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Abstract

We provide results on properties of the IV estimator in the presence of weak instruments, beginning with the derivation of
analytical formulae for the asymptotic bias (ABIAS) and mean squared error (AMSE). We also obtain approximations for the ABIAS
and AMSE formulae based on an asymptotic scheme; which, loosely speaking, requires the expectation of the first stage F-statistic to
converge to a finite (possibly small) positive limit as the number of instruments approaches infinity. The approximations so obtained
are shown, via regression analysis, to yield good approximations for ABIAS and AMSE functions. One consequence of the asymptotic
framework adopted here is that when the sample size and the number of instruments are allowed to approach infinity in a particular
sequential manner, we obtain consistent estimators for the ABIAS and AMSE. This in turn suggests a number of bias corrected OLS and
IV estimators, which we outline and examine. We also note that, under stronger but more primitive conditions than used in this paper,
our bias-corrected estimators can be justified on the basis of a pathwise asymptotic scheme which takes the number of instruments to
infinity as a function of the sample size, although this particular result is proved elsewhere. Finally, we note that the bias-corrected IV
estimators proposed here are also robust in the sense that they would remain consistent in a conventional asymptotic setup where the
model is fully identified. A series of Monte Carlo experiments documents the gains in bias reduction when our bias adjusted estimators
are used instead of standard IV and OLS estimators.
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1 Introduction

Over the last decade there have been a great number of papers written on the subject of instrumental
variables (IV) regression with instruments that are only weakly correlated with the endogenous explanatory
variables. A very few of the important recent contributions include Hahn and Inoue (2000), Nelson and Startz
(1990a), Dufour (1996), Shea (1997), Staiger and Stock (1997), Zivot and Wang (1998), and the references
contained therein.! Much of this literature focuses on the impact that the use of weak instruments has on
interval estimation and on hypothesis testing, although there are also noteable results on the properties of
point estimators. Both of these areas are of interest to applied researchers who first documented the weak
instrument problem in empirical work (see e.g. Nelson and Startz (1990b), Bound, Jaeger, and Baker (1995),
and Angrist and Krueger (1995)).

This paper focuses on point estimation properties. To formalize the notion of having weak instruments,
we adopt the local-to-zero asymptotic framework of Staiger and Stock (1997) in the context of a simple simul-
taneous equations setup with a single structural equation and an arbitrary number of available instruments.
An important reason for employing the local-to-zero framework is that simulation studies reported in Staiger
and Stock (1997) show this framework to yield a very good approximation for the finite sample distribution
of the IV estimator when the quality of the available instruments is poor. Our paper, focuses on a general IV
estimator, which does not necessarily make use of all available instruments, and we derive explicit analytical
formulae for the asymptotic bias and MSE of this estimator under the local-to-zero framework. We find
the asymptotic bias and MSE functions of the IV estimator to depend only on the size of a concentration
parameter u’p, the number of instruments used ko1, and the second moments of the disturbances of the
underlying model. Because the analytical formulae for bias and MSE involve confluent hypergeometric func-
tions and are, thus, complicated, we also derive approximations for these formulae based on an expansion
which, loosely speaking, requires the first stage F-statistic for testing instrument relevance to converge to a
finite (possibly small) positive limit as the number of instruments approaches infinity. Since this expansion
is performed on the analytical formulae for the asymptotic bias and MSE, the resulting approximations can
be viewed as having been derived from a sequential limit procedure whereby the sample size, T, is first
allowed to grow to infinity followed by the passage to infinity of k2;. Our numerical results show that this
expansion give good approximations for the ABIAS and AMSE. Moreover, the approximations allow us to
make interesting additional observations. For example, when the approximation method is applied to the
bias, the lead term of the expansion (when appropriately standardized by the ABIAS of the OLS estimator)
is exactly the relative bias measure given in Staiger and Stock (1997) in the case where there is only one
endogenous regressor. Furthermore, the lead term of the MSE expansion is the square of the lead term of
the bias expansion, implying that the variance component of the MSE is of a lower order vis-a-vis the bias
component in a scenario where the number of instruments used is large relative to the value of the population
analogue of the first stage F-statistic. In order to tie our findings in with the IV literature, we note also

that our forumlae for the asymptotic bias and MSE, derived under the local-to-zero framework, correspond

1Related to the weak instrument literature is a literature which examines the implications for statistical inference when
the underlying simultaneous equations model is underidentified, in the sense of not satisfying the usual rank condition for
identification. Notable contributions to this literature include Phillips (1989), Choi and Phillips (1992), Kitamura (1994), and

the references contained therein.



to the exact bias and MSE functions of the 2SLS estimator, as derived by Richardson and Wu (1971), when
a fixed instrument/Gaussian model is assumed.

An important consequence of the sequential limit approach which we adopt here is that consistent esti-
mators for the ABIAS and AMSE can be obtained. In particular, the availability of consistent estimators
for the bias enables us to construct bias-corrected OLS and IV estimators, which estimate consistently the
structural coefficient of the simultaneous equations model even when the available instruments are weak in
the local-to-zero sense. Moreover, we note that, under some stronger but more primitive alternative condi-
tions, the bias-corrected estimators proposed here are also consistent under a pathwise asymptotic scheme
whereby the number of instruments is taken to approach infinity as a function of the sample size, a result
which is proven elsewhere (i.e. see Chao and Swanson (2001)). Additionally, we have shown that in the
conventional setup where the model is fully identified, all but one of our proposed bias-corrected estimators
remain consistent. A series of Monte Carlo experiments documents the gains in bias reduction when our
bias adjusted estimators are used instead of standard IV and OLS estimators.

This rest of the paper is organized as follows. Section 2 contains preliminaries, including the model,
assumptions, and notation. Section 3 presents formulae for the ABIAS and AMSE, and discusses some
properties of the formulae. Section 4 develops ABIAS and AMSE approximations. Section 5 discusses
the consistent estimation of the ABIAS and AMSE, and suggests a number of bias corrected OLS and
IV estimators. Section 6 summarizes various numerical calculations used to assess the accuracy of our
approximations, and in Section 7, a series of Monte Carlo experiments are used to illustrate the performance
of our proposed bias corrected estimators. Concluding remarks are given in Section 8. All proofs and
technical details are contained in the appendices.

Before proceeding, we briefly introduce some notation. In the sequel, we use the symbol “=" to
denote convergence in distribution. “= ” denotes equivalence in distribution. Px = X(X'X)71X’ is
the matrix which projects orthogonally onto the range space of X and Mx = I — Px, and Pz x) =
Px +MxZ(Z'MxZ)~" Z'Mx and Mz x) = Mx — MxZ (Z'MxZ)~" Z'Mx.

2 Setup

Consider the simultaneous equations model (SEM):

Y1 Y208 + Xy +u, (1)

ZI + X® + v, (2)

Y2

where y; and yo are T x 1 vectors of observations on the two endogenous variables, X is an T X k; matrix
of observations on k; exogenous variables included in the structural equation (1), Z is a T x ko matrix

of observations on ko exogenous variables excluded from the structural equation, and u and v are T' x 1

tth

vectors of random disturbances?. Let u; and v; denote the component of the random vectors v and v,

2 Although for notational simplicity we only study the case with one endogenous explanatory variable in this paper, we do
not see any reason why many of the qualitative conclusions reached here will not continue to hold in more general settings. In
addition, as we will point out in Section 5 of this paper, many of the results of that section can, in fact, be generalized in a

straightforward manner to a model with multiple endogenous explanatory variables.



respectively; and let Z/ and X, denote the t* row of the matrices Z and X, respectively. Additionally,

let w; = (ug,v¢)" and let Z; = (X}, Z})'; assume that E(w;) = 0, E(ww}) = ¥ = Z““ Zu”

EZ;w, = 0 for all t and assume that E(w;w’) = 0 for all ¢ # s, where t,5 = 1,..., T. Following Staiger and

, and

Stock (1997), we formalize the notion of weak instruments by modeling IT to be a parameter sequence that
is local to zero.? In particular, we make the following assumption.

Assumption 1: IT = II; = C//T, where C is a fived ko x 1 vector.

Also, following Staiger and Stock (1997), we assume that the data generating process of the exogenous
variables, Z = (X, Z), and of the disturbances, (u,v), is such that the following moment convergence results
hold.

Assumption 2: The following limits hold jointly: (i) (W'uw/T,u/'v/T,v'v/T) 2 (Cuus Ouws Ovs), (ii) 77 /T 2
Q, and (i) (T2 X'u, T~ 2 Z'u, T=2X"0, T2 Z'0) = (xu, Y70, VX0,V 70), where Q = E(ZtZL) and
where P = (Vs Wy Vo W) 18 distributed N (0, (X ® Q)).

We consider IV estimation of the parameter 3 in equation (1) above, where the IV estimator may not make
use of all available instruments. Define the IV estimator as: 3y = (yh (P —Px)y2) " (y4(Pu—Px)y1), where
H = (Z1,X) is an T x (ko1 + k1) matrix of instruments, and Z; is an T x k91 submatrix of Z formed by column
selection. It will prove convenient to partition Z as Z = (Z1, Z3), where Zs is an T X kag matrix of observations
of the excluded exogenous variables not used as instruments in estimation. Note that when Z; = Z and
H = [Z,X] (i.e. when all available instruments are used), the IV estimator defined above is equivalent
to the 2SLS estimator. Additionally, partition Ilp, T-2Z'u, T-2Z'v, Yz, and 1z, conformably with
Z = (21, 2) by wiiting Iy = (I ., Ty 1)’ = (C1/VT. Co/VTY, T2 = (T4 (Zju)', T4 (Zy)'),
T 22v = (T"2(Zw), T~2(Z)), Yzu = (V0 ¥5,0) s and Yz, = (VY ., Y,,,) , where from part (iii) of
Assumption 2 we have that (T2 (Z{w)', T~2(Zhu), T~2(Zjv) , T~2(Z5v)') = (¥, 0 Vs Vg0 Van) -
Furthermore, partition @) conformably with Z = (X, Z;, Z,) as

Qxx Qxz, Qxz,
Q = QZ1X QZ121 QZ122 . (3)

Qz,x RQz,z, Qz,7,

Finally, define

-1 -1
_ Qlel - QZIXQXXszl Q21Z2 - QZIXQXXQXZQ

Q<Q11 Qm)( ) (@)

Dy Qo Q220 — QzoxQxxQx2 Qz:2: — QzoxQxxQx 2,

and Q1. = (211, Q12). To ensure that the ABIAS and AMSE of the IV estimator are well-behaved, we make

the following additional assumption.

Assumption 3: supE(|Ur|**®) < oo, for some § > 0, where Up = BIV’T — Bo, B\Iv,T denotes the IV

T

estimator of [ for a sample of size T, and By is the true value of f3.

Note that Assumption 3 is sufficient for the uniform integrability of (BIV’T — B0)? (see Billingsley (1968),

pp-32). Under Assumption 3, Tlim E(B\IV’T — Bo) = E(U) and Tlim E(EIV}T — Bo)? = E(U?), where U is
—00 —00

the limiting random variable of the sequence {Ur} whose explicit form is given in Lemma A1l in Appendix

3Similar types of asymptotic approaches to that used here have been used in a number of contexts in recent years in the

econometric literature (see e.g. Elliott (1998) and the references contained therein.)



A. Hence, under Assumption 3, the asymptotic bias and MSE correspond to the bias and MSE implied
by the limiting distribution of BIV,T. Note also that for the special case where (ut,v:)" ~ i.i.d. N(0,%),
ko > 4 implies Assumption 3, since it is well-known that the IV estimator of 5 under Gaussianity has finite
sample moments which exist up to and including the degree of apparent overidentification, as given by the
order condition (e.g. see Sawa (1969)). Throughout this paper, we shall assume ko1 > 4 so as to ensure
that our results apply in the Gaussian case. In addition, note that Assumption 3 rules out the limited
information maximum likelihood (LIML) estimator in the Gaussian case since it is well-known that the finite
sample distribution of LIML in this case has Cauchy-like tails so that no positive integer moment exist. (See
Mariano and McDonald (1979) and Phillips (1984, 1985) for various results documenting the non-existence
of moments of the finite sample distribution of LIML.) Consequently, we do not consider the LIML estimator
in this paper.

3 Asymptotic Bias and MSE: Formulae and Properties

We begin with two theorems which give explicit analytical formulae for the asymptotic bias and MSE of the
IV estimator in the case with weak instruments. The theorems also characterize some of the properties of
the bias and MSE functions.

Theorem 3.1 (Bias) Given the SEM described by equations (1) and (2), and under Assumptions 1, 2, and
3, the following results hold for koy > 4 :

(a)

A k S
by, (W, ko) = o020y} Ppe™ " | Fy (;1 - 1;;1;/¢2u>’ 5)

where bA (u',u7 ko1) = lim E(BIV’T —Bo) is the asymptotic bias function of the IV estimator which we write

as a function of p'p = o,

OO, Ql*C’ and ko1, and where p = auuogu%cf;v% , I'(:) denotes the gamma
function, and 1Fy(-;-;-) denotes the confluent hypergeometric function.

(b) For ko fized, as p'p — oo, bg (W s k1) — 0.

(¢) For p'p fized, as kay — o0, ba V(u Wy k1) = Oup /0wy = O'u{FO';U p.

(d) The absolute value of the asymptotic bias function (i.e. |b By (1 py k21)|) is a monotonically decreasing
function of p'u for ko1 fized and oy, # 0.

(¢) The absolute value of the bias function (i.e. |bg (1'w,k21)|) is a monotonically increasing function of
ko1 for p'p fixed and oy, # 0.

Theorem 3.2 (MSE): Given the SEM described by equations (1) and (2), and under Assumptions 1, 2,

and 3, the following results hold for koy > 4 :

(a)

! k
/ _ -1 2 —&i ka1 21 1
mBIv(:u‘ 122 le) = OyuOyy P62 |: <k‘21 _2> 9 - v 9 >
k21 -3 k21 k ,u/J,
Jo L ) 6
+(k21—2)11(2 72 5 ) (6)

~ 2
where mg (/A Wy kor) = TII_I};OE (ﬁ]vj —ﬁo) is the asymptotic mean squared error function of the IV

estzmator and where p', p, T(+), and 1F1(;+;-) are as defined in Theorem 3.1.



(b) For ko1 fized, as p'pn — oo, mBIV(u'u,kgl) — 0.

(c) For j/'pu fized, as kay — oo, mg (W' p, ka1) — 02, /0%, = ouuoslp?

(d) The asymptotic mean squared error function mg,. (1, ka1) s a monotonically decreasing function of
W for ko fized and oy # 0.

Remark 3.3: (i) Note that the asymptotic bias and MSE formulae, given by expressions (5) and (6) above,
involve confluent hypergeometric functions (see Lebedev (1972) for more detailed discussions of confluent

hypergeometric functions). It is well known that confluent hypergeometric functions have infinite series

representations (e.g. see Slater (1960), pp.2), so that 1 Fy (a; b; ) = > ((Z));:;—J,, where (a); denotes the
§=0
Pochhammer symbol (i.e. (a); =T'(a+j)/I'(a) for integer j > 1, and (a); = 1 for j = 0). It follows that the

expressions for the bias and MSE can be written in infinite series form:

1/2 _—1/2 — (% *1)1 (M;M)J
’ _ T
N e O DV s e )
j=0 2
’ J
o B
o 1 1 (A - 1)] < 2 )
mz (NlﬂakQI) = UuuU;y1p2€_7 < ) 2 ; "
Prv p? \ ka1 —2 JE::O (B 4!

koy — 2

B 0o (kay o\ (;/u)]
(menygee-a () .
§=0
The main merit of these infinite series representations is that they provide explicit formulae for the ABIAS
and AMSE of the IV estimator under weak identification, which can be used in numerical calculations. We
have also made extensive use of these representations in deriving the properties of the ABIAS and AMSE
reported in the above theorems.
(ii) Part (b) of Theorem 3.2, states that the MSE function for BIV’T approaches zero as p’ ;1 — 0o. Note that
the case where u'p — oo corresponds roughly to the case where the available instruments are not weak, but
are instead fully relevant. In this case, then, Theorem 3.2 part (b) establishes that EIV,T converges in a mean
squared sense to the true value, 3y. It follows, then, that in this case BIV’T is a (weakly) consistent estimator
of 3, a result which also follows from conventional asymptotic analysis with a fully identified model. Hence,
results associated with the standard textbook case of good instruments are a limiting special case of our
results.

(iii) Observe that under a condition similar to Assumption 3 above, it can be shown that Tlim FE <30 LS,T — 50)
— 00
—~ 2 ~
Oun [0y and Tlim E (ﬁOLS,T — ﬂ()) = OuuOpy p? = 02,/02,, where Borsr is the OLS estimator. To see
— 00
this, let U} = fors,r — Bo and assume that supE[|U7*~|2+5] < oo. It is well-known that this assumption
T>5

holds under Gaussian error assumptions for 7' adequately large, since the finite sample distribution of the
OLS estimator in this case has moments which exist up to the order T' — 2 (see Sawa, 1969, for a more de-
tailed discussion of the existence of moments of the OLS estimator). Now, to proceed with the derivation of

~ . 2
Tlim E (ﬁOLS,T - ﬁo) and Tlim E (ﬁOL&T - ﬁo) , we note that Staiger and Stock (1997) have shown that

under Assumption 2 above, B\O st — Bo L e /0wy, as T — oo. Thus, it follows directly from Theorem 5.4



of Billingsley (1968) that lim E (Bors.r — o) = /0w and Tim B (Borsx - 50)2 = B(0u/0w)? =
Ouwu0,,) p?. Moreover, comparing asymptotic bias and MSE of the OLS estimator given here with the bias
result obtained in part (c) of Theorem 3.1 and the MSE result obtained in part (c¢) of Theorem 3.2, respec-
tively, we see that for fixed u'u, the ABIAS and the AMSE of the IV estimator converge to those of the OLS
estimator, as koy — 00.

1
2

~ _1
(iv) Write the asymptotic bias function of Gry as bz, (1, ko1) = oduows pf (1 1, ka1), where f(u'p, kar) =

e R (% —1; %; %) . From the proof of part (d) of Theorem 3.1, we see that 0 < f(u'p, ka1) <
11

1, for p'pp € (0,00) and for positive integer ko such that the bias function exists. Since oduou®p =

Ouv/0uy 18 simply the asymptotic bias of the OLS estimator, it follows that the bias of the IV estimator

given in expression (5) has the same sign as the OLS bias. Additionally, note that [bz (W', ka1)| =

|aéu0;v%p| F(Wp,kar) < |aéucrv_v% p|. Hence, even when the instruments are weak in the sense of Staiger and
Stock (1997), the asymptotic bias of the IV estimator is less in absolute magnitude than that of the OLS
estimator for p/u # 0 and for finite values of kg1 such that the bias function exists, and the former only
tends to the OLS bias as ko; — 0o. Furthermore, the asymptotic biases of the two estimators are exactly
equal only when u/p = 0, for finite values of kg1 such that the bias function exists. Our result, therefore,
formalize the intuitive discussions given in Bound, Jaeger, and Baker (1995) and Angrist and Krueger (1995)
which suggest that with weak instruments, the IV estimator is biased in the direction of the OLS estimator,
and the magnitude of the bias approaches that of the OLS estimator as the R? between the instruments
and the endogenous explanatory variable approaches zero (i.e. as p/u — 0). Our results also generalize
characterizations of the IV bias given in Nelson and Startz (1990a&b) for a simple Gaussian model with
a single fixed instrument and a single endogenous regressor to the more general case of an SEM with an
arbitrary number of possibly stochastic instruments and with possible non-normal errors.

