. However, in
our case the statistic is not pivotal, as Z7 and Z7 are not scaled by a proper variance estimator,
and consequently we cannot obtain an Edgeworth expansion with a standard normal variate as
the leading term in the expansion. In principle, we could begin by scaling the test statistic by
an autocorrelation and heteroskedasticity robust (HAC) variance estimator, but in such a case the
statistic could no longer be written as a smooth function of the sample mean, and it is not clear
whether data-driven blocksize selection of the variety outlined above would actually be optimal.'8
Although these issues remain unresolved, and are the focus of ongoing research, we nevertheless
suggest using a data driven approach, such as the HHJ approach, with the caveat that the method
should at this stage only be thought of as providing a rough guide for blocksize selection.

5Note that our Monte Carlo findings are not directly comparable with those of Christoffersen (1998), as his null

corresponds to correct dynamic specification of the conditional interval model.
Further data driven methods for computing the blocksize are reported in Lahiri (Ch.6, 2003).
8For higher order properties for statistics studentized with HAC estimators (see e.g. Gotze and Kiinsch (1996) for

the sample mean, and Inoue and Shintani (2004) for linear IV estimators).
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5 Concluding Remarks

We have provided a test that allows for the joint comparison of multiple misspecified conditional
interval models, for the case of dependent observations, and for the case where accuracy is mea-
sured using a distributional analog of mean square error. We also outlined the construction of valid
asymptotic critical values based on a version of the block bootstrap, which properly takes into ac-
count the contribution of parameter estimation error. A small number of Monte Carlo experiments
were also run in order to assess the finite sample properties of the test, and results indicate that
the test does not have unreasonable finite sample properties given very small samples of 60 and 120
observations, although the results do suggest that larger samples should likely be used in empirical

application of the test.
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6 Appendix

Proof of Theorem 1: Recall that

W2=E ((1{u <Y, <u} - (Fi(ﬂ!Zt,GZ) - FZ-(UIZWJ))Y)
_FB ((1{g <Y; <u} - (Fo(alZt,6,) - Fo(y|Zt,90)))2>
LB <<(Fo(u|Zt,90) ~ Fo(ul 2", 00)) — (Fi(u|2".6) - Ff(“’Zt’93)>)2> |

Thus, from (5),

20 = - fj(( <Y <w - (R@Z00) - Fw2'5))) - )

VT
<< <Y <u}— (Fk(mzt,gk,T) - Fk(M|Zt7§k,T)>)2 - Mi)) + T\f_TS(M% - pi)
_ \}Ti (((mg Y, <) — (Fl(u\Zt o}) — Fy(u| 2, 9*))) — 2 )
(=¥ <0 - (A2 o)) - Az ) -t ) )

T
2 _ _
-7 ;vel (Fi(@| 2,0, 7) — Fi(u|Z",017))
«(Hu<vi<m - (R@EZ.0) - Fwz'6)) VT (6 - 6])

T
2 _ _
to Z Vo, (Fi(@ 2!, 0,r) — Fe(u| 2. 8)7))

t=s

« (Hu<vi <) - (Fu@lz",6)) - R 2',6))) VT (Ber - 6})

7 (1T — pz) + op(1),

where 0; 1 € ((9Z T, 91) Note that, given Assumption A(i) and A(iii), for i = 1, ..., m,

T
0ot — Aot L AR
VT (80 - 6) A(mﬁ;veimmmz,ez)+0p<1>7
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where A(Bg) = (E <—V3i filye| 21, 02)))71. Thus, Z7(1,k) converges in distribution to a normal
random variable with variance equal to cgi. The statement in Theorem 1 then follows as a straight-
forward application of the Cramer Wold device and the continuous mapping theorem.

Proof of Corollary 2: Immediate from the proof of Theorem 1.