(v) Although the asymptotic bias of BIV is less than that of BO s for all positive values of p’p and for
all values of ks for which the bias exists, and although the former only tends to the latter as ko3 — o0
for a given p'p, the AMSE of @V with weak instruments may, depending on the size of the concentration
parameter (u'u) and the number of instruments used (k21), be either greater or less than the AMSE of
Bo Ls- To see this, consider the example where p’u = 0, and note that, in this case, the infinite series form

of mg (1'p, k21) reduces to:

ms (p'p=0,ky) = “1p? |14 -/ ! (9)
5IV /’Lﬂf s 21 *O-U’Mo-vvp p2 k21—2 9

which is greater than the AMSE of the OLS estimator for p? < 1 and for values of ky; for which the AMSE
of the IV estimator exists. On the other hand, we have already shown that as p/p — oo, the AMSE of the IV
estimator approaches zero for ko; fixed, so that as p’'p grows the AMSE of the IV estimator will eventually

become smaller than that of the OLS estimator.

(vi) It is of interest to compare our results with those obtained in the extensive literature on the finite sample
properties of IV estimators, and in particular with the results of Richardson and Wu (1971), who obtained
the exact bias and MSE of the 25LS estimator for a fixed instrument/Gaussian model?. To proceed with

40ther papers which have studied the bias and/or MSE of the IV estimator, but for a fully identified model, include
Richardson (1968), Hillier, Kinal, and Srivastava (1984), and Buse (1992).



such a comparison, note first that the SEM given by expressions (1) and (2) can alternatively be written in

the reduced form:

1 = ZI't+ XD +ey, (10)
Yo = ZH+X(I)+€2, (11)

where I'y = TI3, 'y = ®F + 7, e2 = v, and €1 = u + v3 = u + e2. In the finite sample literature
on IV estimators, a Gaussian assumption is often made on the disturbances of this reduced form model;

tth

that is, it is often assumed that (g1, €9t)’ = 4.i.d.N(0,G), where £1; and ey denote the component

of the T' x 1 random vectors €1 and €9, respectively and where G can be partitioned conformably with

(e1t, €2t)' as G = ( gu 212 > Now, consider the case where all available instruments are used (i.e.
12 G922

the case where the IV estimator is simply the 2SLS estimator). Then, it follows that p/u = o, C'QC =
o lC'"(Qzz — Qz XQ;XQ xz)C. In addition, note that in terms of the elements of the reduced form error
covariance matrix G the elements of the structural error covariance matrix 3 given earlier in Section 2 can
be written as: o, = g11 — 29123 + §223%, Cuw = G12 — G228, and o,, = gao. Substituting these expressions

into the bias formula (5) and the MSE formula (6), we see that:

/ _ 922f—g12 _u kot kot p'p
bg]v (1'p k1) = _gTe 1F1 (2 -1 o )7 and (12)
— g3 1 —2 wa k k M/M
R "k _ 911922 — 912 1 —EE o 21 . R21,
mﬂ]v (M Hy 21) G2o k21 _9 ( + ﬁ )6 2 1 2 ) 2 ) 2
k21 -3\ =2 _uu k21 k21 Mllff
Bl ——-2,—;— 1
+<k21—2>56 2 11<2 a2, 9 ) (3)

where B = (228 — 912) (911922 — 925) 2. Comparing expressions (12) and (13) with equations (3.1) and (4.1)
of Richardson and Wu (1971), we see that in this case the formulae for the ABIAS and AMSE are virtually
identical to the exact bias and MSE derived under the assumption of a fixed instrument/Gaussian model -
the only minor difference being that the (population) concentration parameter ' enters into the asymptotic
formulae given in expressions (12) and (13) above, whereas the expression o,,'II'Z' My ZII appears in the
exact formulae reported in Richardson and Wu (1971). Hence, our bias and MSE results are consistent with
the result from Staiger and Stock (1997) that the limiting distribution of the 2SLS estimator under the
local-to-zero assumption is the same as the exact distribution of the estimator under the more restrictive

assumptions of fixed instruments and Gaussian errors.

4 Approximation Results for the Bias and MSE

The bias and MSE functions given in Theorems 3.1 and 3.2 involve confluent hypergeometric functions,
and thus have complicated infinite series representations, as discussed in Remark 3.3(i). In this section, we
provide approximations for the bias and MSE based on an expansion which holds as ko1 and p’p approach

infinity such that the ratio ﬁ;’l‘, i.e. the population analogue of the first stage F-statistic, approaches a
positive finite limit. More precisely, assume that:

Assumption 4: [E = 240 (k;f) for 72 € (0,00), as p', kop — oo.



We show in Theorem 4.1 below that approximations based on Assumption 4 yield simpler expressions for
the bias and MSE than the infinite series representations given in Remark 3.3(i). In addition, motivation for
the type of approximations based on Assumption 4 is provided in the remarks following Theorem 4.1; and
regression results which indicate that our approximations perform well, even when ko is relatively small,
are presented in Section 6.

Theorem 4.1 (Approximations): Suppose that Assumption 4 holds. Write /i = 72ka1 + O (ky') =
w (7% ka1), say, and reparameterize the bias and MSE functions given in expressions (5) and (6), respec-

tively, in terms of 72 and koy so that:

’ / 2
2 a2 -1y, w2k kor o kot p'p(7? ka1)

bg,, (77, k1) = 0, 0, pe 171 - 1,—2 R A (14)

9 B 1 9 _wuGkp |1 1 ko1 ) k21' ,u/,u(TQ,km)

mBIv (T 7k21) = OyuOyy P € 2 |:/72 (M) 1F1 (2 - 17 77 f

ko1 —3 ko1 ko1 p/ (2, kar)

By (2L g B2 HRAT R 15
+(k212)11(2 PR 2 (15)

Then, as ko1 — 00, the following results hold :

(a)
1 1 1 1
- 2 — 1/2 _—1/2 Y A _ -
bﬁIV(T ,k’21) Oyu Opo p{(1+T2> k21 <1+T2> |:2 4<1+T2> (16)
1 2
2(1372) }*O“@f)

2
= o257 1/2 L y_2( 1 72 + O(ky?) (17)
Oy Opv " P 1 4 7_2 ]{/’21 1 + 7_2 1 i 7_2 21
(b)

2
1 1 1 1
2 _ ~1,2
My (T k) = Gwp {<1+72) i (PQ) (k21> <1+72>

Remark 4.2: (i) Set

~

EIV

(7%, ka1) = o205 %p

() A E)]



Recall from Remark 3.3(iii) that the ABIAS of the OLS estimator is given by bBOL = 0%20;)1/ 2 p. It follows

S
that, by taking the ratio of the two, we obtain the relative bias measure:

bs,, (T2 k1) (1 2 /(1 72\’ (21)
b C\1+72 kot \14+72) \14+72) ~

BoLs

Observe that the lead term of expression (21) is (14 72)7! = (1 + p'1/k21)~. Note that when all available
instruments are used so that IV = 2SLS, (1 + u'p/ke1) ™! is the relative bias measure given in Staiger and
Stock (1997), in the case where there is only a single endogenous explanatory variable (see pages 566 and
575 of Staiger and Stock, 1997). Staiger and Stock point out that this measure of relative bias is given by
an approximation which holds for large ko; and/or large p'11/ko;. Our analysis shows that their relative bias
measure can also be obtained, from an approximation that requires p'11/ko1 to approach a finite limit as ',
kop — 00.

(ii) Now, set

1 \? [1-p? 1 1
=~ 2 _ -1 2
Py (7 1) T P {(1+72> +< p? > (k21> (1+72)
1 1 1 1Y 1
—— -7 — ) 12— —6(—— 22

Note that the lead term of this approximation is given by 0,0, p?(1 + 72)72, which is simply the square

of the lead term of EEIV (7'2, k21). It follows that the variance component of the AMSE is of a lower order in
ko1, relative to the bias component, so that the variance can be thought of as being negligible relative to the
bias component when the number of instruments is large relative to the value of 72.

(iii) Given Eﬁzv (7%, k21) and Mg (7% ka1), we can construct an approximation for the asymptotic variance

of the IV estimator under the local-to-zero assumption as follows:

5Note also that even though we take p/p to infinity in making our approximations, our framework is still one which is
!
appropriate for the case of weak instruments since we require %, the population analogue of the first stage F-statistic, to

converge to a finite limit as 7" — oo and k21 — 00, in sequence. This is in contrast to the usual case of full identification and

good instruments where the first stage F-statistic diverges in probability as T — oco.



VBIV (7'2,11521) = mBI (7‘ kgl (b’\ (T kgl))Q (23)

- it {(m=) (59 () (=)
<k21)(1+172 [1 7<1+72)“2(1+172)2—6(H172)3]}

+0 (k3')
+7‘2 "k <1+72> <1+72)}+O<k212)>
1

)
(et (12
- i[5 ><t>2<1;2> <z><1+:2>{1
() () ()

= V5 (7% ka1) + O(ks?), say. (24)

(V)

+O k21

A desirable feature of the approximation formulae ’I/T\lBIV(TQ,k‘Ql) and ‘A/EIV(Tz,k‘gl) is that they are non-

negative for ko; > 4. This is shown in the following theorem.

Theorem 4.3: Given 72 € (0,00) and koy > 4,
(CL) @B}V (7—27 k21) Z O}
(b) VE}V (TQ, k‘gl) > 0,
where g (12, ka1) and V3. (12, ko1) are defined in expressions (22) and (24), respectively.

(iv) Note that the results of Theorem 4.1 can be viewed as having been obtained from a sequential limit
procedure, whereby we first let the sample size T" approach infinity to obtain the ABIAS and AMSE functions
under weak identification; subsequently, we take both ks; and p/p to infinity, such that ‘157’: =724+0p (k:2_12) ,
to obtain the approximation formulae (16) and (18) for a given 72.
(1998a,b) and Phillips and Moon (1999) have shown that the use of a sequential limit theory often yields

very reasonable approximations when the random quantities of interest involve multiple indices. They also

In quite different contexts, Phillips

show that under mild strengthening of conditions, results obtained using a sequential limit scheme usually
correspond to that obtained under a joint limit theory (i.e., an asymptotic theory which is obtained by taking
the limits of all indices jointly or simultaneously). While a general treatment of the conditions under which
sequential and pathwise limit theories coincide for the I'V problem studied here is beyond the scope of this
paper; we note that, for the special case of an orthonormal SEM with Gaussian errors, it is easy to show
that the sequential limit results given in Theorem 4.1 do in fact correspond with results obtained from a
pathwise asymptotic procedure which takes T, kgl, and g’ p to infinity simultaneously, under the additional
conditions that “ ” =724+0p (k‘ ) and that = ar, where k = k1 + ko and where ar is a sequence of

constants such that 0< 1I%faT < supar < 16. To see this, consider, for example, the special case where the
T

6The latter condition helps to ensure that, in the parameter sequence under consideration, the number of exogenous variables

in the system never exceeds the sample size.
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exogenous regressors are assumed to be fixed in repeated samples, and are orthonormalized, so that:

(XX X'z X'Z TI, 0 0
77=\ Z1Xx 7z, ZZ, |=0  TI, 0 . (25)
ZLX  ZyZ,  ZhZ 0 0 TIy,,

In addition, impose a Gaussian error assumption, so that (u, v¢)' = i.i.d. N(0,X). It is easy to see that if

the local-to-zero assumption (Assumption 1) is maintained, then:

Brv—B0 = (h(Pu — Px)y2) " (y4(Pu — Px)u)

QMXZ1(ZiMX21)71Z1MXy2)_1 (yoMx Z1(Z{Mx Z1)™ ' Z{ Mxu)
-1
(1-'7,2)C + T*%Z{v)' ((rziz)c+ TéZ{v)} x

I
—
<

/
(1-'2,2) C + T*ézgv) (TéZ{u)}

|
|
(shori?) [(Cvrabo+ 20) (Cvjober 222)] " [(€rseb+20) ]
(oduoe ) [0+ Zo2) (0 + Zo)] " [0+ Z0) Zua] (26)

1 1 _1 1 -1 o . .
where = C1/0d, Zy1 =T 2Z{v0w°, and Z,, 1 = T~ 2 Z{uow’ , and where it is obvious that

() =L 1) o)) e

Note first that expression (26) gives the exact finite sample distribution of BIV — Bo under the assumptions
of orthonormalized exogenous regressors and Gaussian errors. Note also that the finite sample distribution
here depends on ko1, since u, Z, 1, and Z, 1 are each ko1 x 1 vectors. Comparing expression (26) with the
limiting distribution of the IV estimator given in Lemma A1l of Appendix A, we see that the finite sample
distribution in this case has the same form as the asymptotic distribution, as has been pointed out by Staiger
and Stock (1997). Moreover, note that the finite sample distribution of E v — (o in this case does not depend
on the sample size T, since p'u = C{C4 /0y, does not depend on T, and the joint distribution of Z, ; and
Z,,1 does not depend on T'. As a consequence, for a given value of ko1 and for all T', the formula for the exact
bias function in this case is given by specializing expression (5) above to the orthonormal case. Similarly,
the formula for the exact MSE function is given by specializing expression (6) to the orthonormal case.
Hence, it follows trivially in this case that given the condition ‘,;IT‘IL =724+ 0p (k;f) , the asymptotic bias
and MSE obtained by simultaneously taking T, k21, and p/p to infinity is precisely that which is obtained
by a sequential limit procedure whereby T is first taken to infinity, and k2; and p'p are subsequently taken
to infinity.

(v) It is also of interest to compare and contrast our framework with the asymptotic framework employed
by Morimune (1983), Bekker (1994), and Hahn (1997). These papers also examine properties of single-
equation estimators when there is a large number of instruments, but none of these papers is concerned with
the problem of weak instruments. More specifically, using the language of Phillips and Moon (1999), the
asymptotic framework of Morimune (1983), Bekker (1994) and Hahn (1997) may be described as being based

on a diagonal path limit scheme, whereby ks; increases monotonically as T' increases such that kg1 /T — «
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for some real constant « € (0,1). This is in contrast to our sequential limit scheme where the limit with
respect to ko1 is taken subsequent to the passage to infinity of the index 7. One advantage of our sequential
limit approach is that it allows us to make more general assumptions on both the exogenous regressors
and the disturbances of the SEM, although this level of generality is does not need to come at the price of
using a sequential limit approach, at leaset in the following sense. Under some stronger but more primitive
conditions than those used in this paper, the bias-corrected estimators proposed here are also consistent
under a pathwise asymptotic scheme whereby the number of instruments is taken to approach infinity as a
function of the sample size, a result which is proven elsewhere (i.e. see Chao and Swanson (2001)).7.

(vi) As can be seen from the proof of Theorem 4.1 and of Lemma A7 given in the Appendices, the approximate
formulae for the ABIAS and AMSE in expressions (16) and (18) above are derived using a Laplace approxi-
mation of the confluent hypergeometric function which holds as p'u, ka1 — 0o such that % =7240 (k‘{f)
This approximation is carried out by first rewriting the confluent hypergeometric function in its integral
representation. To illustrate the main ideas of our procedure, we take the asymptotic expansion given in
part (a) of Lemma A7 as an example and note that, in this case, the approximation is extracted by applying

Laplace’s method to the representation

i (2 b ) o i)

2 2 2 2
T ko1 1 ! 2 k
_ k( ) / exp{ﬂﬂ(T ) 21)(157 1)}t(k214)/2dt. (28)
1) 5

Loosely speaking, this is done by expanding the integrand of the integral expression on the right-hand
side of equation (28) above in a Taylor series about the maximum of the integrand and integrating this
series term-by-term. Note, however, that the Laplace approximation used here differs from that which is
commonly applied in Bayesian analysis to compute posterior means or marginal posterior densities. (See
Kass, Tierney, and Kadane (1990) and Chao and Phillips (1998) for examples of the application of the
Laplace approximation in Bayesian analysis.) More specifically, whereas in the more common applications of
Laplace’s method, the maximum of the integrand typically occurs in the interior of the domain of integration,
the maximum of the integrand here occurs at the upper boundary, i.e., at t = 1. Hence, the term involving
the first derivative of the integrand in its Taylor expansion does not vanish here as it does in the case of an
interior maximum. (See de Bruijn, 1961, for a more detailed discussion of the Laplace approximation in the
case where the maximum lies on the boundary of the domain of integration.)

Note also that while, for the purpose of this paper, the asymptotic expansions of the confluent hyperge-
ometric functions given in Lemma A7 are only intermediate results used to obtain approximate formulae for
the ABIAS and AMSE functions of the IV estimator; these expansions may be of interest in their own right
in other contexts. In particular, these results add to the already extensive literature in applied mathematics
on the asymptotic behavior of the confluent hypergeometric function and, in fact, extend the particular result
given by equation (4.3.8) of Slater (1960) in at least two ways. First, a careful reading of the steps leading
up to equation (4.3.8) of Slater (1960) show that it is derived using the binomial expansion; and hence,

strictly speaking, the result in Slater (1960) does not apply to the case 72 > 1, whereas our results, being

"The pathwise asymptotic results are available from the authors upon request.
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based on the Laplace approximation, do apply in this case (as is needed if these results are going to provide

useful approximations for the ABIAS and AMSE functions). Secondly, (translated into our notations) the

derivation of equation (4.3.8) in Slater (1960) imposes the exact relation ’Izi = 72, 50 that ' grows to
21

infinity as an exact linear function of k7. On the other hand, our results assume the less restrictive condition
i

which does not require p’p to be an exact linear function of ko but rather allow the ratio, T to deviate
from 72 by a remainder term R(ko1) = ‘]57’1‘ — 72, which, in turn, vanishes at the rate k:;l2 as ko1 — 00.

(vii) While Assumption 4 requires that 72 > 0, it is easy to see, by following the proof of Theorem 4.1,
that the bias and MSE expansion given by expressions (16) and (18) are valid even for 72 = 0. However,

2 must not

the condition 72 > 0 is assumed because, as explained in Remark 5.8 (i) of the next section, 7
be zero if we are going to be able to construct consistent estimators of the lead term of the bias and MSE
expansions and to construct bias-adjusted estimators which estimate consistently the structural coefficient
(. See Remark 5.8 (i) for further discussion.

(viii) Note, of course, that Assumption 4 is made so we can carry out a second order approximation of the
ABIAS and AMSE functions, with an approximation error of order O (k;f) . It is easily seen that Assumption
4, in fact, gives the slowest possible rate of decay of the remainder term R(k21) under which an approximation
error of order O (k;;f) can be achieved. Hence, suppose instead that we assume ‘,;/7‘1‘ =7240 (k;l(1+§)) where
0 < 0 < 1; then, it can be shown easily that a second order approximation will now have approximation error
of order O (kz_l(l+5)> and that the approximation error in this case will be dominated by a term involving
the remainder component R(ka1).

(ix) In the literature on finite sample distributions of IV estimators, it is customary to write the formulae for
the bias and MSE as functions of p/p and ko (e.g. see Richardson and Wu (1971)). We adopt this convention
in Section 3. However, the approximations given in Theorem 4.1 suggest that it may also be sensible to
instead think of the bias and MSE as functions of k9; and the ratio ’]:/T’j (particularly since our numerical
results in Section 6 suggest that expansions where both p/p and kop are allowed to grow to infinity in the
way stipulated by Assumption 4 actually results in a better approximation than an alternative expansion
which only allows k21 to grow to infinity while keeping p/p fixed). Hence, it is of interest to examine the
bias and MSE functions when they are written in terms of ko; and the ratio % To proceed, set 72 = 2‘/7‘1‘

and reparameterize the asymptotic bias and MSE given in Theorems 3.1 and 3.2 in terms of 72 and ks as:

k kor T2k
b (Pokon) = ol e (s ) (%)
2k 1 1 k ka1 T2k
2 - —12,-T32 | L Far g R TR
Moy (T k) = Cw e [pQ <k21—2) 1F1( > Ly )
ko1 — 3 k kor T2k
() (52 g) 2

Based on these formulae, we obtain the following results.

Theorem 4.4: Let bg (12,ko1) and mﬁlv(TQ,k‘gl) be as defined in expressions (29) and (30), respectively.
Then, it follows that for oy, # 0:

(a) |b§w (12, ko1)| is a monotonically decreasing function of T2 for fized ko .

(b) \bBIV(TQ, ko1)| is a monotonically increasing function of kay for fived T2.
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(c) 7715”/(7'27 ko1) is a monotonically decreasing function of 72 for fived ko;.
The results of Theorem 4.4 provide some characterization of the partial effects that changes in 72 and ko
have on the absolute magnitude of the ABIAS and AMSE. Note, in particular, that parts (a) and (c) of the

theorem imply that, for ko; fixed, an increase in 72 decreases the ABIAS and AMSE of the IV estimator.
2 _ pp

This result is, of course, intuitive since 7° = W may be loosely interpreted as the population analogue
of the first stage F-statistic so that a higher value of 72 implies a more relevant set of instruments. In

2. an increase in kg increases the ABIAS.

addition, note that part (b) of Theorem 4.4 implies that, given 7
No simple statement can be made, however, with respect to the partial effect that an increase in ko1 has on
the AMSE for a fixed value of 72, as the effect can be either positive or negative depending on the values of

2

the parameters oy, Ouv, Ouy, and 72. This is because, given 72, an increase in ko; increases the ABIAS but

decreases the (asymptotic) variance of the I'V estimator, so that the direction of the net effect is in general

ambiguous.

5 Estimation of Bias and MSE and Bias Correction

5.1 Comnsistent Estimation of the Bias and MSE

In this subsection, we obtain consistent estimators for the lead terms of the ABIAS and AMSE. Let

. - ~ L M; .
M, = Mz x) and M, = Mx and define the following statistics: Gyp,; = 27552, for i = 1,2; sy, =
—y281v)’ M; . —y2Brv) Ma(y1—ya2B ~ "My, . .
(n1 yzﬁ%v) W2 for § o= 1,2 Suu = (y1—y2B81v) Tz(yl yzﬁzv); Gij = Y; leJ7 for i = 1,2 and j = 1,2;
, .
_ [vsPa—Px)y2] 7.-1 _ Wiy, ~ _ Wioy, T _ 1 s .
Wiy = {%\T kyy = kéll 5 Ouvyi = Suv,i W = Suv,i [ mp—— for i = 1,2; and
' ’ k21,T

Cunyi = Suu +2§f7 (Wk;,T) - Z?:l (Wk;,T)Q , for i = 1, 2. The following Lemma shows that we can obtain
consistent estimation of the quantities oy, Oyy, Tyu, and (1 + 7'2) under the sequential limit approach.
Lemma 5.1: Suppose that Assumptions 1 and 2 hold. Let T — oo, and then let koy, i/ — oo such that
Assumption 4 holds. Then:

(a) Gy L g, for i =1,2;

() Wiy 1 21472

(¢) Ouv,i L s fori=1,2;

(d) Gui 2> O, for i =1,2.
Based on these estimators, we propose four different estimators for the ABIAS and six different estimators
for the AMSE, as follows:

BIAS; = 37:: <W;;,T>’ for i = 1,2; (31)
. Guvi 1 1 1 1 1\’
BIAS: = 52:: l(Wk21,T> " kn (szl,T) {2 -4 (Wkgl,T> 2 (szl,T) H (82)
~ 2
- ) a ) () e o
MSE; = Gt ( ! )2 for i =1,2; (34)
02 Wiy r )’ o



~ 2 ~ o~ ~2
— O i 1 1 Ouu,iOvv,i — Oy 1
]\451;Z _ Auv,z + = 5 v 5 uv,i ( )
Ovv,i l(Wk21,T) ka1 ( U?w,i ) Wiai,r
1 1 7 12 6
+— < ) 1- + — , fori=1,2; (35)
kot \ Wiy, 1 ( Wiz, r Wk?ZlvT W5217T>‘|
S Taoi 1 N\’ 1 (§uge -3 1
WSE, — Jwi ( ) L L[ 9ug2 —gi ( >
' voi | \ Wiy 1 ka1 O Wiy 1
1 1 7 12 6
+— 1-— + — , fori=1,2. 36
ka1 (Wk%T) < Wigr W 1 W,gﬂﬂ (36)

Note that the difference between the “hat” estimators and the “tilde” estimators is that the “hat” estimators
are constructed based only on the lead term of the expansions given in Theorem 4.1 while the “tilde”
estimators make use of both the lead term and the second order term. In addition, the difference between

]\Z?Ei and M SFE; lies in the fact that, given the equivalence 04,04, — 02v = g11g22 — 9%2, there are two ways

u

. . . 2 . .
i.e. we can either estimate 0y,0,, — 0}, directly or estimate

we can estimate the quantity oy,0p, — O’iv (

it indirectly as g11922 — g%5). The next theorem derives the probability limits of the estimators given by
expressions (31)-(36).
Theorem 5.2: Suppose that Assumptions 1 and 2 hold. Let T — oo, and then let koy, ' — oo such that
Assumption 4 holds. Then:

(a) BﬁSi EN ai/uQJ;vl/Qp (H-lr?) , for i=1,2;

(b) BIAS; 2 o\fowp (k=) . for i = 1,2

. 2
(¢) MSE; % oyu0;.p? (HlTQ) s for i =1,2;

— 2
(d) MSE; 2 .0, p? <1+172) , fori=1,2;

(e) MSE; 2 04,0, p? <1+172>2 , fori=1,2.
Remark 5.3: (i) The estimators defined in equations (31)-(36) are all weakly consistent, in the sense that
each bias estimator converges in probability to the lead term of the bias expansion given in (16), while
each MSE estimator converges in probability to the lead term of the MSE expansion given by (18). These
results suggest that there is information which can be exploited when a large number of weakly correlated
instruments are available.
(ii) It is of interest to analyze the asymptotic properties of our bias and MSE estimators in the conventional
framework, where the usual identification condition is assumed to hold. Hence, in place of the local-to-zero
condition of Assumption 1, we make the alternative identification assumption:
Assumption 1*: Let II be a fixed ko X 1 vector such that II = 0.
In order to obtain the probability limits of our estimators under Assumption 1*, we first give a Lemma which
contains limiting results for our estimators of the parameters ., 0yuy, ouu, and for the Wald statistic for
testing instrument relevance, Wy,, 7 .
Lemma 5.4: Suppose that Assumptions 1* and 2 hold. Then, as T — oo, the following limit results hold:
(a) Tuu L s
(b) Guv,z = WAL+ 043
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(C) szhT = Op(T)5
(d) Guvi 2> Tuw, for i =1,2;

(e) Tuyu,i LN Ouu, Jor 1 =1,2.

In view of expressions (31)-(36), the next theorem follows as an immediate consequence of Lemma 5.4 and

the Slutsky’s theorem:

Theorem 5.5: Suppose that Assumptions 1* and 2 hold. Then, as T — oo, the following limit results hold,
(a) BIAS; L0, for i =1,2;
(b) BIAS; &0, for i =1,2;
(c) M/§Ei 20, fori=1,2;
(d) MSE; & 0, for i =1,2;
(e) MSE; %0, for i =1,2.

Note that, all of these bias and MSE estimators approaches zero, as T — oo (as they should in the case of
full identification since the IV estimator is weakly consistent in this case). These results suggest that our
estimators behave in a reasonable manner even in the conventional case where instruments are fully relevant
(i.e. when Assumption 1* holds).

(iii) One possible use of the MSE estimators given above is as descriptive statistics for assessing instrument
relevance. For such an application, it might be convenient to construct measures of the AMSE of the I'V

estimator relative to that of the OLS estimator, viz

2
— 1
RM; = () , fori=1,2, and (37)
Wiy,
- 1 2 1 8uu iavv i 331, i ( 1 >
RM,; = + — — ’
(ka,T) ka1 ( oty ) Wi, 1
1 ( 1 > 7 12 6 .
+— 1-— + — , fori=1,2, (38)
ka1 \ Wiy, 1 < Wit W2, r Wlil,T)]

where EJ\\L and RM; (¢ = 1,2) are obtained from ]\/.TSTEl and MSE; (i = 1,2), respectively, by dividing

2

. . . 2 2 _ 2
v (1 =1,2) are consistent estimators of o3, /0y, = TuuTup

by 63, /50, (i = 1,2), and where 5, ;/G
(which is the AMSE of the OLS estimator under the local-to-zero assumption). Note, in particular, that
if the set of instruments are fully relevant then one would expect to observe values of these relative MSE
measures close to zero. On the other hand, if the instruments are weak, then the statistics should take values
closer to, and possibly in excess of, unity. In future research, we plan to explore more fully the use of the
bias and MSE measures given above, both for the ez-post assessment of instrument relevance and possibly

also for addressing the important problem of instrument selection.®

81n a simulating paper, Hall, Rudebusch, and Wilcox (1996) caution against the use of first-stage F-statistic as a screening
device for instrument relevance. They point out that a high value of the first-stage F-statistic might not always indicate that
the (population) correlation between the instrument Z; and the endogenous regressor yo; is high. Rather, a high F-statistic
might instead identify a spuriously high sample correlation between Z; and the disturbance of the structural equation wu¢; which

could occur because, given the endogeneity of yo¢, a high sample correlation between y2; and Z;, as indicated by the F-statistic,
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5.2 Bias Correction

The results of the last subsection is that they can be used to construct bias-adjusted OLS and I'V estimators,
which give consistent estimation of the structural coefficient 8 within our sequential limit framework.? In
particular, we propose five alternative bias-corrected estimators:

~

7 a2 Ouw,i .
Bors,i = Pors — =, for i =1,2; (39)
Ovv,i
BIV = ﬁm - BﬁSl; and (40)
B[V,i = BIV - B/I\/JlSi, fori=1,2. (41)

In Section 7, we report the results of a Monte Carlo study which evaluates the performance of these bias-
corrected estimators vis-a-vis the uncorrected OLS and IV estimators. First, however, we present two
theorems which give, respectively, the probability limits of the bias-corrected estimators under the local-
to-zero condition of Assumption 1 and under the more conventional full-identification condition given by
Assumption 1.
Theorem 5.6: Suppose that Assumptions 1 and 2 hold. Let T — oo, and then let ka1, p' ;1 — 0o, such that
Assumption 4 holds. Then:

(a) Bors; * o for i=1,2;

(b) Brv 2 Bo ; and

(c) EIW 2.8y fori=1,2.
Theorem 5.7: Suppose that Assumptions 1* and 2 hold. Then, as T — oo, the following limit results hold:

(a) Borsa 2> o =2 (hil—)

(b) Bors.2 % Bo;

(¢) Brv 2 Bo ;

(d) Bry; 5 Bo for i=1,2.
Remark 5.8: (i) Note that although the bias-corrected estimators given above are consistent in our frame-
work, uncorrected OLS and IV estimators are not. It should also be emphasized that if 72 = 0, then
the bias-adjusted estimators introduced above would not consistently estimate the structural coefficient (.
This is due to the fact that the bias-adjusted estimators make use of covariance estimators of the form:

_ (y1—y2B1v) My

Suv,i = ——p—=2 for i = 1 or 2; and, Sy, LN ( ) for ¢ = 1,2 (as shown in the proof of part

-2
1+712

(c) of Lemma 5.1). Consequently, if 72 = 0, Syp. 2,0 for i = 1,2; hence, asymptotically neither Suw,1

might give rise to a spurious correlation between Z; and w:. Under the latter scenario, using the first-stage F-statistic as a
screening device might lead to severe pre-test bias, as documented in their Monte Carlo study. In such a case, it may be
fruitful to use instead the formulae for the (absolute) bias and MSE given in expressions (31)-(36) as diagnostic statistics for
assessing instrument relevance since a measure of the covariance between yo; and uy (either Gyy,1 Or Gyuy,2) appear in each of
our estimators for the (absolute) bias and MSE. Since a high sample correlation between Z; and u: is more likely to occur if
the degree of endogeneity of ya¢ is high, our bias and MSE formulae implicitly adjust for the possible distortions caused by a
spurious (in sample) correlation between Z; and u; whereas the first-stage F statistic does not.

Other interesting measures of instrument relevance are discussed in Shea (1997) and Hall ... .
90ther recent work in the area of bias correction is contained in Hausman, Hahn, and Kuersteiner (2001), and the references

cited therein, for example.
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NOT Syy,2 carries any information about the value of oy, and, thus, cannot be adjusted to obtain consistent
estimators. Indeed, since 72 = 0 arises either because the model is unidentified in the traditional sense (i.e.,
C = 0) or, more generally, because all but a finite number of instruments are completely uncorrelated with
the endogenous explanatory variable as the number of instruments approaches infinity, we would not expect
consistent estimation of 3 to be possible when 72 = 0. Our results suggest that if one is faced with a situation
where only a great many weak instruments are available; then, it may still be worthwhile to make use of
these poor quality instruments in constructing bias- corrected estimators of 3, so long as the instruments
are not completely uncorrelated with the endogenous explanatory variable (i.e., so long as the situation is
not well-modeled by the case 72 = 0).

(ii) Theorem 5.7 shows that in the conventional case where the instruments are fully relevant, all but one of
the bias-corrected estimators are still consistent. Indeed, only EO Ls,1 is inconsistent under Assumption 1%,
and the reason for its inconsistency is that in this case it can easily be shown that BO s 2 Bo + m,
whereas the bias-correction factor —(0y.,1/0vy,1) is & consistent estimator which converges in probability to

—0Ouv/0uw, 50 that it does not cancel out the bias of the uncorrected OLS estimator, 30 LS-

6 Numerical Results

In this section, we present some numerical results on the ABIAS and AMSE. Our numerical calculations are
based on the canonical SEM; that is, an SEM as described in Section 2 above, except that the reduced form
error covariance matrix is taken to be an identity matrix (i.e., G = I using the notation introduced in Re-
mark 3.3(vi)). Note that the canonical model is often used in the finite sample literature on single-equation
estimators to obtain both analytical and numerical/Monte Carlo results. (See, for example, Richardson and
Wu (1971), Mariano and McDonald (1979), and Phillips (1983, 1984, 1985).) As explained in Phillips (1983),
the non-canonical SEM as described in Section 2 can always be transformed into a canonical model by ap-
plying the appropriate standardizing transformations, so that the canonical model provides a representation
which preserves many of the important features of the original (untransformed) SEM but at the same time
reduces the parameter space of that model to an essential set. As a consequence, the canonical model is
ideally suited for the design of numerical and Monte Carlo experiments.

We wish first to present some graphical illustrations of the shape of the ABIAS and AMSE functions,
reparameterized in terms of 72 and ko1, (i.e., the ABIAS and AMSE functions given by expressions (29) and
(30)). To proceed, note first that for a canonical model 0., = 1, 0y, = 1+ 3%, and p = —6/\/m7 so that
in this case the elements of the error covariance matrix of the structural model (i.e., ¥) depend only on the
value of the structural coefficient 3. It follows that for a canonical model the bias and MSE functions given
by expressions (29) and (30) depend only on the quantities 3, 72, and kg;. To get a sense of how the bias and
MSE vary as a function of s = (1 + 72)71 and ko1, we set § = —0.5 and plot, in Figure 1 (in the back of the
paper), the relative bias bg (12, k21)/bg,, . and the relative MSE mg (12, ka1)/mg, . against ko for s
fixed and also plot, in Figure 2, bg (12, ka1)/bg,,  andmg (72, ka1)/mg, . against s for kg fixed!?. Look

10Note that the values of the functions bBIV(TQ,kgl) and mEIV(T2,k21), plotted in these graphs, are computed on the
basis of the actual (as opposed to the approximate) formulae given in expressions (29) and (30). Moreover, bEOLS and
M50, s here denote the asymptotic bias and MSE of the OLS estimator under Assumption 1, so that for the canonical model
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first at the top diagram in Figure 1, we see that for a fixed value of s (or, alternatively, a fixed value of 72)
the value of the relative bias increases rapidly at first but levels off quickly toward the value s = (1 + 72)_1,
which is, in fact, the value of the lead term of our approximation of the relative bias based on Assumption
4. Although, in this first diagram, we have only plotted the relative bias curve for the cases s = 1/2, 1/4,
and 1/8 (corresponding to 72 = 1, 3, and 7), the picture which emerges is actually quite representative of
that for other values of s (or 72) as well. Indeed, for the boundary case where s = 1 (or 72 = 0), it is
easy to see that the convergence to the first order term becomes in some sense “instantaneous” since the
relative bias function in this case is unity for all values of k2;. Now, looking at the two bottom diagrams of
Figure 1, we see that for a fixed value of s (or 72), the values of the MSE function also converge quickly,
as kg increases, but to the value s2 = (1 + 72)_27 which in turn is the value of the lead term of the MSE
expansion (18), when the latter is standardized by mEOLSH. To illustrate with a specific example, we note
that for s? = (1 + 7'2)72 = 1/4, the relative MSE is 1.1484 for ko; = 4, is 0.8512 for ko1 = 5, and is 0.2692
for ko1 = 100. Overall, the fairly rapid convergence of both the relative bias and the relative MSE to the
values of the lead terms in our expansions suggest that, even for moderate ko1, a first order approximation
based on the results of Theorem 4.1 is likely to be quite satisfactory.

Next, we turn our attention to Figure 2, where, for fixed values of ksp, relative bias is plotted against
s=(1+ 7'2)71 in the top diagram while relative MSE is plotted against s = (1 + 7'2)71 in the two bottom
diagrams. We see in Figure 2 that for a fixed value of ks;, both the relative bias and the relative MSE
increase as s increases (or as 72 decreases). This behavior is to be expected since, loosely speaking, 72 is
the population analogue of the F-statistic for testing instrument relevance; hence, the smaller the value of
72, the weaker are the instruments. In addition, note that the observation in Figure 2 that the relative bias
and MSE are increasing functions of s for ko7 fixed is also consistent with the depiction in Figure 1, where
the relative bias and MSE curves are shown to shift upward as s increases. Furthermore, the top diagram of
Figure 2 show that the entire relative bias curve (as a function of s) shifts upward if we increase the value of
ko1. Again, this is consistent with the top diagram in Figure 1, which shows relative bias to be an increasing
function of ko;.