Proof of Theorem 3: In the sequel, P*, E*, and Var* denote the probability law of the resampled
series, conditional on the sample, the expectation, and the variance operators associated with P*,
respectively. With the notation op«(1) Pr—P, and Op+(1) Pr—P, we mean a term approaching
zero in P*—probability and a term bounded in P*—probability, conditional on the sample and for
all samples except a set with probability measure approaching zero, respectively. Write Z:*nu(l, k)

as
1 T
Zru(Lk) = NG > (((1{2 <Y <uj— (Fl(mZ*t,@D - Fl(Q|Z*t,9D))
t=s
— o -~ 2
Vo, (R(@2",0,0) - Fi(l2",8, 7)) (010 —01))
~({u<vi <} - (R@Z",0]) - Fiwz',0))
~Vo, (F1(u|Z",61.1) - F1(Q|Zt,91,T)) 91 T — 9T >
- ((1@ <Y <a) - (Fk(mz*t,eT) Fi(ulZ*,0}) )

Vo, (B2 Ty )~ Bl 2 Fy0)) (10— 01) )
~({u <Y, <@} - (Fu(@Z',0)) - Fu(ul2",6))))

~Ve, (Fi(lZ",0.1) — Fr(u|Z", 01)) (é\k’T a 62))2>)

where ng € (@T, 9;[) , gi,T € (@j, 03) . Now,

vee (g o (B2 ) B ) (50 )
(A%iT ~01) Vi, (R(wl2Bir) - il 2" 5i1)) )

Zve (F(@lz,8,0) - FiwlZ",8;1)) @ Vs, (Fiw*t,e;‘,ﬂ—Fl-<u|z*t,ei,T>)]

xVTvec (GI’T - 9;) (AZT - 9;-[)/

= op+(1),Pr—P, (16)
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as \/T@;T—ej) - \F(ejT—ezT) + \F( ZT—@) = Op+(1) + O(1) = Op+(1) Pr—P, by
Theorem 2.2 in Goncalves and White (GW: 2004), and /T (9;*’T — @T> = Op+(1) Pr—P, as it
converges in P*—distribution, and because the term in square brackets is Op«(1), Pr —P. Thus,

Z5(1,k) can be written as,

3=
M~

-
Il
®

( Hu< ¥y <@) — (R@z 6) - Rz, 6]))’

IN

i< - (RG@lz o) - w2 o))))

N —

™M= =

((1{u <vy <@ - (R@z, o) - Fiwz,0))

S

x Vg, (Fl (@ z*, 91T Fl(mz*t’giT))/\/T(AiT - 01))

N

+% > (Hu<vi<ay - (A2, o) - Fiuz',0))

t=s

XVgl (Fl u]Z 01T Fl(Q|Zt,§17T)>/\/T(§17T — 91[)) (17)

3=
E

~
Il
»

( Hu< vy <w) - (R(@lz™, o) - Fulz”,0)))’

IN

Y; <

N

- (Rz o) - Rz 6)))’)

M| o —

M~ =

(Hu<vy <@} - (R@z,0]) - Fuwlz",6}))

t

x Vg, (Fk (ulz*, ng Fk(E\Z*tﬁZ,T)) ekT )
+

S

+= Z ((1{u <Y, <a) - (Fk(u|Z 0}) — Fi(u| 2t 00) )

<V, (Fy(@ 2", 0p1) — Fr(ul 2!, 1)) \F(e)kT—eT)) “(1) Pr— P

We begin by showing that for ¢ = 1, ..., m, conditional on the sample and for all samples except a
set of probability measure approaching zero:

(a) The term in first two lines in (17) has the same limiting distribution (Pr —P) as:

1 ¢ = = 7t ot t ot 2 2
ﬁ tz: ((1{16 <Y <u}— (F1(u\Z 0]) — Fi(u|Z ,01)>> — M1> )

=S
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(b) The term in the last four lines of (17) has the same limiting distribution (Pr —P) as:
2 o /
RPN (R@\z',0]) - Fa(ulz',0)

x (1@ <Y, <u) - (Fl(mzt, o1) — Fy(ul 2, 91))) VT (él,T - 9}) , Pr—P

We begin by showing (a). Given the block resampling scheme described in Section 3.2, it is

easy to see that,
RS i YY)
F=F (ﬁ;(l{u_n <a}— (F(@2",6]) - Fi(ulZ ﬁﬁ)))

1 & ) ;
= ﬁ;(l{usngu}—(Fl(u|zt,91)—Fl(u|zt,9{))) +o<ﬁ>, Pr—P.

For notational simplicity, just set u = —oo. Needless to say, the same argument applies to any
generic u < u. Recalling that each block, conditional on the sample, is identically and independently

distributed,

Var' <1Ti ((1{Yt* <u} - Fl(uyz*t,9})>2>>
<(1{Yt* <m) - Rz o)) _F>>2 +0 (ZT>

2 —
((W0ies <0 - Bz o) - 7

~—
~
[V}
+
Q
PR
Sy
~——

l

= *E* (Z <<1{Yf§+z’ <uf-— Fl(ﬂ|Z*I”i79D>2 —F)>2 +0 <\/ZT>

=1

_ ;j; ZZI <(1{Yt <) - Fi (a2, 9{))2 . F) ((1{Yt+i <) — Fl(a\Zt+i,9J1r))2 _ F>
o)
= lim Var (\FZ <<1{Yt <u}— F(ulZt, 9*)) )) +0 <\/ZT> Pr—P, (18)

where the last equality follows from Theorem 1 in Andrews (1991), given Assumption A, and given
the growth rate conditions on [. Therefore, given Assumption A, by Theorem 3.5 in Kiinsch (1989),
(a) holds.
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We now need to establish (b). First, note that given the mixing and domination conditions in

Assumption A, from Lemmas 4 and 5 in GW, it follows that,

T
2 * — — | r7¥ — | r7xt ¥
=3 (107 < w) - A@lz*,0))) Vo, (@l 2,0, 1)
t=s
- (H¥i <7} - A@2".60)) Vo, Fi(@l2",011) )

= op(l) Pr—P
Thus, we can write the sum of the last two terms in equation (17) as,
2 & _
=D (17 <} = R@z™,6])) Vo, Fa (]2, 8; 1))
t=s
VT (017 = bir) +0p-(1), Pr—P.

Also, by Theorem 2.2 in GW, there exists an € > 0 such that,

pr (sup [P (VT (Bir i) <o) = P (VT (Rrr - 6]) <2)| > ¢) 0

TERPL

Thus, VT (@\TT — 517T> has the same asymptotic normal distribution as VT (gl,T — 01) , condi-
tional on the sample and for all samples except a set with probability measure approaching zero.

Finally, again by the same argument used in Lemmas A4 and A5 in GW,
1 I
— | 7%t p* * — — | v
=3 (Vo Fa(alz .8, p) (HYy < a} - Fi(ulx;,0])) )
t=s
= meil +op+(1), Pr—P,

where m&j/ =F (VgiFi(ﬂ\Zt,GI) (Yt <u}-— Fi(ﬂ]Zt,H;r))) Needless to say, the corresponding
terms for model k can be treated in the same manner. Thus, Zp(1,k)* has the same limiting
distribution as Zr(1, k), conditional on the sample and for all samples except a set with probability

measure approaching zero.
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Table 1: Empirical Level Experiments: Interval = py + %O‘y

«  Sample Size =

60 Observations
l

Sample Size = 120 Observations

=2 [=3 =5 =6 =2 [=3 [=5 l=6
Panel A: 5% Nominal Level — Exogenous Variate Variance = 0.1
0.4 0.024 0.013 0.014 0.033 0.034 0.021 0.008 0.014
0.6 0.044 0.035 0.042 0.050 0.051 0.033 0.029 0.025
0.8 0.082 0.084 0.126 0.143 0.071 0.076 0.088 0.088
0.9 0.132 0.131 0.198  0.252  0.096 0.114 0.147 0.157

Panel B: 5% Nominal Level — Exogenous Variate Variance = 1.0

0.4 0.066 0.022 0.017 0.005 0.106 0.037 0.009 0.008
0.6 0.131 0.059 0.027 0.009 0.166 0.076 0.021 0.017
0.8 0.174 0.081 0.035 0.028 0.177 0.079 0.024 0.015
0.9 0.154 0.061 0.030 0.032 0.145 0.052 0.023 0.023

Panel C: 5% Nominal Level — Exogenous Variate Variance = 10.0

0.4 0.060 0.023 0.006 0.008 0.136 0.033 0.009 0.007
0.6 0.119 0.066 0.019 0.022 0.182 0.084 0.027 0.016
0.8 0.170 0.085 0.034 0.024 0.183 0.095 0.036 0.018
0.9 0.161 0.073 0.043 0.036 0.153 0.062 0.031 0.020

Panel D: 10% Nominal Level — Exogenous Variate Variance = 0.1

0.4 0.049 0.029 0.029 0.053 0.073 0.047 0.018 0.024
0.6 0.066 0.059 0.059 0.074 0.083 0.060 0.046 0.046
0.8 0.118 0.1056 0.153 0.173  0.094 0.101 0.113 0.104
0.9 0.157 0.159 0.229 0.278 0.110 0.134 0.172 0.179