We now turn to an evaluation of the accuracy of the approximations given in Section 4. Note that it may
be of interest to compare the accuracy of this type of approximation (henceforth referred to as Approximation
Scheme 1) with an alternative approximation which is obtained by taking only ko1 to infinity. Under this
latter asymptotic scheme (which we shall refer to as Approximation Scheme 2); we obtain, up to a remainder

term of order O (k‘{f) , the following expansions of the formulae for the bias and MSE:

bﬁf)LS = Uéuav_v%p = —(3 and MBors = auuav_vlp2 = 2.

TA few words of caveat must be added with respect to Figure 1. While the two bottom diagrams in Figure 1 depict the
graphs of the relative MSE in cases where it is a monotonically decreasing function of ka1 for s (or 72) fixed, it should be noted
that, unlike the relative bias curve (which is always monotonically increasing with respect to k21 except in the boundary case
where s = 1, or 72 = 0), the shape of the relative MSE curve depends, in general, on values of the parameters 8 and s (or 72)
and may not be everywhere decreasing with respect to k21. In fact, it is not hard to see that given some values of k21 and s (or
72), the relative MSE may be an increasing function of ke in some regions. Note, however, that in spite of the fact that the
relative MSE curve may have several different shapes, it does in all cases converge rapidly to the value of the lead term of our
MSE expansion as ka1 increases. As it is not feasible for us to give a whole menu of graphs depicting each possible shape of
the relative MSE curve, the graphs depicted in the two bottom diagrams of Figure 1 should be interpreted as only giving only

a flavor of the possible behavior of the relative MSE function.
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3 -3 W _
bb\lv (M,.ua k21) = O'in'vUQP |:1 — <k’21):| + O(k212), and (42)

_ _ 1—p? 1 w i _
1.2 1.2 2
TuuOyy P~ + OuulOpy P [( = ) <k‘21) -2 (k21 + O(k3y). (43)

Given these formulae, our assessment and comparison of the two approximation schemes are based on variants

mg, (4 1 kar)

of the following regressions:

Regression for Approximation Scheme 1

baw (KW', K21 )

b0 + ¢1 [—ﬁ 1+ M'u/kzl)_l} + 62 [—51611 (1+ M'u/km)_l} +

b [~ Bl (1 w1 /kor) ™) + 0 [~Bkz (L /o) ™"+ error, (44)
mg, (W, ka) = mo+m {52 (1+ u'#/kzl)fﬂ + 72 [(1 +5%) kg (1+ M’#/k21)71}

s (B (L4 ko) 72 e (B (14 )

s |2k (L+ 1/ nfkar) ™" + error, (45)

Regression for Approximation Scheme 2

bg,, (Wi ko) = &5+ @7 [=B] + ¢5 [~Bu'n/kar] + error, (46)
malv(u'u,kgl) = 75+ [52] + 5 [1/ko1] + 5 [ﬂZM',u/le] + error. (47)

In performing our regression analysis, we calculate values of the dependent variable for the equations above
using the analytical formulae for the bias and MSE given by expressions (7) and (8) but specialized to the
case of a canonical model. Moreover, note that the independent variables in the regressions above (i.e.,
the terms in square brackets) are simply the terms in our approximation of the bias and MSE given in
Theorem 4.1, again specialized to the canonical case. Values for both the dependent and the independent
variables are calculated for various values of 3, p’u, and ko1. More specifically, the grid of values used is:
B ={-05,-1.0,-1.5,...,—10}, p'u = {0,2,4,6,8,...,100}, and koy = {3,5,7,9,11,...,101}, so that in total
51000 observations are generated by taking all possible combinations'2.

Regression results are summarized in Table 1 (bias) and Table 2 (MSE), given in the back of the paper.
Comparing first the numbers reported in column 1 of Table 1, which gives results for regression (44) above,
with the numbers reported in column 3 of the same table, which gives results for regression (46); we see
that the regression based on Approximation Scheme 1 (i.e., regression (44)) clearly fit the variations in the

bias function much better than the regression based on Approximation Scheme 2 (i.e., regression (46)). In

12Note that, for our regressions analysis, we have chosen only negative values of 3. This is because the MSE only depends
on 32, so that the sign of 8 does not matter. On the other hand, the bias function is perfectly symmetrical with respect to
positive and negative values of 3, so that the inclusion of positive values of 8 will only change the sign but will not alter any

important qualitative aspect of our analysis.
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particular, note that the adjusted R? (henceforth, EQ) for the regression results reported in column 1 of
Table 1 is 1.0000 while &~ for the regression results reported in column 3 is only 0.7165. Similar results
are also obtained for the MSE, as can be seen by comparing columns 1 and 3 of Table 2, which report
results from running the regressions described by expressions (45) and (47), respectively. Indeed, for the
MSE, EQ is 0.9998 for the regression based on Approximation Scheme 1 but only 0.5494 for that based on
Approximation Scheme 2. Moreover, comparable results are obtained if we run regressions based on the
relative bias bg (72, k21)/bg,, . and the relative MSE mg5 (12, ka1)/mg, ., instead of the (absolute) bias
bz, (72, k21) and the (absolute) MSE mg,., (72, k21)'3. These results are given in columns 4 and 6 of Table
1 for relative bias and in columns 4 and 6 of Table 2 for relative MSE. Note again that, in both tables,
the fit of the regression reported in column 4 is much better than that of the regression reported in column
6, so that Approximation Scheme 1 outperforms Approximation Scheme 2. Overall, our numerical results
suggest that simply taking ko1 to infinity (as in Approximation Scheme 2) will not allow one to obtain a
reasonable approximation for the (asymptotic) bias and MSE of the IV estimator. Rather, much better
approximations can be obtained via Approximation Scheme 1; that is, by expanding the bias and MSE
functions in the manner prescribed by Assumption 4. Indeed, while numerical calculations given in the finite
sample literature on single-equation estimators have tend to parameterize the bias and MSE functions in
terms of kop and p'p (see, for example, Richardson and Wu, 1971), our results here suggest that both the
bias and the MSE might also be viewed as functions of k»; and the ratio 72 = ’,:’7‘5 rather than as functions
of ko1 and p’p. This is a point also made by Staiger and Stock (1997).

Returning to columns 1 of Tables 1 and 2 and comparing regression results reported there with the
theoretical results obtained in Theorem 4.1, we see in addition that the estimated coefficient values reported
in the first column of these tables are very close to their theoretical values as given in the bias and MSE
expansions obtained under Approximation Scheme 1. More precisely, going from top to bottom in column
1 of Table 1 and ignoring the intercept term, we see that the estimated coefficient values are 1, —2.244,
4.561, and —2.320; whereas the corresponding theoretical values, as given in expression (16) are (in the same
order) 1, —2, 4, and —2. Similarly, for the MSE, the estimated coefficient values, as reported in column
1 of Table 2, are 0.996, 1.285, —6.370, 11.13, and —5.979 from top to bottom; whereas the corresponding
theoretical values as given by expression (18) are 1, 1, —7, 12, and —6. We see this as additional evidence
of the appropriateness of the approximations we give in Theorem 4.1. As a further observation on Tables
1 and 2, we note that we have also reported regression results for the cases where only the lead term from
Approximation Scheme 1 is included as a regressor (i.e., the case where all regressors involving the factor
ky," are dropped from the regression). Columns 2 and 5 of Table 1 give these results for the bias and the
relative bias while the same two columns in Table 2 give them for the MSE and relative MSE. Note that the
ﬁz measures recorded for these more parsimonious regressions are in the range 0.9859 to 0.9996. Comparing
these numbers with the reported §2 for columns 1 and 4 of Tables 1 and 2, we see that the regressions
based only on the lead terms fit variations in the bias and MSE functions only slightly worse than regressions

which involve second order terms, indicating that in many cases a lead term approximation may be quite

1 _1
I3More specifically, we modify regressions (44) and (46) by dividing through by the OLS bias (i.e., bBOLS = 02w’ p=—p
under the canonical model), and we modify regressions (45) and (47) by dividing through by the OLS MSE (i.e., mE e =
auua;}pQ = (32 under the canonical model).
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adequate'®.

Finally, in Figures 3 and 4 (in the back of the paper), we have plotted, for a few selected cases, the bias
and MSE functions and their approximations under Schemes 1 and 2. More specifically, each diagram in
Figure 3 plots the actual and the approximate ABIAS (or AMSE) as a function of kg for s (= (1+ 7'2)71)
fixed while the diagrams in Figure 4 plot them as functions of decreasing values of s for ksy fixed. Note also
that, in each diagram, the actual ABIAS (or the actual AMSE) is always represented by the solid line, the
approximation under Scheme 1 is given by the shorter dashed line, and the approximation under Scheme 2
is given by the longer dashed line. These diagrams show that whereas the shorter dashed-line graphs based
on Approximation Scheme 1 is in most cases virtually indistinguishable from the solid line representing
the graphs of the actual ABIAS (or AMSE), the location of the longer dashed lines indicate that the use of
Approximation Scheme 2 will lead to substantial error in approximating the ABIAS and the AMSE functions.
Moreover, the MSE approximation based on Approximation Scheme 2 is often unreasonable, as its value is
negative in many cases. Indeed, Figure 4 suggests that Approximation Scheme 2 only seems to work well

when value of s is close to 1 (or when 72 is close to 0).

7 Monte Carlo Evidence

In this section, we report the results of a small Monte Carlo study of the sampling behavior of the bias
adjusted estimators introduced in Section 5.2. Our experimental setup is based on a special case of the SEM
given by equations (1) and (2), with v+ = 0 and ® = 0. We can write this model in terms of the ¢t — th

observation as
Yie = Yo B + w, (48)

Yot = Z1 + vy, (49)

where t = 1,......,T and where the definitions of y1; (1 x 1), yor (1 x1), Z; (k2 x 1), us (1x 1), and v; (1 x1)
are obvious given the discussion in Section 2. Note that equation (49) is already written in its reduced form
since Z; is presumed to be exogenous, and, as in Remark 3.3(vi), we can also write equation (48) in terms

of its reduced form representation as

o= 2T +eny t=1,..,T, (50)

Data for our Monte Carlo experiments are generated using a canonical version of the model described in
expressions (48)-(50) above. In particular, set eo; = v; for all ¢, and we assume that e; = (e14,62t)" =
1.1.d.N(0, I3). Moreover, our experimental design is motivated by empirical situations where the number of
available instruments is large, so we set ky = 50 and T' = 500. We also let IT = (w1, 7o, ...,m50)" = (T,
7,...,m), so that the degree of relevance of each instrument is assumed to be the same and is given by
the magnitude of the scalar parameter 7; and, for our experiments, we allow the value of T to vary over
the set {0.05,0.075,0.10,0.125,0.15}. The exogenous instruments Z; are generated by assuming that Z; =

1.0.d.N (0, I, ), and all ko instruments are used in the construction of the bias-corrected estimators and of the

14Note that in results not reported here, we have found, not surprisingly, that the gain in approximation accuracy from

incorporating second order terms tend to be more substantial for smaller ko1 .
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(uncorrected) IV estimator studied in our experiments. Finally, define w; = (u¢, v)" with covariance matrix

E(ww;) =% = Z““ Zvu , and note that our canonical model specification implies that o, = 1 + 82,
vu VU
Ouww = —0, and gy, = 1. It follows, of course, that the degree of endogeneity in our data generating processes

is determined by the value of the parameter 5. Thus, for our experiments, we allow the value of 3 to vary
over the set {—0.5,—1.0,—1.5,...,—5}. Note further that, as argued earlier in Section 6, we do not report
experimental results for positive values of 3 because the sign of § only affects the sign of the bias of the IV
estimator and has no other material effect on the experimental results.

Table 3 reports the sample bias averaged across 5000 Monte Carlo simulations for the OLS estimator
BOLS (3rd column), the IV estimator BIV (4th column), and our bias adjusted estimators BOLSJ, BIV, and

Blv,m 1 =1,2 (columns 5-9). Looking at Table 3, we note that BIV ranks first as the least biased estimator

while E rv.1 Places second in each of the 50 experiments based on the different (3, 7) configurations!®. At the
other end of the spectrum, we see that the two unadjusted estimators, B v and ﬁo Ls, are both amongst the
three worst performers in every experimental setting. In particular, the unadjusted OLS estimator BO LS is
the worst performer in 40 of the 50 experiments conducted, while in each of the remaining 10 experiments,
it ranks sixth amongst the group of seven estimators. The unadjusted IV estimator BIV fares only slightly
better, placing sixth in 20 of the 50 experiments and fifth in the remaining experiments. Overall, the results
in Table 3 seem quite encouraging for our bias-adjusted estimators as a group, and particularly for B v and

B rv,1- Indeed, amongst all the bias-adjusted estimators, only BO 15,1 does not consistently outperform both

BIV and EO Ls- Moreover, in many cases, very substantial reduction in bias is achieved when BIV and 5 v
are used in lieu of BIV and BOLS. For example, in the case where 3 = —0.5 and ™ = 0.05, the reported
sample bias of BOLS is 0.4441; the reported sample bias of BIV, on the other hand, is 50% of this OLS bias
while the reported sample bias of BIV and B v are, respectively, only 4.1% and 4.7% of the OLS bias.
The discussion, thus far, has focused on the bias. However, in constructing bias-adjusted estimators,
there is always the concern that bias correction may come at the cost of a subtantial increase in the variance
of the estimator so that, in the end, the MSE of the bias-corrected estimator is actually higher than that
of the unadjusted estimator. To address this concern, we also report in Table 4 the sample MSE of our
estimators, averaged across the same 5000 Monte Carlo trials used to compute the corresponding sample

bias in Table 3. Table 4, which is organized in the same manner as Table 3, shows clearly that the reduction

15]nterestingly, EIV outperforms Elv,l (in the sense of having a slightly lower bias in each experiment), even though bias
correction for BIV is based only on the lead term of the bias expansion (16) while bias-correction for EIV,l is based on a
second order term of the expansion in addition to the lead term. An important reason for this, we believe, has to do with
the fact that the terms of the bias expansion involve unknown parameters which must be estimated. In particular, we note

2

that, in estimating the bias terms, we have estimated the parameter 72 using the Wald statistic Wy, . It is easy to see that

_1 _1
Whoy, T = 24+ 0p <k212> , so that the error in estimating 72 using Wiy, 1 is of order Op <k212) . It follows that the error of

our bias-correction procedure will be of order Op (k;f) regardless of whether we use one or two terms in the expansion, as it

is dominated by the estimation error. As a consequence, we should not be surprised to see both BIV and EIV,l exhibiting bias
of roughly the same order of magnitude, with one performing perhaps slightly better than the other in practice; as it seems to
be the case in the results reported in Table 3. On the other hand, in order to be able to take full advantage of the second order
term of the bias expansion, we must at least be able to estimate 72 such that the error of estimation is of order O (k;1(1+6>)

for some § > 0. We intend to explore this possibility in future research.
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in bias achieved by the bias-adjusted IV estimators, EIV and E 1v,1, does not come at the expense of higher

MSE. Indeed, EIV and 51‘/’1 are again the top two performers, having the two lowest MSE’s in 48 of the
50 experiments reported in Table 4. In fact, only in the case where 3 = —0.5 and 7 = 0.05 and in the
case where § = —1.0 and 7™ = 0.05 did BIV and EIV,I not place in the top two in Table 4. For these two

parameter settings, 50 Ls,2 and B 1v,2 were the top two estimators in terms of MSE. This can be explained

by the fact that ﬁo Ls,2 and B 1v,2 have been constructed using estimators which restricts II to be a zero
vector. Hence, these estimators tend to perform well in situations where the components of II (i.e., 7) are
small and where the level of endogeneity, as measured by the absolute magnitude of (3, is small; for, in
these cases, the efficiency gained by imposing the zero restriction on II greatly exceeds the bias induced
from misspecifying the model (i.e., the bias which results from shrinking the value of II to zero when it is
in fact only close to zero). Comparing the bias-adjusted estimators with the unadjusted estimators, we see
that with the exception of EO Ls,1, every one of the bias-adjusted estimators outperforms the two unadjusted
estimators, BIV and BO LS, in every experiment reported in Table 4. Indeed, across the different experiments,
the estimators’ ranking based on MSE is very similar to their ranking based on bias; with Bo LS1, EIV, and
BO s being the three worst estimators under both criteria.

In sum, the simulation results presented in Tables 3 and 4 show that the bias-adjusted IV estimators,
EIV and E 1v.1, often offer improvements over the unadjusted estimators, EIV and Bo LS, in terms of bias
and MSE. In regard to the practical implications of our results, we note that, of course, one would like to
use good instruments whenever possible. However, if high quality instruments are not available and one is
faced with a situation where one only has available a large number of instruments whose correlation with the
endogenous explanatory variable is weak; then, consistent with our theoretical results as reported in Section
5, our Monte Carlo results also suggest that it may be worthwhile, from a point estimation perspective, to

use a large number of these weak instruments in constructing bias-corrected estimators.

8 Concluding Remarks

In this paper, we have derived explicit formulae for the asymptotic bias and mean square error of the IV
estimator under weak instruments. In addition, we derive approximations for these formulae based on an
asymptotic scheme, whereby the value of the concentration parameter and the number of instruments are
both taken to infinity while the ratio of the two is assumed to approach a finite limit. These approximations
are shown via a series of numerical computations to be quite accurate. Our results allow us to characterize
the properties of the (asymptotic) bias and MSE functions of the IV estimator with regard to how they
vary with respect to ko1 and 72. Additionally, we are able to obtain consistent estimators of the bias and
MSE, and construct a variety of consistent bias-corrected OLS and IV estimators. Finally, we show that
in the more conventional case where the simultaneous equations model is fully identified, all but one of our
proposed bias corrected estimators are still consistent. This result suggests that our bias-corrected estimators
may also be useful in standard contexts in which instruments are not weak, although this conjecture is not
explored. A series of Monte Carlo experiments documents gains when our bias adjusted estimators are used
instead of standard IV and OLS estimators.

This paper is meant as a starting point. We believe that the large ko1, local-to-zero framework is
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potentially useful for addressing a variety of interesting questions related to the weak instrument literature.
Future directions for research include the development of methods for the assessment of instrument relevance

and for instrument selection based on estimators of the bias and MSE presented in this paper.
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Appendix A

This appendix collects a number of lemmas which we will use to establish the main results of our paper.
Before presenting the lemmas, however, we first introduce some notations which will appear in the statement
and proof of some of our lemmas and theorems. To begin, define 7, ; = Ql_lél(wzlu - Qzle;{g{lﬁxu)U;ﬂ%
and Z,1 = Ql_lél(wzw — QZIXQ;(le/JXv)UU_U%7 and note that

G~ (o((5 1) em)) (51)

In addition, define

vy (4, kar) (+ Zon1) (4 Zo,)

o ,
= Y etz (52)
va(p' s kar) = (w4 Zp1) Zua
k21 i i
= > . (m+2i,) 2z, (53)

where p;, thl, and Zf,71 are the ¢ — th component of u, Z, 1, and Z, 1, respectively. Note that we have
written v (.,.) as a function of x/u and not p because vy is a noncentral x? random variable which depends
on 4 only through the noncentrality parameter p’p. In addition, since p'Z, 1 = N(O, p'p), va(p'p, ka1) =
WZya + Zé,lZu’l also depends on g only through pp. To simplify notations, we will often write v; and vy
instead of vy (u'p, ko1) and ve(u'p, ko1) in places where no confusion is caused by not making explicit the
dependence of v; and vy on p'p and ko .
The following lemmas will be used in Appendix B to establish the main results of our paper:

Lemma Al: Let BIV,T be the IV estimator defined in Section 2 and suppose that (1), (2) and Assumptions

1 and 2 hold. Then, as T — oo

- T
Brv.r — Bo = Taute’ v] tva. (54)

Proof: The proof follows from slight modification of the proof of Theorem 1, part (a) of Staiger and Stock
(1997) and is, thus, omitted.
Lemma A2: If x > 0 and a,c > 0, then as x — o0,

1Fi(a;c2) = 11:((2))6“73:(6“) Z (C_(I);(!l_a)jxj +0(|z|7P)| . (55)

<.

Proof: See Lebedev (1972), pp. 268-271.

Lemma A3: Suppose z is bounded and suppose a,c — oo such that lim @ = 0. Then,

a,c— 00

Filaan) —e |3 EZ I o)) (56)

=0

Proof: The proof follows from Kummer’s transform. See, for example, Slater (1960), pp.12, 65-66.
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Lemma A4: Let x2(x/p) denote a non-central chi-square random variable with noncentrality parameter

' 1 and g degrees of freedom. Also let r denote a positive integer such that g > 2p. Then,

st~ e S YT G2 )
Pled)] = e S T )
= 2 ‘“”F(&g)p) A (30-r5e 3. o

Proof: See Ullah (1974), pp. 145-148.
Lemma A5: If the (J x 1) vector w is distributed normally with mean vector 6 and covariance matrix I

and suppose ¢(+) is a Borel measurable function. Then,
E[p(w'w)w] = 0E [¢ (xF12(0'0))] - (58)

Proof: See Judge and Bock (1978), Theorem 1 of Appendix B.2, pp.321-322.
Lemma A6: If the (J x 1) random vector w is distributed normally with mean vector 6 and covariance

matrix [; and suppose ¢(-) is a Borel measurable function. Then,
Elp(w'w)ww'] = E [¢ (xF12(0'0))] L1 + E [¢ (x51.4(6'0))] 00". (59)

Proof: See Judge and Bock (1978), Theorem 3 of Appendix B.2, pp. 323.
Lemma AT: Suppose that Assumption 4 holds. Write p/u = 72ka; + R*(k21) = p/ (7%, k21) (say), where
R*(ko1) = O (k;ll). Then, for a given value of 72, as ka1 — 00, the following results hold

(a)
1Fy (ko1 /2 = 15 ka1 /25 1/ pn/2) exp {— (1 11/2)}
= 1F1 (k21/2—]. k21/2 MM(T kgl)/2)exp{ (LLMT k21)/2)}
= (1) kg ) T 24 (1) T 2 (147 7]
ki (172 P 8- 28 (1) 432 (14 72) T — 12 (14 72) ]

—R*(kan)ky (1+72) 2 +0 (k) , (60)

1F1 (R21/2 = 23 ko1 /2 = 15 p'p/2) exp {— (' p/2)}
= R (k21/2 —2; ko1/2 = 1; p'p(7? k21)/2) exp {— (W (7%, ka21)/2) }
= (7)) kg ) T -6 (4 ) T 2 (14 7)) 7]
kgt (L4 72) 7 [24 =56 (14 72) T 444 (14 72) T =12 (14 72) ]
—R*(ka1)ky (1472) 72 40 (k5?) . (61)
Proof: We shall only prove part (a) since the proof for part (b) follows in an analogous manner. To show (a),

we make use of a well-known integral representation of the confluent hypergeometric function (see Lebedev
(1972) pp. 266) to write
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1Py (ko1 /2 = 15 kot /25 p/ (72, ko1)/2) exp {— (1 (72, k21)/2) }

(k 1/2) ! * 21—4
m/o exp {0.57%ka1 (t — 1)} exp {0.5R" (ka1 ) (t — 1)} t*21=1/2qy
1
= [05 (kgl — 2)] /0 exp {kglhl(t)} exp {O5R*(k21)(t — 1)} dt, (62)

where hy(t) = 0.5 [72(t — 1) +logt] — (2/ka1)logt. Given the integral representation (62), we can obtain
the expansion given by the right-hand side of expression (60) by applying a Laplace approximation to this
integral representation. We note that the maximum of the integrand of (62) in the interval [0, 1] occurs at the
boundary point t = 1, and as ko1 — oo the mass of the integral becomes increasingly concentrated in some
neighborhood of ¢ = 1. Hence, we can obtain an accurate approximation for this integral by approximating
the integrand with its Taylor expansion in some shrinking neighborhood of ¢ = 1 and by showing that
integration over the domain outside of this shrinking neighborhood becomes negligible as ko1 becomes large.

To proceed, we first split up this integral as follows:

[0.5 (ka1 — 2)] /0 exp (ot h (£)} exp {05 (ko) (t — 1)} dt

1
= 0.5 (kay — 2)] /1 71/\/?exp{kglhl(t)}exp{0.5R*(k21)(tf 1)} dt
1-1/Vka1
+ [05 (k‘gl — 2)] /0 exp {kglhl (t)} exp {0.5R*(k‘21)<t — 1)} dt
= Il + [2 (say), (63)

We shall handle I first. Note that
11/ Vot
0.5 (ka1 — 2)] / exp (ka1 (£)} exp {0.5R (kay) (¢ — 1)} dt
0
9 (k21—2)/2 —1
[0.5 (ka1 — 2)] exp {— (0.57’ \/kgl)} (1 — &y, ) exp {—0.5k212R (kgl)}

0 (kuveww { (v57v/Em) } (1- ) ). (64)

where the inequality holds for k37 > 4. Now, turning our attention to I;, we first make the change of
variable r = t —1 and rewrite I; = [0.5 (k21 — 2)] fEl/mexp {ka1h2(r)} exp {0.5R*(ko1)r} dr where ha(r) =
0.5 [72r +1log(1 +7)] — (2/k21)log(1 + 7). With this change of variable, we note that the maximum of the
integrand of I1in the interval [—1/v/ka1,0] now occurs at the boundary point r = 0. To apply the Laplace
approximation to I;, note first that the derivatives of ha(r) evaluated at r = 0 have the explicit forms:
h5(0) = 0.5 (1 +72%) — 2k5;! and hg)(O) (=11 —1)1[0.5 — 2k, ] for integer ¢ > 2. By Taylor’s formula,
we can expand ho(r) about the point 7 = 0 as follows

IN

ha(r) = ha(0) + Wy(0)r + (R§7(0)/2!) 2+ (S (0)/31) v + (RED(r) /at) o, (65)

0. Moreover, for —1/vka1 < r < 0,
(K21)

where r* lies on the line segment between r and 0 and hy(0) =
= (say), and note that M (kg1) — 3

- _ —4
IhSY ()| = |3 — 12k5' (1 +7)~* < |3 — 12k [k3) (V21 — 1) =M
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as ko1 — 00. Hence, for —1/v/ka1 <r <0,

(@)
hg(T) o Zj’_l h2 (0) T'i

= il

< [M{(kgy)rt] /4L (66)

(i) . (i) .
It follows that 37, hy ()i Mlr! o ho(r) < 30, hy @iy M(kfll)r4, so that

4! 4! 3!
kgl — 2 0 3 hg) (0) i M(le)’l"4 T «
< 5 >/_ ) exp{kzl (Z a T o exp{iR (kzl)}dr
Va1 i=1

_9 0
(k21 > / exp {ka1ha(r)} exp {0.5rR” (k21)} dr
2 —1/VE21

<k2122> /0 e {Im (i hgi;(O)Ti +J\4(112!1)T4> }exp {% R*(km)}dr_ (67)

e i=1

Let I3 denote the upper bound integral in expression (67). To evaluate I3, we rewrite it as

_ 0 s W | y
I; = <k212 2)/_ 1 exp{k21h’2(0)r}exp{k21 (thi!(O)T1+M(]12!1) >}

Vi i=2
.
exp {iR*(kgl)} dr. (68)

Expanding the latter two exponentials in the integrand above in power series and integrating term-by-term
while noting the absolute and uniform convergence of the series involved in the interval r € [—1/+/k21, 0] for

ko1 > 4; we obtain, after some tedious but straightforward calculations,

Is = (0.5(ko —2)) /0 exp {ka1h5(0)r} (1 + [14;21]1%2)(0)/2!} 2

|1/ vEn
2
+ [k21h(23) (0)/3!} I {kzl (h?’(())) (2!)3} it O.5R*(k21)r) dr + 0 (k;f‘)} (69)
= (05 (k21 — 2)) _2k511 (]_ + 7'2)_1 -+ 8]{53 (]_ + 7—2)_2 + 32k§13 (1 + 7_2)—3
kg (7)™ 1k (1) sk (14 7)
—16k52 (14 72) 7" 4 24k52 (1 4+ 72) 7" = 2R (kan)ky2 (1 +72) °+ 0 (k;;*)} (70)

2 [8—

= () kg ) T 2 () T 2 () T kg (L4 7Y
28 (1472) 7 432 (1+72) 7 =12 (14 7%) 7| = R o)k (1+72) "+ 0 (k3") . (T1)

By a similar argument, it can be shown that the lower bound integral in expression (67) can also be

approximated by the right-hand side of expression (71). It, thus, follows that
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0

(05 (k21 - 2)) /1/W exp {kglhg (’]")} exp {05R* (]fgl)r} dr

— 1+ k() [2_4(1”2)*1 +2(1 +72)*2} k2 (1+72) 70

8-
28(14+7%) " 482 (1+72) P =121+ 7) 7| - R (akz! (1+72) 40 (k") (72)

Finally, the result given in part (a) follows immediately from expressions (64) and (72).
Lemma A8: Suppose that (1), (2) and Assumptions 1 and 2 hold. Then, the following convergence results
hold jointly as T' — o0 :

(a) (u'Mxu/T, ysMxu/T, ysMxy2/T) = (Guu, Cuv, Tuv)-

(b) ZiMx Z1 /T £ Qu1, where Qi1 = Qz,7, — Qzle}lele-l )

(c) {(Z{szl)-%ngXu, (Z;MXZI)-%Z;MXU} = {Zu,logu,zv,logv},

where (Z{hl, Zq’),1

(A) (ZiMx Z1/T) "% (ZiMxya/VT) = (n+ Zon) oo,
(e) (yaMx Z1(Z1Mx Z1) ™' Zi Mxu, yyMx Z1(Z1Mx Zy) ™' Z{ Mxys,

W' My Zy (2} Mx Z1) =\ 2 Mxu) = (aémaéu, o1, ouuz;,lzu,l).
(£) (W'Mz, x)u/T, ysMz, xyu/T, ysMz, x)y2/T) 2 (Cuus Tuvs Tvo)-
(8) WMz, x /T, yiMz, xyy2/T) LN (911, g12), where g11 and g12 are elements of the reduced

)" has joint normal distribution given by (51).

form error covariance matrix G.
Proof: Part (a) is identical to part (a) of Lemma A1 of Staiger and Stock (1997) and is proved there. Parts
(b)-(e) are similar to parts (b)-(e) of Lemma Al of Staiger and Stock (1997), the only difference being that
Lemma A1 of Staiger and Stock (1997) gives convergence results for sample moments involving the entire
instrument matrix Z whereas our lemma here involves Z;, the submatrix of Z obtained via column selection.
Hence, parts (b)-(e) can be proved by minor modifications of the proof of parts (b)-(e) of Lemma Al of
Staiger and Stock (1997).

To show part (f), write
~1 -1
w' Mz, x)u _ w'Mxu _ W MxZ (Z’ Z) Z'Mxu YoMz, xyu _ yhbMxu  y,MxZ (Z/MXZ) Z'Mxu
- =

T T T T =7 T T 7, and

Mx
T
’ ’ ’ ’ -1,
yQM‘g; x¥2 y2MTXyz - 3’2]‘;{"2 (Z ]‘é{xz) Z Ivéxyz. Now, part (e) of Lemma A9 of Staiger and Stock (1997)

implies that

T T T T T T T T T
Op (%) . The results of part (f) then follow immediately from part (a) of this Lemma and the Slutsky’s The-

—1 , -1 ’ -1
’ ’ / Mx 2 ’ ’ MxZ / ’
u MxZ (ZMXZ Z Mxu Op(l)’yg X (ZMXZ> Z' Mxu Op(l),and Yo M x (ZMXZ> Z ' Mxy2

orem.
To show part (g), first note that g1; and gi2 are related to elements of the structural error covariance

matrix ¥ by the relations: g11 = 0wy + 20w B + Tvo 32 and g11 = Tuu + Tvu/3, Where 04y = goo. Next, observe

y/M , Yy w' M, ) u y’M . u y'M , Y y’M ) Y y/M , u y’M , Y
that £ (?x)lz (;X) + 2% (;x)g_,_ 2 (?x)252and 1 (ZTX>2: 2 (;X) +/;/[(§~X)2ﬁ.
Thus, it follows immediately from part (f) of this Lemma and the Slutsky’s Theorem that % 2

’
2 y1 Mz, x)y2 P _
Ouy + Qquﬁ + UUUB = g11 and = (T : — Oyy + vaﬁ = g12-

Lemma A9: Let Assumption 4 hold, so that p/u/ka; = 72 + O(ky;2) for a fixed constant 72 € (0, 00); and
write ' p = 7%ko1 + O(k:;ll) = 1/ (72, ko1). Then, as ko; — 00, the following results hold:
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(a) o1 (W p(r?, k1) ka1) P, (1+72).

va (' (77, k21),k21)
(b) TRl ),
. ’ 2 Z7 ZU /Z, ’ /Zu ’
Proof: To prove (a), write 2L ka)kon)  ZuoaZot | g Zos | 14 Next, note that L2510 = N (0, L4
’ k21 k21 k21 k21 ’ k21 k3,

2 ’
so that E (%) = 4,52” = 471 + O(ky;®), and, thus, 2% 2.0 as ks — oo and /s — oo under

2
. . A
Assumption 4. Moreover, note that, as ko1 — oo and g’ — oo under Assumption 4, F (Ll — 1) =

k21
Z! .\ Z,
% — 0, so that =52=2 =5
Zy 121 W Zy 1 ;L I 2 / .
'km +25 + 50 = 1+ 77, as k21 — oo and p'p — 0o under Assumption 4.

— 1, and note also that % — 72, It follows by the Slutsky’s Theorem that

L (2 'z Z! \ Z, . .
To show (b), write 22 H(Tk‘;lk2l)’k21) = Bt 4 2ot First, from expression (51), we see that Z,, 1 =

N(0, Iy, ), Zua = N(0, Iy, ), and E(Zy 1 Z,, 1) = ply,, - It follows from Khinchine’s weak law of large numbers

ka1
that, as ko3 — oo and p/pu — oo under Assumption 4, L, 15“ = = (1/ka1) Z VARVAR 2 p, where Z! 1 and

Zu 1 denote the i —th component of Z, 1 and Z, 1, respectively. In addition, note that & Z? L=N (O, ’122“) SO
21
2 /
that E (“ ZZ 1) == +O( ), and, thus, £ Z: L 2,0 as kyy — oo and gy — oo under Assumption
21

4. The desired result, thus, follows by the Slutsky’s Theorem.
Lemma A10: Suppose that (1), (2) and Assumptions 1* and 2 hold. Then, the following convergence

results hold as T — oo.
(a) (u'Mxu/T, yoMxu/T, ysMxys/T) = (Cuu; Ouw, QI + 04).
(b) (u'Mz, xyu/T, ys Mz, xyu/T, ysM(z, xyy2/T) LA (Cuny Tuvy Tuw)-
(¢) (ZiMxZy/T, ZiMxy>/T) 2 (Qu1, Q.11).
Proof: Each part of this lemma follows directly from Assumptions 1* and 2 and the Slutsky’s Theorem.

The arguments are standard and well-known, so we omit the details.
Appendix B

~ 1o_1
Proof of Theorem 3.1: To show part (a), we note that by Lemma Al, Ur = Brv,r— B0 = 0du0vs’ vy vy =
U (say). Moreover, given Assumption 3, we have by Theorem 5.4 of Billingsley (1968) that Tlim E(Ur) =
~ 11 ~
lim E {ﬂIVT —ﬂo} =F [aqjuawz U1_1U2:| = E(U). It follows that to derive the asymptotic bias of Srv,

we need merely to give an explicit form for £ [auuaw vy ’02:| To proceed, note that, given (51), we can
write Zy1 = Zyp1p + Zui.v1, Where Zy1.1 ~ N(0, (1 — p?)I},,) represents the projection error and is, thus,

independent of Z, ;. Next, we rewrite the limiting random variable U as

1 1 _
U = Uuuavv Uy 1U2 = Uuugvv [(,UJ + Zv 1) (,UJ + Zv,l)] ! (,LL + Zv,l),Zu,l
= Uuuo—'uv [(,U/ + Zv 1) (,Uf + Zv,l)} (p, + Zv,l)/(Zv,lp + Zul.vl)v (73)

so that making use of the law of iterated expectations, we have
BU) = Pg, [Ezu e (ka0 1 Zun) (4 Zo0)) ™ (04 Z02) (Zop+ Zunan) )|
= O'Euo';uEEZml |:[(,LL + Zv,l),(,u + Zv,l)]71 (,Uf + Zv,l)/ZU,lp 5 (74)

where Ez, ,(-) and Eg, |z, () denote, respectively, the expectation taken with respect to the marginal

density of Z, ; and the expectation taken with respect to the conditional density of Z, ; given Z, ;. Now,
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to evaluate the right-hand side of (74), we note that

1 1

oiuow’ Ez, [Kﬂ + Zo1) (et Zon)] (n Zv,l)/Zv,ll)}

1 _1 —
= Chuow Bz [0+ Zoa) G Zon)) ™ (o Zoa) (i + Zo — )]

1 11 _
wuOvn” P — Tiuluy’ EZv,l [[(/‘ + val)/(,u + Zv,l)] ! (n+ Zv,l)llip}

= o
7 -3 5 =5 2 N
= OuuO0vv P — OuuOvv PH ,UE ([Xk21+2(,u ,u)] ) . (75)
where the last line of expression (75) follows from Lemma A5 by noting that (u+ Z, 1) ~ N(u, I,,) and so
(4 Zo1) (1 + Zo1) ~ X3, (/' 1). Finally, applying Lemma A4 to (75), we obtain

TIEI;OE [BIV,T - ﬁo} E(U)

= Gduonip [1 — e (D(kar /2) /D (ka1 /2 + 1)} (ka1 /2)
X { 1F1 (ko1/2; ko1/2; p'u/2) — 1Fy (k21/2 = 15 ko1 /2; 1/ p/2)}
= O"ul,uo'vv P [1 —¢€ M;‘H 151 (k21/2; ko1/2; M/M/2)

+ e 151 (ko1 /2 — 15 ko1 /2; M/M/2)}
11 ’
= oduonipe” T 1 Fy (k)2 - 1; ka/2; W p/2), (77)

where the third equality above follows from the recurrence relation
z1F (a+ Ly +12) =9x (R (a+1;72) =1 Fi (75 2)]
and where the sixth equality above follows from the fact that 1 F (o; «; 2) = e*.