Panel E: 10% Nominal Level — Exogenous Variate Variance = 1.0

0.4 0.128 0.067 0.046 0.030 0.207 0.106 0.038 0.034
0.6 0.212 0.121 0.069 0.042 0.242 0.149 0.062 0.064
0.8 0.249 0.136 0.085 0.058 0.258 0.142 0.069 0.058
0.9 0235 0.119 0.080 0.071 0.211 0.106 0.057 0.060

Panel F: 10% Nominal Level — Exogenous Variate Variance = 10.0

0.4 0.124 0.070 0.034 0.027  0.218 0.085 0.044 0.042
0.6 0.200 0.146 0.061 0.074 0.245 0.153 0.067 0.057
0.8 0.258 0.145 0.085  0.067  0.259 0.155 0.086 0.051
0.9 0.235 0.131 0.094 0.069 0.213 0.117 0.066 0.042

Notes: Empirical rejection frequencies are reported in the 2nd through 9th columns of entries in the table. The first column
reports the value of «, the autoregressive parameter in the DGP. In all experiments, v = 5, 2 = 1, and O’g( = 0‘2,‘, = o% =
{0.1,1.0,10.0} The upper and lower bounds of the interval are fixed at uy +~oy and py —~yoy, respectively, where v = % The
5% and 10% nominal level bootstrap critical values used in the experiments are constructed using 100 bootstrap replications,
block lengths of | = {2,3,5,6} are tried, and all reported rejection frequencies are based on 5000 Monte Carlo simulations. See
Section 4 for further details.
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Table 2: Empirical Power Experiments: Interval = py + %O‘y

«  Sample Size =

60 Observations
l

Sample Size = 120 Observations

=2 [=3 =5 =6 =2 [=3 [=5 l=6
Panel A: 5% Nominal Level — Exogenous Variate Variance = 0.1
0.4 0.177 0.075 0.037 0.023 0.250 0.142 0.058 0.046
0.6 0.616 0.525 0.453 0.442 0.626 0.516 0.423 0.401
0.8 0.496 0.365 0.217 0.170  0.591 0.441 0.213 0.154
0.9 0.635 0473 0.263 0.227  0.651 0.514 0.309 0.224

Panel B: 5% Nominal Level — Exogenous Variate Variance = 1.0

0.081
0.498
0.395
0.479

0.035
0.420
0.219
0.280

0.038
0.414
0.177
0.206

0.317 0.163 0.050

0.671

0.550

0.421

0.614 0.426 0.230

0.663

0.521

0.298

0.035
0.415
0.148
0.194

Panel C: 5% Nominal Level — Exogenous Variate Variance = 10.0

71
39
71

04 0
0.6 0
0.8 0.
09 0

S UToy =

0.083
0.480
0.398

0.035
0.380
0.208

0.487 0.279

0.028
0.402
0.169
0.238

0.349
0.662
0.608
0.652

0.178
0.530
0.454
0.505

0.053
0.401
0.217
0.290

0.048
0.374
0.162
0.232

- 10% Nominal Level — Exogenous Variate Variance = 0.1

0.169
0.605
0.461
0.541

0.105
0.510
0.327
0.375

0.074
0.501
0.279
0.330

0.345
0.673
0.635
0.687

0.271
0.597
0.527
0.577

0.150
0.495
0.327
0.409

0.132
0.468
0.264
0.338

- 10% Nominal Level — Exogenous Variate Variance = 1.0

0.4 0.272
0.6 0.667
0.8 0.624
0.9 0.6

0.187 0.093
0.574 0.499

0.503
0.565

0.325
0.374

0.090
0.494
0.290
0.312

0.415
0.706
0.656
0.694

0.285
0.616
0.505
0.599

0.143
0.511
0.344
0.395

0.104
0.507
0.260
0.299

Panel F: 10% Nominal Level — Exogenous Variate

Variance = 10.0

4 0.278
.6 0.691
8 0.638
9 0.682

0.171
0.558
0.503
0.591

0.101
0.469
0.345
0.416

0.090
0.472
0.289
0.351

0.437
0.707
0.648
0.699

0.310
0.596
0.540
0.585

0.157
0.490
0.349
0.400

0.121
0.460
0.267
0.329

Notes: See notes to Table 1.
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