To show part (b), note that “IT” > 0, k% > 0, and % + 1 > 0. Hence, direct application of Lemma A2
yields 02y pe= 2" 1 F (ko1/2 — 1; ko1 /2; (/' 1n/2) =

i 1 wu w'p — —
= oduoi pe " (T (k21/2) /T(kar /2 = 1) €% (w'p/2) 7" [1+0((w') )] =

= ohuont plkar = 2) (')~ [1+ 0w ™) = O ™).
(3ka1— ék21+1)( ) .
(3 B

k21) ko—o00

To show part (c), note that lim

ko1 — 00

lim (%%) = 0. Hence, direct application

wu ply

11 / 11

of Lemma A3 gives U,fuamﬁpe’% 1B (ko1/2 — 1; ko1 /2; p'u/2) = cluowipe 2 e 2 [1 +O(k2_11)] =
11 11

Uﬁuo'm?/) [1 + O(kg_ll)] — Uqfuo'mfp as kop — 00 .

To show (d), note that, based on (7), we can write the bias formula in its infinite series form as follows:

11w o (kar/2 = 1); (1 1) 2)
bz (NI,U/ k21) = Jﬁuo'mf pe 2 Z 5
B ’ ]
v = k‘21/2 7!
I S £ kot =2\ (n/2)
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’
o

Let f(/'p koy) =e 2 |2 (k;fj};f 2) (s ’;,/2) , and note further that f(u'p = 0,k21) = 1. Also, from
§=0

the proof of part (b) above, we know that lim f(u'p, ke1) = 0. Moreover, note that, under the assumption
W p—r00

that le 2 4,
i < ko1 — 2 > jWn/2’ i < ka1 — 2 > (1'p/2)
e\ ko + 2 — 2 j! S \ka +2j-2) !
’ j71
1% .
i( ka1 — 2 ) ( ) _i( kot =2\ (Wn/2)
k21+2]—2 (]—1)' =0 k21+2j—2 ]'

i i (W 11/2) (kay — 2) [(ko1 + 25 — 2) — (k21 + 29)]
J! (k21 + 27 — 2)(k21 + 2j)

i °_° (( Koy — 2 ) (/'n/2) <o, (79)

Of (W', ko)
(')

I
|
)

ko1 + 25 — 2) (ka1 + 25) 4!

where term-by-term differentiation is justified by the absolute and uniform convergence of the infinite series
representation of f(u'u, ko1) and of the infinite series (79). It follows that 0 < f(u'p, ke1) < 1, and
is a monotonically decreasing function of (u'p) for (1'p) € [0, 00). Moreover, from expression (78) and the
definition of f(4'p, k1), we see that [bg (11, ko1)| = |ploduows® f(1' 1, k21), so that |bg (11, ka1)| depends
on p'p only through the factor f(u'w, ko1). Hence, |b51v (', k21)| is & monotonically decreasing function of
@' for p'p € [0,00) and oy, # 0.

To show (e), we differentiate the infinite series representation of f(u'p, k21) term-by-term to obtain

(' p/2)’
kgl + 2] — 2) ]'

Of(p'p,kar)  _ws Z >0, (80)

Okay B

noting that interchanging the operations of differentiation and summation is jusified by the absolute and
uniform convergence of the infinite series involved for ko; > 4. It follows that f(u'w,k21) and, thus,
|bﬁw (1, ko1)| are monotonically increasing functions of ko for p'p fixed and oy, # 0.

Proof of Theorem 3.2: To show part (a), note that by Theorem 5.4 of Billingsley (1968) and Lemma A1l

2
above, we have that hm E [ﬂIVT - 60} = hm E(U2) = B(U?) = Elouuoy, vy 'vivy']. Hence, as with
the proof of part (a) of Theorern 3.1, the derlvatlon of the AMSE only entails the derivation of an explicit

form for E[o,,0, v; 'v3v;!]. To proceed, note that, using expression (51) and the decomposition Z, ; =

Zp1p + Zuto1, we can write U? = 0,05 07 0307 = 0o [(0 4+ Zod) (0 + Zoa) ™ (4 Zon) (Zuap +
Zul‘vl)(Zv,lp + Zul.vl) (,U/ + Zv,l)

(1t + Zu1) (1 + Zo1)] ", s0 that making use of the law of iterated expectations, we have
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EWUY) = 0u0y Bz, [Bzusize, (0+ Zo2) (4 Zon) ™ 0+ Z02) (Zoap+ Zuran)
(Zoap+ Zuton) (0 + Zoa) [0+ Zo) (1 + Zo)) )|

= 0w Ez,, ([(M + Zo0) (04 Zon)] (0t Zon) (Zoa 2000 + (1= p2) ks,
1+ Zoa) [0+ Zoa) (0 + Z0)] )

= 0w 0Bz, (04 Z0) 0+ Zon)] ™ (04 Zon) Zoa Zis(n+ Zuy)
(14 Z02) (1 + Zo)] ™) + 0uu0il (L= ) By (4 Zoa) 0+ Z0a)) )

= w0 Bz, ([ Z0) (4 Zo)] ™ (i Zoa) G Zuy = 1)+ Zug = 1)
(4 Zoa) [0+ Zoa) 0+ Zo)] )
+ouuoy, (1 - p*)Ez,, ([(u + Zoa) (B + Zv,l)]_l)

= oo {127, ([0 + Zon) (u+ Zo)) ™ (i Zo) 1)
Bz, (04 Zo) (4 Zon)] ™ 1 0+ Zod) (1 + Zoa) 1

1+ Zo) (0 + Zo)) ") + 972 (L= ) Bz, (0 + Zoa) 0+ Zo) ') o (8D)

where Ez, () and Ez, |z, () are expectation operators as defined in the proof of part (a) of Theorem 3.1.
Now, to evaluate the expression to the right of the last equality sign above, we note that since (p+ Z, 1) ~

N (g, Iy, ) and (p+ Zy 1) (1 + Zo1) ~ X3, (W 11), we can apply Lemmas A5 and A6 to (81) above to obtain

U = oo {128 (ks salis0) ™) ot [ (Ocka20) ™) B

+ (B (s ) ) s | 072 (1= ) B (R, () ) }- (82)

Finally, applying Lemma A4 to expression (82) above, we obtain

. 2
TliH;oE [ﬁIV,T - 50] = EU?
= Ouu0y, P’

{1 — (1w e [C(k21/2)/T (k21 /2 + 1)] 1Fy (k21/2; ka1 /2415 1/ p/2)
+ (' 1/4) e [D(kar /2 — 1)/T(kar/2 4+ 1)) 1Fy (hat /2 — Likar /2 + 1 1/2)
(1 /2% e [D(kar /2)/T (ke /2 4+ D) 1By (b /2 Ko /2425 1/0f2)
+(20%) 7 (1= p?) e 2 [D(kar/2 — 1)/T (k2 /2)] %
1Fy (Ra1 /2 = 15 ko1 /25 p'p/2)}
= Ouu0, p*A (say). (83)

Now, rewrite A as
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A = 1 () e WDkt TR kot /2 kar/2+ 1 Wp/2)
+ (' 4) e 2 (g kot — 2)) 70 1By (Ran /2 = 15 kan /24 15 1/p/2)
+ (' 1/2) 6_(“/”/2)4(1621(/621 +2)7 1y (k2 /2 kor/2+ 25 1 1)2)
+ (202)_1 (1-p7) e~ (Wni2)y (kor —2)"" 1Fy (ko1/2 — 15 ko /25 p'p/2). (84)

Next, note that successive application of the recurrence relation z 1 Fy (a4 15y + 1;2) =

YOF (o + 13795 2) — 1F1 (0573 2)] yields

A= = [ e 2k By (o /25 ko /2 4 1 p1/2)] + | (0 /4) e 0072 4
(ko1 (k21 — 2))_1 1F1 (k21 /2 — 1, ka1 /2 + 1;#’#/2)} + [(MIM/Z) e~ (Wn/2)y (ka1 (ka1 + 2))_1 X
(ko1 +2) /2) {1 F1 (ko1/2; ko1/241; p'p/2) — 1Fy (k21/2 —1; ko1 /2415 p'pn/2)}]

+ [(2/’2)_1 (1-p%) e~ W12 (kyy —2)71 |y (ka1 /2 — 1;/*?21/2;/1%/2)}

- 1 [(u’u/2) e (W 12)op =V By (Kt /2 Koy /2 + 1 u’u/2)] + [e*(u’ﬂ/2)2 (ka1 (ko1 — 2)) " x
(k21/2) {1 B (k21 /2 = 15 kon /2 p'/2) = 1 Fy (K21 /2 = 23 Kon /25 1/ p/2)}] = [(1'1/2) %
e (W812) (2 k1) 1 Fy (ka1 /2 — 15 ka1 /2 + 1;M'M/2>] + [9_2 (1—p?) e (WB/2) (kyy — 2)7
1F1 (ko1/2 — 1, ko1 /25 1 1/ 2)]

= - [67(#'“/2) {151 (k21/2: k21 /230 1/2) — 1F1 (K1 /2 — 1;k21/2;u'u/2)}} - {ei(wm)x
(k‘zl — 2)_1 1F1 (k21/2 — 2, k‘21/2; /.L//J/Q):| — |:e—(,u/u/2) {1F1 (k21/2 - 17 k21/2; /,L//,L/Z)
— 1 F1 (ko1/2 = 25 ko1 /2,4 11/2) }] +
[[)_2670/‘“/2) (k21 — 2)71 1F1 (k21/2 — ].; k21/2; LL//L/Q):| . (85)

Finally, noting that 1 F} (o; «; 2) = e*, we can simplify the expression above by writing

A = —e (Wr2) (ko1 —2)7" 1Py (ko1 /2 — 25k /23 14 10/2) + e~ (Wri2) |y (k21/2 — 25 ka1 /25 1 11/2)
+P_2€_(“/“/2) (ko1 —2)7" 1 Fy (ko1 /2 — 15 ka1 /2; 1 11)2)
— e (W2) [(kgy = 3) / (ko1 — 2)] 1 Fy (Kot /2 — 23 o /2 1/ 11/2) +
p~2e= (W/2) (kyy — 2)7V L Fy (kot /2 — 1Kot /25 1 10)2) . (86)

To show (b), first assume that ko; > 4, so that “/T“ > 0, % —1>0, % > 0, and % — 2> 0. It follows

that we can apply Lemma A2 to each of the confluent hypergeometric functions 1 F3(+;-;-) which appear in
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(6) to obtain

_ _ulp
mBIV (/J’/Iu7k21) = UuuavvpoG 2 [(

o) T (7) (romwn™)

072 (ka1 = 2) 7 [D(ka1/2)/T (k1 /2 = 1)] 47 (1 j2) ™ (14 O(('m) ™) |
= Ouu0yy P [((km —3) / (ka1 — 2)) (k21 — 2) /2) (ka1 — 4) /2) (/' 1/2) "
x (1+0(m ™) + 727 (w2t (1+ 0(wm ™)
= oW ™). (87)
Next, assume that ko1 = 4, and observe that, in this case, e~ 2" [(ka1 — 3)/ (ka1 — 2)] 1F1 (ka1 /2—2; ka1 /2: 1/ 1)2) =
e~ (1/2) 1F1(0; 2 1/ p)2) = e "2 (1/2) = O (e*“%“) Tt follows that
Mg (011 4) = 5 (1/2) Py (0:2 ' p0/2) + p~2e™ % (/21 A (125 1'/2) = O (5"
+0 ((ww ™) =0 (wm™).

Lpo —(Lkoi—1 w'p , Lo — (ko1 —2 'y
To show (c), note that i PG D(F) _ (42) = 0and lim () (12)
k21 —00 (gka21) ka—o00 ka1 ko1 —00 (5ka1)

= klim (%) = 0. Hence, each of the 1Fi(+;+;-) functions appearing in expression (6) satisfies the
2 — 00
pp

conditions of Lemma A3 so we may apply this Lemma to obtain mg (1'p, k1) = Tuulppple™ 2 €2

[((kzl —3)/ (k21— 2)) (1 + O(kz")) + p~2 (ko1 —2) 7" (1 + O(k2_11)):| = Ouulpy p*x [14 O(k3)")] = ouuoy,) p?

as ko1 — 00.

omg ",k .
To show part (d), it suffices to show that W < 0, for all fixed integer ko7 > 4. To proceed,

write the MSE formula in its infinite series representation as given by (8):

e © (ko1 /2 —1). (4 J
it (1) () 5 D
p ko1 —2 = (k21/2); J!

mg, (1 1 ka1)

) <k21 - 3> i (k21/2 = 2); (' p/2)’

kn—2) & (kaf2);, !

o w1 1 o~ (k1/2-1)  (Wp/2)
= Oyu0 ! € = (> ( ) 1+ - - +
ol p?) \ka1 —2 Z<k21/2+.7—1) J!

j=1

oy — 3 = (k21/2 = 1) (ka1/2—-2)  (u'p/2)
<k21—2> 1+Z(k21/2+j—1)(k21/2+j—2) J!

(83)

j=1

Now, differentiating (88) term-by-term, we obtain
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N , 00 . i—1
omp,., (‘f'“’ ko) <1) oL pe— i < > Z (k21/2 1) jw'p/ 2
(W ) 2 ko1 =2/ k21/2+3—1) J!

<k21 — 3) i (k21/2 = 1) (k21/2-2)  j('n/2’ "
koy — 2 i (k‘21/2+j—1)<k’21/2+j—2) 4!

&) ) S et

</€21 > 1+ (k21/2—1) (k21/2-2)  (W'p/2)
ka1 — (k21/2+7 = 1) (ka/2+37—2) j!

j=1

= 0504405 e (WB/2) (jy —9)71

2 (k21/2 1) (1'11/2)° 10 <k21 - 3>
I . . _Uuua'm; e 2 7 a9
ko1 ;(km/?-i-j) (k21/24j—-1) 4! P kop — 2
2 (k21/2 — 1) (k21/2 - 2) (1'p/2)
X =+ . . . .
kgl 1(k21/2+])(k21/2+_]—1)(k21/2+]—2) ]!
< 0 for koy > 4, (89)

where interchanging the operations of differentiations and summation is justified by the absolute and uniform
convergence of the infinite series (88) and (89).

Proof of Theorem 4.1: To show part (a), note that direct application of part (a) of Lemma A7 to the
bias expression (5) yields

b, (7% k1) = a;fa;;/Qp{(l +r) okt (14 7)) [2 4+ 204 72)‘2}
Skt (L4 r) T 828 (147 T kB2 (14 r) T 12 (14 72) ]
~R*(ka0ki' (14727 + 0 (k3) }
= al2o o { (1) kg () T 24 (1) T 2 (1472
+0 (k31%)
= al2on o { (1) =2y (14 7)Y (14 7))+ 0 (k). (90)

To show part (b), we first rewrite expression (6) as follows

ms, (12 kn)) = Ouuoilp? {p—z (ko —2)"" 1y (ka1 /2 = 1; ko /2 1/ i(72, k1) /2) o n(r k1) /2

ko1 — 3 kop — 2 ko1 ko1 W /J(T kgl) _w'n(r2 k)
n{—-2,——-1,—————=
+(k21—2>< 2 >11<2 79 2 © 7

ko1 — 3 koy — 4 ko1 ko1 ,u,/,u(TQ,le) w2 kay)
_ Fyo( 2L g P2 BT, Ral) 1
(=) (B57) (o)) o
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where we have made use of the identity (y—a—1) 1 F1 (a;7v;2) = (v—1) 1 Fy (o7 — 1;2) —a 1 Fy (a+ 1;7; 2)
in rewriting expression (6). (See Lebedev (1972), pp. 262, for more details on this and identities involving

confluent hypergeometric functions.) Applying the results of Lemma A7 to the confluent hypergeometric
functions in expression (91) above, we obtain

My (Tk1) = ot 0? [0 ket (L= 2/ke) T {1+ 7) T — kg (1) T (24 (1)
+2(1+7) ) — k2 (1473 7 (8-28 (1473 432 (14 7%)
—12(14 7)) = R*(haki (1+72) 72+ 0 (k3®) | + (1= 2/kar) ™
(1= 3/kor) (haa/2 = D { (14 72) T kg (14 72) 7 (=6 (1477 +
2(14+73) ") — kgt (14 73) 7 (2456 (14 72) T+ 44 (14 72) 7
—12(1472) ) = R*(ha)ki! (1+72) 7+ 0 (k3") } -
(1= 3/kar) (1= 2/ka)) ™ (R /2 =2 { (1+72) " =z (14 72) 7' 2
—a (147 T 2 (1) ) gt (1) T (8- 28 (147 T
82(147%) 7 =12(1+72) ") = R (ka)kz (1+72) > + 0 (k3) } (92)

Expanding (1 — 2/ks1)”" in the binomial series series (1 —2/koy)™ " = 14 2/kay + 4/k2, + O (k3?%) ; and,
after some tedious but straightforward calculations, it can be shown that

mg, (7% kan) Tun0y) p? {(1 +7) Py (1472 T — k) 1+ ) T

—12(147) 7 46 (14 72) 7 00 |

= quon {1+ ) 7H (1=p2) o)kt (L7 ok (14 72) T
=70+ 120473 =6 (14+72) 7 } + 0lkz2). (93)

Proof of Theorem 4.3: To prove (a), write

M, (k) = ouo o {(147) 7 (1= 07) /) b (14 7) 7
0 [l o) 007 )
= Tuwu0y, Pk (1+ 7'2)71 [P_Q —(7T—ka1) (14 72)71

+12(1+72) =6 (1+7%) 7 (94)

Now, let z = (1 + 7'2)71 and define the polynomial p(z) = p~2 — (7—ka1 )z +1222 —62°. From expression (94)
above, it is apparent that to show that Mg, (12, k91) > 0 for 72 € [0,00) and koy > 4, it suffices to show that
o(z) > 0for z € [0,1] and ko7 > 4. Note also that, for ko1 > 4and x € [0, 1], p(x) > 1-3z+122%—623 = 7(x)
(say); so that we need only to show that m(x) > 0 for z € [0, 1]. We will, in fact, show that m(x) > 0 for
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x € [0,1]. To proceed, observe first that 7(0) = 1 and 7(1) = 4, so that =(.) is positive at the end points
of the interval. Next, to show that m(x) is positive in the open interval (0,1), we note that 7'(z) =
—3 + 24z — 1822, so that 7/(z) is a continuously differentiable (quadratic) function which is 0 at z = 2/3 —
(V10) /6 =~ .14, negative for z € [0,2/3 — (v/10) /6), and positive for z € (2/3 — (v/10) /6,1]. Moreover,
observe that 7 (2/3 — (v10) /6) = 1 — 3(2/3 — (vV10) /6) + 12 (2/3 — (v/10) /6)° — 6 (2/3 — (V/10) /6)’
=23/9 — (5/9) V10 ~ .80 > 0. It follows that m(z) is monotonically decreasing for z € [0,2/3 — (v/10) /6)
reaching a local minimal value of 23/9 — (5/9) /10 at the point = 2/3 — (v/10) /6. Furthermore, ()
is monotonically increasing for = € (2/ 3— (\/ﬁ) /6, 1] reaching a value of 4 at x = 1. It, thus, follows
immediately that T?LEIV(T2,I<:21) > 0 for 72 € [0,00) and kg; > 4, and note that T/T\lEIV(TQ,kzl) = 0 only if
Ouw = 0.
The proof for part (b) follows in a similar manner as that given by part (a). We, thus, omit the details.

Proof of Theorem 4.4: To show part (a), we write the infinite series representation of expression (29) as

1 1 72ky > k21 -2 ) (0'5T2k21)j
by (7% k = OguOu pe 2 - -
ﬁlv( 21) p ;<k21+2]—2 4!
= 02uom? pf (7%, ka1) (say). (95)

Note that f(72 = 0,ko1) = 1, and in a manner similar to the proof of part (b) of Theorem 3.1, we can show
that lim f(72,ka1) = 0 for koy fixed. Moreover, taking partial derivative of f(72,ks1) with respect to 72,

we obtain

3f(7'2, k21) _ (k321> o T2’2621 > < k21 -2 > <0.5T2]€21)j
or? 2 = ko +25 —2 4!
k‘21 _m2koy > k‘21 -2 j (0.5T2k21)j71
o) For +2j — 2 ]
s 21 + 27 7!
_ (]“21> R i (ka1 — 2) [ka1 + 25 — 2 — (ka1 + 24)] (0.57%k21)’
2 i (k21 +2j) (ko1 + 27 — 2) J!
oty & (ko1 — 2) (0.572ks; )’
= —haem 2 , , , <0, 96
A Z (ko1 +27) (k21 +25 —2) 4! (96)

Jj=0

where the term-by-term differentiation is justified by the absolute and uniform convergence of the series
involved. It follows that 0 < f(72,ko1) < 1, and f(72,ko1) is a monotonically decreasing function in the

range 72 € [0,00) for ko; fixed. Now, note that the sign of bBIV(TQ,kgl) is determined by the sign of p.

. Abs  (12,k21) 1 _1 2
Hence, from expression (95), we see that, for p > 0, % = POGuTv’ % < 0 and, for p < 0,
dbg  (7%,k21) L -1 2 . . . .
ﬁ”’@%ﬁ = POGuOvy % > 0; so that bﬁrv(TQ’ ]{121)‘ is a monotonically decreasing function of 72

for p # 0 (or equivalently for o, # 0), which establishes the desired result.
To show part (b), we note that, making use of the infinite series representation of expression (76),

reparameterized in terms of 72 and kg;, we can rewrite the bias formula (29) as:
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oo j+1
1 1 72koy (0.572k‘21)]+ 1
b 7'2, k = OguOuvo 1—e 72 . :
5Iv( 21) P ; 4! (k21/2+])
1 _1
= U’lfuo—mf Pg(7'2» k21)7 (say) (97)

Now, taking the partial derivative of g(72, ko1) in expression (97) with respect to ko1, we obtain

j+1

99(r* k) _ -hm <72> y (057 ka) 1 (1) 5 (0572k2)"" 1
Ok21 2 = 4! (k21/2+79) 2 g 4! (k21 /2 + j)2
2\ & (4 1) (0.572ksy )’
_ (T> Z (j+1) (0 57%ko1) 1 . %8)
2 §=0 7! (k21/2 + j)

where term-by-term differentiation above is justified by the absolute and uniform convergence of the series

involved. Now, take i = j + 1, we see that

uh) o |(g) p e e
(%) i : <0'5§!2k21)] YR
(B LT
+(3) i (0'572;!21)%1 VR

_ o | (P (0-57%k21)’ (k21/2 — 1)
- [ ( )2 S G/ )k /2 5 1)
1\ < (0.572ky )" 1
+<2>Z B (24 )

00 2 J 2.
_ (1> o ez 3 (05722 TJ > 0. (99)

= J! (ka1/2+7)*(ka1/2+j —1)

Moreover, similar to the proof of part (a) above, we have that the sign of bﬁzv (72, ko1) is determined by the

. Abs  (12,ka1) L _1la00:2 Abs  (72,ka1) L 1002
sign of p. Hence, —"1Y5——— = poiuou,’ 79(31;121) >0 for p > 0 and —205—"—— = poiuou,’ 7“7(5,6;121) <0

for p < 0, and \bgﬂ/ (72, k21)| is a monotonically increasing function in ko for p # 0, and part (b) is, thus,
proved.

Finally, to show part (c), we note that, analogous to expression (88) above, the MSE formula can be
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written as

_ T2k ]_ ad ]f /2 — ]_ (0.5T2k21)j
_ 2 L = ouuolp? 21 21
M (Toke) = w1 = Zl (hnf2+j-1) !
ka1 — 3 > ko1 /2 — 1) (ka1 /2 — 2 0.572ky1)’
( = ) 1y /2o )2 - 2) (057 k) (100)
ko1 —2 — (k21/24 35— 1) (k21/2+ 5 - 2) J!
Next, differentiating expression (100) term-by-term with respect to 72, we obtain
M — _kﬂa 0—1[)267% 1 1 i (ko1 —2) (0~57'2k121)j
or2 g MuTwv p2 ) \kop —2 = (k21 +2j —2) 4!
k .- (ko1 —2) (ka1 — 4 0.572ksy )’
n < 21 — ) Z 21 — 2) (k21 ) ( - 21) +
ko1 — 2 = (kn +2]—2)(ki21+2]—4) 4!
oo . J—1
k21 O—uuo—;vlp267T i < > Z (k21 _2) d (0.5T2_k21)
2 k‘21 -2 = (ka1 +2j —2) J!
+ (k21 - 3) i k21 — 2) (le — 4) j (0.57'2/4J21)j_1
ka1 —2 = (k21 +2j — 2) (ka1 + 25 — 4) J!
_k w2hoy
= 21 auuaqjvlpze* ]‘:2 X
2
<1> < 1 > i 2 (ka1 — 2) (0.572ky,)’
p2 k/’21 -2 =0 (k}gl +2j) (k’gl +2]—2> j'
. <k21 - 3> i 4 (koy — 2) (kay — 4) (0.572ks1)’
ko1 = 2) \ = (ka1 +27) (kor + 2j = 2) (ka1 + 25 — 4) j!
< 0, (101)

where again the interchanging of differentiation and summation is justified by the absolute and uniform
convergence of the infinite series (100) and (101) for ko > 4.

Proof of Lemma 5.1: To show part (a), note that since G,,,1 = yéM(z%m and Oyp2 = %M%y?, it follows
directly from part (a) and (f) of Lemma A8 that, as T' — 00, Oyp,1 2 5y and Ouv,2 NP Note, of course
that these limits do not depend on either ko; or p'u , and the results of part (a) follow as an immediate

consequence.

To show part (b), note that it follows from part (d) of Lemma A8, part (a) of this Lemma, and the continu-

<1/2szl)(z szl) (Z MX1;2)/k21

. T 7 VT Z,. Z,

ous mapping theorem that as T' — oo, Wy, v = o =t 1,22(1“+ 2) —
VU,

. Tt then follows directly from part (a) of Lemma A9 that, as ko1 — 00 and p'p — oo under As-
v1(p p,k21)
k21

v (p p,ka1)
k?l
. D .
sumption 4, L1+ 72 as desired.

=~ ’
o~ _ (m—yzﬁrv) Mz x)y2 Wioy, T _ [u'Miz x)y2 2
To prove part (c), write Gyy,1 = + Wiir1)= | T Brv — Bo
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’
YoMz, x)y2 Wioy, T ~ WM y Mxy2 Wioy . T .
z Wk;lT—l and Gypp = |“ixw2 gIV —By) & Wk212{1“71 . Applying Lemma Al,

parts (a) and (f) of Lemma A8, and the contmuous mapping theorem; we see immediately that Gy, 1 =

[qu _ Uéudév (vl(ll«’u,kzl))_l (vz(#’u,k2l)):| (vl(u,;u,km) _ 1)—1 <W) = Ay, wp (say) and also that

ka1 ka1 21 21
Ouv,2 = Akgy,wn a8 T — 00, so that both estimators approach the same random limit as the same size
approaches infinity. Moreover, applying Lemma A9, we deduce that, as ko; — oo and p'pu — oo under

171 _
Assumption 4, Ap,, 4y 2, |:g'uv — 02u0up (1 + 7_2) 1]
(li§2> = Ouwv [1 -1 ] (1+Tz> = Oy, thus, establishing the desired results.

1+72 T2

52 ~2 2 52
To show part (d), we write Gyq,1 = = Sy 2ol ( L )—f’“”l ( 1 ) and Gy 2 = = Syut2owe2 ( L

Guv,1 \ Wiy, T Guu,1 \ Wkoy, T Ouvv,2 \ Wioy,T

~2 2
Juv,2 ( L ) . Note first that

Ouvv,2 \ Whoy,T

o ’ a ’ o~ ’ -~ 2
Sy = W1=y281v) A;[,X(ylfyzﬁ“’) = wilxu 2 (Brv — Bo L%XU +(Brv — Bo 7112]\/7[,)”’2. Hence, it follows from
Lemma A1; part (a) of Lemma AS8; the proofs of parts (a), (b), and (¢) of this Lemma as given above; and the

1 1 , -1 ’
. . ~ 5 _—35 k. k
continuous mapping theorem that as T' — 00, Oyu,1 = Cuu — 20Gu0vv’ Tun (%) (%) +

—2 2 A2 ’ 1 A2 —2
T (vl(#'#,km)) (02(#];#7’621)) 49l hanln (Ul(# #»km)) ko.ulp (vl(#'#,km)) = (say). Sim-

k21 21 [ ka1 O k21
ilarly, Guu,2 = Bi,, pwp as T — oo. Moreover, applying Lemma A9 and part (c) of this Lemma, we easily

p L 1 2 2 2 2
et B 2 20k (22) o (1) + 228 () — 5 () = e
ko1 — oo and p'p — oo under Assumption 4, thus, establishing the desired results.

Proof of Theorem 5.2: For each part of this theorem, we will only prove the convergence result for

the estimator with subscript ¢« = 1 since the proofs for the estimators with subscript ¢ = 2 follow in
a like manner. First, to show (a) for the case i = 1, write BIAS, = ;“”i (Wkl T), and note that
21,

(a

given the proofs of parts (a), (b),
, -1

parent that as T — oo, BIAS, = Arayn (Ul(“ “’k21)> = Chyy, oy (say). Applying Lemma A9 and

Ouu k21

and (c) of Lemma 5.1 and the continuous mapping theorem, it is ap-

part (c¢) of Lemma 5.1, we deduce that, as koy — oo and p/p — oo under Assumption 4, Ck,, . —

1 1 2 1 _1
1 1471 1 _ 1 .
— (O'u'u — 0Gu0du (1+p7_2)) ( 3 ) (1+72) = 04uOuy’ P (Tﬂ) , as required.

To show part (b) for the case i = 1, write BIAS, = BIAS, — (%ﬂ) {(2\“1) ( L ) (W’m’T_l)Q}

Ouv,1 Wigy,1 Wigy, 1

Again, note that from the proofs of parts (a), (b), and (c¢) of Lemma 5.1 and the continuous mapping theorem,

—_ A / -1 / -2 ) 2
we see that as T' — 00, BIAS] == Cp,, u/p— 2 [ pL (”“%5{“”) (“(“kf{km)> (vl(ﬂk;’km) - 1) ]

ko1 Ovuv

= Ehorwn (Say). Moreover, note that E,, vy = Chyy i + Op ( ) so that applying Lemma A9, part (c)
of Lemma 5.1, and part (a) of this theorem; we deduce that, as kg; — oo and p/p — oo under Assumption

4, Epgr ' LN O2uOui P (HTQ) , as required.

— N2
To show part (c) for the case ¢ = 1, write MSE; = (BI AS 1) It follows immediately from the proof

of part (a) above and the continuous mapping theorem that as T — oo, M SE1 = C? Moreover,

koy,p'pe
given part (a) of this theorem, as ky; — oo and p'u — oo under Assumption 4, we deduce easily that

», a1 \*
Ckmltu OuuOvv P (1+7—2) .

—_— — 32
To show part (d) for the case i = 1, write MSE; = MSE; + k—il (8;‘”"1> ( L )

vv,1 Wioy,T
-~ -~ ~2
O-‘LL’U., O-‘U‘U) 70-’“,1)
[(13211) + (1 — Wk7 —+ W212 W36 )] . Hence, from the proof of Lemma 5.1, the proof of
uv,1 21 ko1, T koy,T
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part (c) of this theorem given above, and the continous mapping theorem; it is apparent that as T — oo,

Ta 2 1 A v (W pkan) )
— 1 210 1 k21
MSE; Ckm#'u + ko1 ( )

P .
a2, k21

U””Bk‘m»u’u*Aizl,u'u w1 (@' pyk21) -1 w1 (1 pyk21) -2 w1 (1 pyk21) -3
y o (o () gy () g (st} )| - (e

ko1.u/p

Futhermore, note that Fi,, v, = CI%QI’H/H + Op (k—il) , so that applying Lemma A9, parts (c) and (d) of
Lemma 5.1, and part (¢) of this theorem; we readily deduce that, as ko1 — oo and u'p — oo under Assump-
tion 4, Fry, i L GO p? (1-5-%) , as required.

To show part (e) for the case i = 1, we note that by comparing expression (35) for MSE; with expression
(36) for MSE; , we see that the only difference between these two alternative estimators for the MSE, as

explained in Subsection 5.1, is that MSE 1 estimates the quantity oy,04, — 0y, using the consistent estimator

Ouu,10v0,1 — Egv’l whereas M SFE; estimates the quantity g11go2 — g3, using the estimator gi1gaa — g1o. Since

it is easy to verify that gi11922 — 9% = OwuOuww — Ouy, all that is left to show is the consistency of the

YoMz x)y2 |

! ’
yiMizxyy1  ~ Y1 Mz, x)y2 ~
I — and 922 = ——7 3

estimator §11g22 — g1, However, given that g1; = 2—Z22 gy, =
we see immediately from parts (f) and (g) of Lemma A8 that, as T — oo, g1 Logi1, G2 2 gi2, and
g11 L o = goo; and, thus, by the Slutsky’s theorem, g11Ga2 — G5 2, 911922 — G35 = Ouulupw — Ouy- Since
these limits do not depend on ko1 and p'p, the desired result follows as a direct consequence.

YoMz, x)y2 yb Mxy2
T T

Proof of Lemma 5.4: To begin, we note that since G, 1 = and Gy, 2 = , parts (a) and

(b) of this lemma follows immediately from parts (b) and (a), respectively, of Lemma A10.

vePa 0P| 1 1 WMx 71 (Z\MxZ:\ " Z! Mxys
° 21 7 Gyu,ikar T T T :

To show part (c), write Wy,, 7 =

Oyv,1
Thus, it follows directly from part (c¢) of Lemma A10, part (a) of this lemma, and the Slutsky’s theorem
that Wy,, r = Op(T).

To show part (d), first consider the estimator 7,, 1. Note that, given part (b) of Lemma A10, the well-

known consistency of B v under Assumption 1%, and the Slutsky’s Theorem; we deduce that as T' — 00, Syp,1

—y2Brv) M ‘M =~ LM . .
_ Wﬁf"jz (z.x)¥2 _ <§;X>y2 + (ﬁo — ﬂfv) W 2 Gu. It follows immediately from part (c)

of this lemma and the Slutsky’s theorem that Gy,1 = Suu1 (111> LN Ouv, a8 T — 00. Next, consider
Wkot,T

. ~ . —y2B1v) M ’ = :
the estimator 7, 2. Here, write sy, 2 = (v yzﬁ;/) XY2 _ u Néxz;z + (ﬂo _ ﬂlv) yzﬂéxyz; and note that part
(a) of Lemma A10, the consistency of B v under Assumption 1%, and the Slutsky’s Theorem together imply

that as T' — 00, Syu,2 2L, Gue. Hence, it follows immediately from part (c¢) of this lemma and the Slutsky’s

~ P .
Theorem that as T' — 00, Tyy,i = Suv,i <1> = O, for i =1,2.

1_W1€1 T

21>
To show part (e), note first that both &y, 1 and Gy,2 depend on s,,. Note further that s,, =
_ E "M _ E , ~ / ~ 2

(yl Y2 IV) Tx(yl Y2 IV) _ UAZI"XM 4+ 2 (50_61V) ygj\j{xu + (ﬁo—ﬂl\/) yzl\{rny RN Oww 88 T — 00 as a

direct consequence of part (a) of Lemma A10, the consistency of 8ry under Assumption 1*, and the Slut-

~2 ~2 2
’ 3 3 -~ _ uv,1 1 _ Tuv1 1 :
sky’s theorem. Next, consider the estimator 7,1 = Syu+2 Ea- (Wzm.T> Ea— (ka,T) . In view of parts

(a), (c), and (d) of this lemma and the Slutsky’s Theorem, it is apparent that .1 = Syu + Op (%), so that

2 ~2 2
o~ p . . . o~ o o
Ouu,1 — Oyuy s T — o0. Finally, consider the estimator 0y,.2 = Syu —|—23““’§ (Wkl T) — 31“”2 (Wkl T) . In
v, 215 v, ©91 5

this case, parts (b), (c), and (d) of this lemma and the Slutsky’s Theorem imply that Gyu,2 = Suu +Op (%),

~ p
so that T2 = oyy as T — 00.
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Proof of Theorem 5.5: The results of parts (a)-(d) follow as a direct consequence of the results of Lemma
5.4 and the Slutsky’s theorem. Moreover, to show (e) note that under Assumption 1*, it is well-known that,
as T'— o0, g1 = yiM(ZTX)yl L 911, G2 = ZAM(Z#XM i g12, and gog = %LW L g22. Hence, applying
Lemma 5.4 and the Slutsky’s Theorem, we deduce that MSE; = Op (i) and that Wz =0Op (l)

Proof of Theorem 5.6: We will only prove consistency results for ﬁo LS,1 ﬂ v, and ﬂ rv,1 since the results

for ﬁOLS 2 and ﬂIVZ can be shown in a manner similar to those for ﬁOLS 1 and ﬁIVI, respectively. To prove
= Bo+ (Y Mxyz) " (ysMxu) — 2221 Making
use of part (a) of Lemma A8, the proof of parts (a) and ( ) of Lemma 5.1, and the contlnuoub mapping

part (a) for the estimator /BOLSJ, write BOLS,l BOL

theorem; we see that as T' — oo, ﬁOLS 1= [y + Uuu _ %ﬂu'u = ‘Ck21’/i'/i (say) It follows immediately

that, as ko; — oo and p'u — oo under Assumption 4, Ek%#/# 2, Bo since Ag,, wu 2, Owv, as shown in the
proof of part (c) of Lemma 5.1.

To show part (b), write EIV = BIV —BﬁSl. Making use of Lemma A1, the proof of part (a) of Theorem

Uz(ﬂ/ﬂ7k21):| _

~ 11
5.2, and the continuous mapping theorem; we see that, as T — oo, O;v = (o + TduTve’ [vl(u’u To1)

1

FR.
Choy 'y = My wrn (8ay). Moreover, applying Lemma A9 and the fact that Cry, iy > Tauoe p (12

52 )
L1
as shown in the proof of Theorem 5.2 part (a); we deduce that My,, ., LBy + OeuOv” P (ﬁ) —

11
Ooulvn” P (H%) = By as ka1 — oo and p'p — oo under Assumption 4.

To show part (c) for the estimator BIVJ, write 51‘/,1 = Brv — BIAS;. Now, given Lemma Al, the

proof of part (b) of Theorem 5.2, and the continuous mapping theorem; it is apparent that, as T — oo,

1 /
3 |v Lk
ﬁIVI - ﬁO+GUUGU1)2 {72@” 21)

vl(ﬂ,u’km)} — &y = Nigy o (say). Moreover, applying Lemma A9 and the fact

that Ex,, wp 2 Uﬁuamfp (ﬁ), as shown in the proof of Theorem 5.2 part (b), we readily deduce that

1 1 1 1
P i -1 i -4 .
Nigs i = Bo + 0duovs p (ﬁ) — OeuOve’ P (ﬁ) = By as ko; — oo and 'y — oo under Assumption

Proof of Theorem 5.7: Note, of course, that under Assumption 1* the SEM described in Section
2 is fully identified in the usual sense. Hence, it is well-known by standard arguments that BOLS =

. , -1, -1
B+ (y2Mxy2/T) ™" (y2Mxu/T) L By + Torite, and  Srv = S+ (WMszl (le\gszl) Zl]véx'w)

(yQszl (Z{szl)_l 7\ Mxu
T

7 T EN Bo as T — o0, as can be seen from direct application of parts (a) and

(c) of Lemma A10 and the Slutsky’s Theorem. Parts (a) and (b) of this theorem then follows as a direct
consequence of parts (a), (b), and (d) of Lemma 5.4, the probability limit of BOLS given above, and the
Slutsky’s Theorem. On the other hand, parts (c) and (d) of this Theorem follows as a direct consequence
of parts (a)-(d) of Lemma 5.4, the consistency of 3;y under full identification, and the Slutsky’s Theorem.

The arguments are standard, and so we omit the details.
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Table 1: Regression Results Based on Bias Approximations'

Dependent Variable —— > 1V Bias 1V Bias/OLSBias

Regressor

intercept 0.003 -0.056 -1.2E-7 0.002 -0.022 0.599
(66.42)  (-112.2)  (-1.2E-5)  (211.9)  (-246.8) (640.3)

ok - - - - - (_(1)50541)

o2 1/2, - - 0.599 - - -

- - (342.3) - - -
ouZon 2 o(u' 1/kar) - - (-0.047) - - _

- - -195.1 - - -
oulont 2oL+ 1 n/kay) ( 1000 : éggg) - - - -
oul2os 2oL+ i p/ko) " ko -2.244 - - - - -

(-2347) - - - - -
otl2or 2p(1 + p' 1/ k1) 72 ko 4.561
(1300) - - - - -
oL2eT 2p(1 + p' k1) T3 Jkon (-gffg) - - - - -
(14w p/kar) ™t - - - 0.997 1.028 -
(53651)  (6427)
(14w 1/ kor) " /kay - - - (-2.237) - -

- - - -2455 - -
(14 p' p/ka1) "2 /kar - - - (4.850) - -

- - - 1587 - -
(14 w1/ kor) ™3 kay - - - (-2.471) - -

— — — -1104 ~ —
R2 1.0000 0.9989 0.7165 1.0000 0.9988 0.4274

T Notes: Actual bias and MSE values are generated using the analytical formulae given in Theorems 3.1 and 3.2, as discussed
above. Regressions with these values as dependent variable and with various regressors corresponding to the approximations
given in Theorem 4.1 and in Section 6 are reported on, with t-statistics in parentheses. Note that in the cannonical model
for which our analytical values are generated, least squares bias is equal to Gi{f(f;vl/zp. The regressor given in the table
as o’i{?av_vlmp(l + p,'u/k:m)_l is the first term in the approximation. The three regressors subsequent to this one in the
table are higher order terms in the expansion. Hence, the regression reported in the first column of entries corresponds to
an regression which is based on an approximation which uses only first order terms from the expansion, while the second
column of entries reports a regression additionally based on the use of second order terms from the expansion (see above for
further details). All regressions reported on in this table use IV Bias and relative bias as dependent variable.
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Table 2: Regression Results Based on MSE Approximations'

Dependent Variable —— > IVMSE IVMSE/OLSMSE
Regressor
intercept -0.076 0.029 -0.299 -0.008 0.004 0.396
(-48.71)  (16.33)  (-3.628)  (-54.43)  (19.71) (345.8)
Tuno gyt p? - - 0.396 - -
- - (238.9) - - -
Tuuo gy P2 (0 1/ k21) - - -0.038 - - -
- - (-104.7) - - -
(1—p*p~2%/kn - - - - 0.298
- - - - - (17.98)
w o/ kan — - - - - -0.038
- - - - - (-126.1)
Tuno g (1 — p?)/ ka1 - - 8.059 - - -
(7.543)
(14 ' p/ka1) 2 - - - 1.002 1.001 -
- - - (3037) (1889) -
Cuno 02 (1 + '/ kar) 2 0.996 0.999 - - - -
(10919)  (10952) - - - -
Tuuo gy (L4 p/ 1/k21) " koy 1.285 - - - - -
(139.6) - - - - -
p 21+ w p/k21) " ko - - - 1.495 - -
- - - (438.2) - -
(14 w1/ kor) ™2 kay - - - -5.684 - B
- - - (-70.48) - -
(1 + p'p/ka1) ™2 ks 8.679
- - - (40.98) - -
(L4 w1/ kor) ™% koy - - - -4.261 - B
- - - (-31.45) - -
oMo V202 (1 4y pu/kar) "2 fkar  -6.370 - _ ~ ~ -
(-100.3) - - - - -
ouZon 2o (1 + 1 u/kar) ™2 [k 11.13 - - - - -
(87.69) - - - - -
o202 p2(1+ p p/ka) "k -5.979 - - _ - -
(-81.13) — - - — —
R2 0.9998 0.9996 0.5494 0.9974  0.9859 0.2392

T Notes: See notes to Table 1. All regressions reported on in this table use IV Bias and relative bias as dependent variable.
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Table 3: Bias of OLS, IV, and Bias Adjusted Estimators’

¢l T Bors =B  Biv =B Borsi—PB Bors2—6 Biv—-B Brvi—-8 Brvo —B
-0.5000 0.0500 0.4441 0.2222 -0.0371 0.0569 0.0183 0.0209 0.0591
-0.5000 0.0750 0.3899 0.1304 -0.0978 0.0461 0.0117 0.0144 0.0480
-0.5000 0.1000 0.3331 0.0826 -0.1591 0.0369 0.0073 0.0095 0.0382
-0.5000 0.1250 0.2805 0.0561 -0.2140 0.0300 0.0049 0.0066 0.0308
-0.5000 0.1500 0.2352 0.0404 -0.2607 0.0246 0.0035 0.0048 0.0251
-1.0000 0.0500 0.8899 0.4428 -0.0775 0.1119 0.0341 0.0394 0.1161
-1.0000 0.0750 0.7814 0.2600 -0.1982 0.0910 0.0219 0.0273 0.0947
-1.0000 0.1000 0.6675 0.1647 -0.3203 0.0731 0.0137 0.0180 0.0757
-1.0000 0.1250 0.5622 0.1119 -0.4300 0.0595 0.0092 0.0125 0.0612
-1.0000 0.1500 0.4714 0.0805 -0.5234 0.0488 0.0066 0.0091 0.0499
-1.5000 0.0500 1.3351 0.6635 -0.1186 0.1658 0.0489 0.0567 0.1721
-1.5000 0.0750 1.1724 0.3897 -0.2981 0.1356 0.0319 0.0400 0.1413
-1.5000 0.1000 1.0017 0.2469 -0.4808 0.1093 0.0200 0.0264 0.1132
-1.5000 0.1250 0.8438 0.1678 -0.6452 0.0889 0.0135 0.0184 0.0915
-1.5000 0.1500 0.7075 0.1206 -0.7853 0.0731 0.0096 0.0134 0.0747
-2.0000 0.0500 1.7799 0.8844 -0.1602 0.2189 0.0628 0.0733 0.2273
-2.0000 0.0750 1.5632 0.5195 -0.3978 0.1802 0.0419 0.0527 0.1879
-2.0000 0.1000 1.3357 0.3291 -0.6409 0.1455 0.0263 0.0350 0.1507
-2.0000 0.1250 1.1252 0.2238 -0.8599 0.1185 0.0178 0.0244 0.1219
-2.0000 0.1500 0.9436 0.1609 -1.0466 0.0974 0.0127 0.0178 0.0995
-2.5000 0.0500 2.2246 1.1054 -0.2020 0.2716 0.0763 0.0894 0.2823
-2.5000 0.0750 1.9539 0.6493 -0.4973 0.2249 0.0520 0.0655 0.2343
-2.5000 0.1000 1.6696 0.4114 -0.8006 0.1815 0.0327 0.0436 0.1880
-2.5000 0.1250 1.4066 0.2796 -1.0744 0.1480 0.0221 0.0304 0.1522
-2.5000 0.1500 1.1796 0.2010 -1.3077 0.1216 0.0158 0.0222 0.1243
-3.0000 0.0500 2.6693 1.3264 -0.2442 0.3241 0.0897 0.1054 0.3369
-3.0000 0.0750 2.3446 0.7791 -0.5967 0.2694 0.0619 0.0781 0.2809
-3.0000 0.1000 2.0036 0.4937 -0.9605 0.2178 0.0391 0.0521 0.2256
-3.0000 0.1250 1.6880 0.3356 -1.2886 0.1774 0.0263 0.0363 0.1825
-3.0000 0.1500 1.4156 0.2412 -1.5686 0.1458 0.0188 0.0265 0.1491
-3.5000 0.0500 3.1140 1.5477 -0.2865 0.3765 0.1028 0.1211 0.3914
-3.5000 0.0750 2.7352 0.9092 -0.6961 0.3140 0.0719 0.0908 0.3274
-3.5000 0.1000 2.3375 0.5760 -1.1201 0.2539 0.0456 0.0605 0.2630
-3.5000 0.1250 1.9694 0.3915 -1.5030 0.2070 0.0307 0.0423 0.2129
-3.5000 0.1500 1.6516 0.2814 -1.8295 0.1701 0.0220 0.0309 0.1739
-4.0000 0.0500 3.5586 1.7686 -0.3288 0.4288 0.1160 0.1370 0.4459
-4.0000 0.0750 3.1259 1.0390 -0.7952 0.3585 0.0819 0.1035 0.3739
-4.0000 0.1000 2.6714 0.6582 -1.2799 0.2901 0.0518 0.0692 0.3005
-4.0000 0.1250 2.2508 0.4475 -1.7174 0.2366 0.0351 0.0482 0.2431
-4.0000 0.1500 1.8876 0.3216 -2.0903 0.1944 0.0251 0.0353 0.1988
-4.5000 0.0500 4.0033 1.9900 -0.3711 0.4812 0.1289 0.1525 0.5000
-4.5000 0.0750 3.5166 1.1689 -0.8946 0.4034 0.0918 0.1160 0.4202
-4.5000 0.1000 3.0053 0.7405 -1.4395 0.3261 0.0583 0.0775 0.3378
-4.5000 0.1250 2.5322 0.5034 -1.9316 0.2659 0.0392 0.0542 0.2735
-4.5000 0.1500 2.1237 0.3619 -2.3514 0.2187 0.0282 0.0395 0.2236
-5.0000 0.0500 4.4479 2.2111 -0.4132 0.5333 0.1419 0.1681 0.5547
-5.0000 0.0750 3.9073 1.2988 -0.9940 0.4478 0.1020 0.1289 0.4669
-5.0000 0.1000 3.3393 0.8228 -1.5992 0.3623 0.0644 0.0862 0.3753
-5.0000 0.1250 2.8136 0.5593 -2.1459 0.2954 0.0436 0.0602 0.3039
-5.0000 0.1500 2.3597 0.4021 -2.6122 0.2430 0.0311 0.0439 0.2485

T Notes: The first and second columns report values of 3 and 7T used to parameterize the DGP. The 3rd column reports the
bias of the OLS estimator, the 4th column reports the bias of the IV estimator, and the last 6 columns report the bias of
various bias adjusted estimators of 3. All numerical bias entries are averages across 5000 Monte Carlo trials.
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Table 4: MSE of OLS, IV, and Bias Adjusted Estimators'

¢l T Bors =B  Biv =B Borsi—PB Bors2—6 Biv—-B Brvi—-8 Brvo =B
-0.5000 0.0500 0.1990 0.0591 0.0479 0.0365 0.0403 0.0400 0.0365
-0.5000 0.0750 0.1536 0.0228 0.0265 0.0124 0.0123 0.0122 0.0124
-0.5000 0.1000 0.1123 0.0105 0.0353 0.0064 0.0059 0.0059 0.0065
-0.5000 0.1250 0.0799 0.0057 0.0530 0.0039 0.0035 0.0035 0.0040
-0.5000 0.1500 0.0563 0.0035 0.0737 0.0027 0.0023 0.0023 0.0027
-1.0000 0.0500 0.7939 0.2084 0.0820 0.0713 0.0721 0.0719 0.0718
-1.0000 0.0750 0.6125 0.0755 0.0639 0.0255 0.0211 0.0211 0.0260
-1.0000 0.1000 0.4474 0.0324 0.1163 0.0136 0.0100 0.0100 0.0139
-1.0000 0.1250 0.3177 0.0163 0.1947 0.0084 0.0058 0.0058 0.0086
-1.0000 0.1500 0.2237 0.0093 0.2819 0.0057 0.0038 0.0038 0.0057
-1.5000 0.0500 1.7847 0.4565 0.1435 0.1322 0.1292 0.1292 0.1337
-1.5000 0.0750 1.3769 0.1630 0.1267 0.0475 0.0362 0.0362 0.0486
-1.5000 0.1000 1.0057 0.0689 0.2511 0.0255 0.0168 0.0168 0.0262
-1.5000 0.1250 0.7142 0.0339 0.4302 0.0159 0.0096 0.0097 0.0163
-1.5000 0.1500 0.5027 0.0189 0.6278 0.0107 0.0063 0.0063 0.0109
-2.0000 0.0500 3.1707 0.8038 0.2340 0.2207 0.2137 0.2137 0.2232
-2.0000 0.0750 2.4466 0.2855 0.2146 0.0783 0.0575 0.0577 0.0805
-2.0000 0.1000 1.7872 0.1199 0.4395 0.0424 0.0263 0.0265 0.0436
-2.0000 0.1250 1.2693 0.0586 0.7590 0.0263 0.0151 0.0151 0.0270
-2.0000 0.1500 0.8933 0.0323 1.1109 0.0176 0.0097 0.0098 0.0180
-2.5000 0.0500 4.9520 1.2499 0.3546 0.3372 0.3258 0.3263 0.3417
-2.5000 0.0750 3.8215 0.4433 0.3279 0.1181 0.0848 0.0852 0.1215
-2.5000 0.1000 2.7919 0.1854 0.6812 0.0639 0.0385 0.0388 0.0659
-2.5000 0.1250 1.9829 0.0904 1.1812 0.0399 0.0220 0.0222 0.0408
-2.5000 0.1500 1.3956 0.0497 1.7314 0.0267 0.0142 0.0144 0.0272
-3.0000 0.0500 7.1288 1.7957 0.5061 0.4833 0.4669 0.4676 0.4890
-3.0000 0.0750 5.5018 0.6360 0.4660 0.1667 0.1188 0.1194 0.1717
-3.0000 0.1000 4.0198 0.2657 0.9764 0.0900 0.0535 0.0539 0.0929
-3.0000 0.1250 2.8551 0.1291 1.6968 0.0562 0.0305 0.0305 0.0577
-3.0000 0.1500 2.0095 0.0709 2.4890 0.0376 0.0197 0.0199 0.0384
-3.5000 0.0500 9.7010 2.4408 0.6888 0.6577 0.6374 0.6383 0.6665
-3.5000 0.0750 7.4875 0.8641 0.6297 0.2239 0.1587 0.1595 0.2306
-3.5000 0.1000 5.4709 0.3605 1.3251 0.1215 0.0711 0.0717 0.1253
-3.5000 0.1250 3.8860 0.1749 2.3060 0.0754 0.0404 0.0408 0.0777
-3.5000 0.1500 2.7351 0.0960 3.3839 0.0506 0.0263 0.0263 0.0517
-4.0000 0.0500 12.668 3.1862 0.9033 0.8627 0.8374 0.8387 0.8729
-4.0000 0.0750 9.7786 1.1265 0.8175 0.2904 0.2044 0.2054 0.2992
-4.0000 0.1000 7.1452 0.4694 1.7270 0.1572 0.0922 0.0922 0.1622
-4.0000 0.1250 5.0754 0.2279 3.0082 0.0980 0.0523 0.0523 0.1005
-4.0000 0.1500 3.5724 0.1247 4.4162 0.0654 0.0336 0.0339 0.0668
-4.5000 0.0500 16.032 4.0289 1.1495 1.0966 1.0677 1.0693 1.1094
-4.5000 0.0750 12.375 1.4244 1.0321 0.3663 0.2574 0.2586 0.3774
-4.5000 0.1000 9.0428 0.5941 2.1829 0.1980 0.1148 0.1157 0.2044
-4.5000 0.1250 6.4235 0.2878 3.8040 0.1233 0.0655 0.0655 0.1265
-4.5000 0.1500 4.5213 0.1578 5.5861 0.0823 0.0420 0.0425 0.0841
-5.0000 0.0500 19.790 4.9735 1.4269 1.3596 1.3280 1.3299 1.3774
-5.0000 0.0750 15.277 1.7584 1.2711 0.4507 0.3162 0.3178 0.4644
-5.0000 0.1000 11.163 0.7323 2.6916 0.2434 0.1407 0.1418 0.2512
-5.0000 0.1250 7.9303 0.3553 4.6939 0.1515 0.0801 0.0801 0.1562
-5.0000 0.1500 5.5819 0.1943 6.8931 0.1010 0.0514 0.0519 0.1038

T Notes: See notes to Table 3. The 3rd column reports the MSE of the OLS estimator, the 4th column reports the MSE of
the IV estimator, and the last 6 columns report the MSE of various bias adjusted estimators of 3, relative to the OLS MSE.
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